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Abstract.
Let G = Zn be a belian group Mod n. we shall define a new integral of the all elements of the G = Zn
(nisafinite number , nEN,n>2).

We shall study a new — results of the integrals properties in the group Z,. We gave the definitions of integrals
in the Zn, and we shall gave the anew- definitions of the neat ( semi ) integrals, and the some a new results of
this integrals.

Introduction

Let G = Z, be abelian group Mod n, n > 2. We shall starts with the a new — definition of the integrals, by the
following :

Definition A : The integrals in the group Zn define b

vn>2 j)? dZn=>_<anr - kx
0 0

_ {0x,1x,2X,3X.....,(n—1) x}
With K={0,1,2,...... ,n-1}

Example 1l :Take G=2Z; , So

<0>

O ey X

2
0 dz, =j6dz3 ={00,10 ,20}={0}=
0
2 _ -
[1dz,={01.11,21}=7,
0

2
jz dz,={02,12,22}={0,2,1}=7,
0
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2 2
0 0
K
Clearly J. dzn=2Zn vn>2
0
Example 2 .Take G = Zg It's easily to show that
k 5 .
dez6 z_"dz6 =<0 >
0 0

j':_Ldz6 =Z,
0

5_ J— J— J— J— J— J—
jzdz6 ={02,12,22,32,42,52}
0

—{0,2,4,0,2,4}=<2>
={3},

So
5
_[3d26={03,13,23,33,43,53}
0
5_
_[5dz6 =7,
0
Here,
5— —_
. [1dzg = [5dz,=2,
0
5 B _ 5_ _
o | (14,2)dz, = [3dz,=<3>
0 0
i (14,2 )dz,
Definition B :

The odd integrals, between two different Mod — group , define by
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k1+k2

k1 k2
[ (zn+2zm)dz,,, = [zndz,,, + [Zmdz,,,
0 0 0
=Zn+2Zm

Example 3 :
kl1+k?2

[ (z,+2,)dz,,
0

k1 k2

IZZ+ dzz+jz3dz3=
0 0

1 2
_ J Z,dz, +IZ3 dz,
0 0

~Z,+2Z,={(0,0),(0,1),(0,2),(1,0),(1,1),(1,2)

We are ready to gave the new-definition to the neat — integrals subgroups —

Definition C : [ 2]
Let G =Z, be agroup Mod — n and H be a subgroup to G.

Then the integrals of the elements of the H. Is said to be neat — integrals element, for all prime number P, for
alh#0€eH

p p
If J.Xd Z.= PXx=h"for some Z,, then IhOdH =Pho =h forsomehoe i .
0 0

We shall said a subgroup H of Znisa neat —integralsin Znif forall h € H, his neat — integral element ,
that mean H is neat — integrals in Z,, For all h € H, for all prime number P, x € Zn

for some hoe H .

it fden: h = thodh
0 0

Example 4 :Take G =Zgand H = <3> :{6,5} then we can show that the all element of H ( We have

only 3 ) is a neat — integrals
Takep=2
2 — — —
Clearly JX dzg=2x=3
0
Clearly that, then is no solution in Zs, (>_<e26)
Takep=3
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3
So [xdz=3x=3=3(1)=3inZ,
0

3
To show ,[X dz,=3 it has a solution in H.
0

3 3
[x dz,=3 = [3dh=33=3=3eH
0 0
Takep=5
5_ — —
Clearly J.XdZG =5x =3eG
0
5(3) =3eH.

5 5
so  [xdz, = [xdh
0 0
Thus,vp, p22 , \V/hEH

p_
it jxolzn =h inG
0

p_
Then jde =Pho=h in H
0

Therefore , H is integral — neat . We shall denoted H by P- integral neat subgroup of G

Example 5:Take G=Z;, and H =<2> .
and take P = 2
2
[xdz,=2x=2 inG
0
We have 2 (1) =2 inG

s Xz, % [xdH =2
0 0

2
Which means, That dele =2
0

It has no solutionin H

So H isnot P-integral neat in G.
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Definition D :

po _
A subgroup H of the G is said to be Po — integral neat in G if, VheH .[ xdZn=pox=h
0

po _
Then _[de =pox=h = poho for some hoeH.
0

Example 6 :Take G = Zgz and H = <2>
¥ p=2, h=2eH

2
It has solution in ZSIXdZn =2X =2
(6]

2
But J'>_<dZn —2 ithasnosolutionin H.
0

So H isnot P-integral neatin G .

