A characterisation of the measures for which the
LP spaces are Hilbert spaces.
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In the following, K will stand for either R or C and a.e. will stand for ”almost
everywhere” .

Let (X,9, 1) be a measure space, p € [1,+00)\{2}. The following are
equivalent:

1) LP(u) is a Hilbert space
i) If A, B € 9 have finite measure and A N B = (), then either u(A) =0 or

u(B) =0
iii) dim LP(p) < 1
Proof

74) = 4i)”: We will prove that the negation of i) implies the negation of
i), i.e. that, if 34, B € M such that AN B # () and both A and B have strictly
positive finite measure, then LP(u) is not a Hilbert space.

In order to prove this, we will use the parallelogram law, which states that
anorm || ||, defined on a vector space X, is induced by an inner product <=
Vo,y € Xtz +yl1? + [l — ylI? = 2(][|* + [|ly]]*)-

Let 14, 1p be the indicator functions of A and B respectively, which are
elements of LP(u) because A and B have finite measure. Since A and B are
disjoint, |14 + 1| = |14 — 1| = 14aus, so

kSN
T o

11a+1pl5+|1a—15(* = 2|[Lausll; = 2 </ 1Au3du) =2(u(A)+u(B))
X
Analogously,

2 2
2([1all7 + [115]17) = 2(u(A)% + u(B)7)
Therefore, |[14 + 1|2+ |14 — 15][* = 2(||14l]2 + |[1][3) if and only if

(W(A) + w(B))? = (u(A)? + u(B)?), which, dividing by the left hand side of
the equation, is equivalent to

A + p(B)? :( p(A) >+( i(B) ),,:1
(W(A) + u(B))r  \u(A) +pu(B) 1(A) + u(B)
A B
If we let t = %, then 0 < ¢t < 1 and % = 1—t. Thus, the

parallelogram law for 14, and 1p is equivalent to tr +(1-¢t)r =1



However, if p < 2, then % > 1, so t7 < tand (1- t)% < 1 —t, which implies
t7 +(1—)7 >1. Ifp>2, then 2 <1,s0t> >t and (1 )7 > 1 —t, which
implies ¢7 + (1- t)% > 1.

") = iii)”: Let S = {s: X — K : s is simple and measurable} and let
Syp={seS:u{xe X :s(x)#0}) < +oo}, where we identify two functions
if they are equal a.e. It is a well known fact that Sy is dense in LP(u) (see
Theorem 3.13 from Rudin’s ”"Real and Complex Analysis”).

Let s € Sy. We can write s = >.7_; a;14;, where ay, ..., € K\{0} and
A1, ..., Ay € M are mutually disjoint and have finite measure. By hypothesis,
there is at most one index k € {1,.,n} such that p(Ag) > 0. Therefore,
j#k = wd;) =0 = 14, = Oae. and thus s = azly, ae. If
S = {0}, then {0} is dense in LP(u) and therefore LP(u) = {0}. If this is not
the case, let s € S¢\{0}. By the previous argument, s = al, a.e. for some
AeM, o e K\{0}, with u(A) < +o0. If t € Sy, there exist B € M, § € K\{0}
such that t = f1p a.e. and p(B) < +oo. Now, A and B\A are disjoint and
have finite measure, so one of them has measure 0, but A can’t have measure
zero because otherwise 14 = 0 a.e., so u(B\A) = 0. If u(ANB) = 0, then, since
B = (B\A)U(ANB), u(B) =0, s0ot =0 a.e. If on the other hand u(ANB) > 0,
then, since A = (A\B) U (AN B), we have that u(A\B) = 0, therefore

1y=1g=1pnp ae. — t=p1lg = ﬁalA = és a.e.
« o

Hence, Sy is one dimensional, so it is complete and therefore closed in LP(u).
But Sy is also dense in LP(p), so LP(u) = Sy and is therefore one dimensional.

74i) = iii)”: It follows from the easy fact that every norm on a one dimen-
sional space is induced by an inner product.



