
Φ(~x) =

ˆ 2π

0

λRdφ′

|~x− ~x′|
(1)

we know that

1

|~x− ~x′|
= 4π

∞∑
l=0

l∑
m=−l

1

2l + 1

rl<
rl+1
>

Y ∗lm(θ′, φ′) · Ylm(θ, φ) (2)

substituting it into (1) we get

Φ(~x) =

ˆ 2π

0

λRdφ′4π

∞∑
l=0

l∑
m=−l

1

2l + 1

rl<
rl+1
>

Y ∗lm(θ′, φ′) · Ylm(θ, φ) (3)

= 4πλR

∞∑
l=0

l∑
m=−l

1

2l + 1

rl<
rl+1
>

ˆ 2π

0

Y ∗lm(θ′, φ′) · Ylm(θ, φ)dφ′ (4)

Ylm is de�ned to be

Ylm(θ, φ) =

√
2l + 1

4π

(l −m)!

(l +m)!
Plm(cosθ) · eimφ (5)

substituting it into (4) we get

Φ(~x) = 4πλR

∞∑
l=0

l∑
m=−l

1

2l + 1

rl<
rl+1
>

2l + 1

4π

(l −m)!

(l +m)!

ˆ 2π

0

Plm(cosθ′) · e−imφ
′
· Plm(cosθ) · e−imφdφ′

(6)

= λR

∞∑
l=0

l∑
m=−l

rl<
rl+1
>

(l −m)!

(l +m)!
Plm(cosθ′) · Plm(cosθ)

ˆ 2π

0

e−imφ
′
e−imφdφ′

(7)

from the symmetry of the problem, we choose φ = 0 and then

Φ(~x) = λR

∞∑
l=0

l∑
m=−l

rl<
rl+1
>

(l −m)!

(l +m)!
Plm(cosθ′) · Plm(cosθ) · 2πδm0 (8)

=2πλR

∞∑
l=0

rl<
rl+1
>

Pl(cosθ
′) · Pl(cosθ) (9)

1