Now, take P=3, h=2eH

—_ — 3
its has solution in Zg (36 =2) I)? dZ, =3x =2
0

3
Clearly I;dzs — 2 ithassolutionin H.
0

Oty

XdZ, = 2 = [ XdH =36=2 aano—6eH
0
Now , test 4eH
_fxd28:3x=4 in G
3x =3(4)=4 and 4 H
S0 Tdes = J3'>_<dH in H
o :

Test6 € H

xdZ,=3x =6 in G

O ey

-3(2)=6 2cH

3 3
Clearly I xdz, =6 =I xdH IN H and His 3- neat integrals in G .We are ready to show some
0 0

results of P- neat integrals .
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TheoremA : For any P- neat integrals in abelian group G isa Po —neatin G
Theorem B : [1]

Let A and B be two p- neat integrals in G then
i) AnB isa P-neat integralsin

i) A+B isa P—neatintegralsinG
Proof :

Let h be any element in A () B and for all prime number P

p_ J—
Suppose deG =Px =h in G
0
So there exist an element J eG such that
p_ —_—
[xdG =Px =pg=heAnB
0
Since heANB heA and heB
p_ —_—
Thus,jxdG=Px=pg=heA in G
0
But A is p-neatintegral in G
P P _
So _[xdG =_[di= Px = pa=h forsomeacA
0 0
and B is p- neat integral in G

We have
p p_ _
[xdG =[xdB =Px = pb=h in B
0 0

Hence, Pb= h =Pa
So P(a-b)=0 andthus a=beAnB

P P
Therefore _‘-XdG :J'Xd ANB =he AnB
0 0

We get AN B is p-neatintegral in G
ii) To prove, A + B be a p- neat integral in G

p —
Let Z beany elementin A + B and suppose that IXdG =z1in G
0

so Px=z
since ZEA+B, z=a+b for some acA beB

Wehave PX=a+b cA+B
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p p
anclz[xldG-n:a and.([xz dgn=Db

But we have A and B are P-neat integrals in G

P P

So [%,dG ={ d,dA for some d, € A
(o} [0}
P P
J'xszzj d, dB forsomeb, €b
(0} (0]

Thus, Pd, = a
Pd,=bandweget P (d,+b,)=a+bh

so, Px=a+b = paO+ pb, = p(d, +b,)

Je>_<dG=Jp.(d +d,) =a+b

o

Which mean that

p_
|thdG=ZeA+B in G
0

p —_—
Then [xd(A+B)=zeA+B inG
(0}
Theorem 3: If A is only neat — integral subgroup of A subgroup B of G

then
i) Adsaneat- integral of G

. o . . B/ i . G
ii) B is p-neat integral in Gthen/A is a neat — integral of /A\

p_ p__
Proof :/ and for all P it IXdG =a In G g orall P it IXdG =a In G
0 )

so PX=a €A But Aisa neat integral of B so

p_
[xdB=a eAcB
(0]

p_
So fxldAzaz pd, = pd, = for some d_ € A
(0]

Hence,jl;dG —a = Jed dA
(0] o

o

Therefore Ais p-neat in G

ii) Let b+Ae%and vp(beB)

Eid%:tHA A
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p
G/ _ ; G
So .([ gd /A =b+ A in /A

P(g+A)=b+A e G/!
So Pg+pA=b+A = Pg+A=b+A

p

So Pg=b= [gdG=b in G
0

But B is P-neat integral in G

Thus,Jegdsz :JEb dB
0 0 o

Pb0O=b someb0 B

Since we have

fg+A d G/A= P(g+A)=b+A
0

P(g+A) = pbo+A= p(bo+A) =b+ A

p

Thus, jg+A d %: ibo+Ad %

0

B . _ .
We get /A\IS p- neat integral
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