Lecture - 1

Thursday, 28 July 2016 (15:20 - 16:10)

Puzzles : Monty Hall Show, Coin Tossing Game

1 The Monty Hall Show

The Monty Hall problem is based on the American reality show - “Let’s make a deal” and is named
after its host, Monty Hall.

Before explaining the Monty Hall game, let us understand a simpler scenario. Assume you are the
contestant of a reality show. On the stage, there are 3 doors present in front of you. Out of these 3
doors, 1 door contains BMW car and rest of the two doors contain goats. You as a contestant do
not know what is hidden inside these gates. You are asked to choose one gate and you get what
is hidden inside the gate. Obviously, you are considered to win if and only if you choose the gate
hiding the BMW car.

In this simple scenario, probability of winning = 1/3 and probability of losing = 2/3.

Now, we introduce the Monty Hall problem which brings in a twist to this simple
scenario.

Monty Hall is now the smart anchor of our show and enters the scene. He asks you to choose one
door, similar to the previous case. You choose any one of the gates as in the previous case. But
before declaring the result, Monty shows you the one gate hiding a goat out of the two gates which
you have not chosen'. Since, there are two doors hiding goats, there is definitely at least one goat in
the gates which you have not chosen. Now, you are given an option to swap your choice and choose
the third gate which is unopened and previously not chosen by you. This has been shown in Figure 1
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Fig.1: The Monty Hall Game

! Monty knows which door has what. That’s why he is capable of opening a door which has a goat hidden.



SHOULD YOU SWAP YOUR CHOICE AND GO WITH THIS THIRD GATE OR IT DOES
NOT MATTER? Do you think swapping makes any difference to your probability of winning?

Let us consider the two cases, one where you swap and the other where you do not swap.

Case 1: You do not swap: So, you have chosen one door and after knowing which of the other two
doors has a goat, you do not swap your choice. So, this extra knowledge does not matter to your
answer. Hence, Probability (Win) = 1/3 and Probability (Losing) = 2/3

Case 2: You swap:

Case 2.a : You have initially chosen a door containing a goat.

Probability (You have chosen a door containing goat) = 2/3. Now Monty shows you the other
door having a goat. So, when you swap, you definitely pick the door having BMW. Hence, your
probability of winning = 2/3.

Case 2.b : You have initially chosen the door containing BMW.

Probability (You have chosen the door containing BMW) = 1/3. Now Monty shows you the other
door having a goat. So, when you swap, you definitely pick the door having another goat. Hence,
your probability of losing= 1/3.

Hence, we see that swapping the gates results in the swapping of the probabilities of winning and
losing thereby making win more likely.

Case 3: You swap with a probability p:

Consider Figure 2

It can be seen that the player wins if she initially chooses goat and then swap, or initially chooses
car and then do not swap.

Hence, the probability of winning = % Xp + % x (1 —p)
=3P +3
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Similarly, player loses if she initially chooses goat and do not swap or if she initially chooses car
and then swap.

Hence, the probability of losing= 2 x (1—p) + § xp
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Fig. 2: Modified Monty Hall Problem

2 The Coin Tossing Game

The Game: In a contest, a participant tosses a coin. If the coin shows up tail, an amount of 100
$ is placed on the table in front of him, and he continues tossing. If the coin shows up a head, an
amount of 100 $ is kept on the same table and then all the money kept on the table is given to
the participant concluding the game. It can be seen that the participant wins a cash amount of
100 x number of coins tossed.

Question: What is the expected value of cash price won by the participant?

Answer: Let X be a random variable which counts the number of times the coin is tossed.



We know that X can take the values 1, 2, 3, 4.......
EX] = Ixpr(X=1)+2xpr(X =2)+3xpr(X =3) + ...

=Y 2rixpr(X =1)
Since, pr(X =1) = (1/2)

Hence, E[X]| =>"7 /2"

=1/2+(2/2%) + (3/23) + (4/2%) + ..... = a, say
Now, a = 1/2+4 (2/2%) + (3/2%) + (4/2) + ..... .. (1)
a/2=(1/2%) 4+ (2/2%) + (3/2Y) + ... ... (2)

Subtracting equation (2) from equation (1)

a/2 = (1/2) + (1/22) + (1/23) + .....
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It can be seen that the above expression is a geometric progression a, ar, ar?, ars...... , with a =1

and r =1/2.

We know that the sum of an infinite Geometric Progression = % = 11/12/2

Hence, /2 =1

So, the expected amount of money won by the participant = 2 x 100 $ = 200 $.

Now, we know that the expected amount of money won by the participant is 200 $. But, the stan-
dard deviation of the amount of money won (or the number of coin tosses done) can be very large?.
Hence, it is important to look at the standard deviation of the random variable X, in addition to
its expected value.

2 When the game is actually played, the participant can win 100 $ in one case, yet 500 $ in other case,
yet 10000 $ in other case.



The formula for Standard Deviation, o(X), is given as :

o(X)= /(E[X — pu])?, where pp = E[X]

— VEIXT 2K+ )

— VEX?—2BXJu + B[]

= VEX =22 1 12

= VERT -2

= VE[X?] - (B[X])?

Hence, o(X)= \/E[X?] — (E[X])? (4)

X? is also a random variable, which takes the values 12,22 32,42..........
PrX?=1)=Pr(X=1)=1/2

Pr(X?=2%)=Pr(X =2)=1/2°

... and so on

According the the expectation formula, E[X?] =12 x  + 2% X o + 3% X 25 + oo
a=S4L 5 +5+. (5)

a2 = L+L+h+h+. (6)

Subtracting equation (6) from equation (5)

12 22_12 32_92 4232
a/2 = g7+ S+ e e

or, a2 = %;4_ (2+1%g2—1) + (3+2%g3—2) + (4+3%£4—3) + o

or,a/2 = G+ +F+E o (7)



Dividing equation (7) by equation (2)

or,afd = H+ S+t st (8)
Subtracting equation (8) from equation (7)
a/d = s+ F+E+E+

or,af4 = 1+ 35+ 35 + 351 + -

or, /4 = %, (applying the formula for sum of Geometric Progression)

Substituting equation (3) and equation (9) in equation (4),
o(X)= v6—22
—

Brain Teasers
1. State whether series is convergent Y - n/2"

2. State whether the series is convergent > -, 1/n



