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PREFACE

“If you have knowledge,let the others candle at it"

This book is specially designed by keeping in mind the demand of securing top
class marks as well as the difficulties of an average student in understanding of Text
Book. A significant feauture of this book is

® All important definitions .

® Formulas in the begening of every exercise,

& Complete and comprehensive notes of every chapter.

@ Easy approach towards every solution.

= The questions are supported with comprehensive diagrams.

“ Each and every important question is highlighted.

° This book is a complete replacement of text book, students need not bother
about text book when they have it.

Each chapter is provided with the important questions at its end.This book is
a tremendous equalizer with its main focus to save students from any kind of
perplexity and preparing them for the examenitions of all the boards of punjab and
Federal. Underlying all the aspects, this book will prove to be a great asset, not just
for students but for all knowledge seekers.

A special care has been made to avoid mistakes of every kind; therefore this
note book has been read repeatedly so that before printing, all sorts of mistakes or
shortcomings can be overcome. In this regard, | am highly indebted to Prof. Rafique
Bloach, Prof. Nadeem Igbal, Prof. Farooq Khan, Prof. M. Farooq, Prof. Babar Zaheer,
Dr. Zafar Igbal, Prof, Tanveer Igbal , Prof. Shafig-ur-Rehman for exhaustive proof
reading and giving their very valuable directions to keep the book according to the
level of the students.
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| am highly obliged to my worthy principle Prof. Shaukat Ali for his
motivation and encouragment to write this book.

it is hoped that this book will serve the purpose well for which it has been
compiled. | am a staunch believer of the fact that the students will certainly find a
great boosting difference by comparing it with the other books.

Dedication :

This book is dedicated to the sacred one Almighty who bestowed knowledge
upon me, and endowed me with honour and esteem, and rendered me capacity and
ability to toil and labour, no doubt | was ignorant and nameless.

To the Professors

This book will also be beneficial to our waorthy teachers as this will make a
speedy and quick overview to the lecture.

Moreover this will be helpful in pointing out and highlighting all the important
definitions and questions.

The questions at the end of the chapter are of M.C Qs, short and long questions
type. Studying the Concepts reviews the content of the chapter and requires that
students write out their answers. "Testing your skills" of the questions.

All the convincing comments and patronizingly forwarded Suggestions will be
thankfully entertained for making this Book more effective.

Farukh Mahmood

Tahir Kamran Ranjha
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COLLEGE MATHEMATICS-II .. FUNCTIONS AND LIMITS

Functions and Limits

Definitions:

A function is a rule that assigns to each element x in X a unique element yin Y.

Example: A = x* (A is a function of X)

In a function f: x —> y the set X is called the domain of f.

In a function f: x —> y the set of corresponding elements y in Y is called the range of f

4. Independent and dependent Variables

Iny = f(x), the variable x is called independent variable and y is called dependent
variable of f.
5. Real valued Function:

If variables used in function are real numbers then function is called real valued function.

6 Algebraic Functions:
¥ unctions which are defined by algebraic expressions.

7 Polynomial Function:

A function of the form P(x) = 3,x" + 3,X" ...+ a;x+3, where a,, 3, 1, 3n3 3y, 80

are real numbers and exponent are non—negative integers is called polynomial function.

B. Linear Function: Sargodha 2011

If degree of polynomial function is one then it is called linear function.

Example: f(x)=3x + 4
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COLLEGE MATHEMATICS-I -2 | FUNCTIONS AND LIMITS

9. Identity Function: Sargodha 2011

For any set X, a function f: X—>X of the form | (x) = x is called identity function

Example ; f{x)=x
10. Constant Function:
A function C : X — Y defined by C (x) = a is called constant functions.
Example :c(x) =2
11. Rational Function:

LPx)

A function of the form ——) where P (x) and Q (x) are polynomial functions and
. (x

Q(x) = 0 is calied rational function,

%

12, Exponential Function:

A Function in which the variable appears as expune;:t is called exponential function.
Example:y=e*, y=2"

If x=a" then y = log,x (a>0 a # 1) is called logarithmic function. If a= 10 theny =
I0g10x Is called common log. If a = e then y = log, x = Inx is called natural log.
14. Explicit Function: Sargodha 2008

If y is easily expressed in term of independent variable x then y is called explicit
function.
Example:y =" + 2x—1
sargodha 2008

Ity is not easily expressed in term of independent variable % then y is called implicit
function. -

Example: xX*+xy+y’==1
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COLLEGE MATHEMATICS-II FUNCTIONS AND LIMITS
Important Formulas
X -X X -X
7" - e +e
1. Sinhx= 2.Coshx= ——
i :
3.Tanhx= ——— 4, Even Function f (—x) = f(x)
cl’ + L’ = 4

5, Odd Function f {—x) = —f(x)
7. Area of Square = X

9. Circumference of Circle=27r
11, fog (x) = f (g(x))

. Iim [l‘!’lj =e
X = 400 71

a* -1

[
(75 ]

15. lim

=log,a=Ina
g -ol) X

6. Perimeter of Square = 4x
8. Area of Circle = 77 *

10. Volume of cube = V=x"

" n

. ¥.=a -
12. lim =na""
L ~pi2 x — a

2 v
14. lim (1+x)'" =e
x—++0

16. A function f is continuous at c if satisfy three conditions

i. flc) is defined

ii. lim f(x) exists

i lim f(x) = f(¢)

17. Discontinuous if one or more above three conditions are not satisfied.

18. Limit Exist if L.H. Limit = R.H. Limit
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COLLEGE MATHEMATICS-II FUNCTIONS AND LIMITS

Q.1  Given that (a)f (x) = x*~x (b} f(x)=+/x +4 ,
Find (i) f(~2), (ii) f(0), (iii) f(x=1), (iv), f(x*+a)

1. (@) fx)=x-x ——I

()  Findf(-2)
Putx=-2 in
f=2) = (<2 ~(-2)
= 4+2=6

(i)  Find f(0)

put x=0in |
f(0) = (0)* - (0)
=0-0=0

(iii) Find f(x-1)

replace xbyx-=1inl
fix-1) = (x=1)’~ (x-1) =x"=2x + 1 —x + 1
= %' —3x+2

(iv)  Find f(x*+4) Sargodha 2009

replace x by (x*+4)in]
f(x +4) = (x*+4) = (x* +4)

=x' + Bx’ +16~x-4

=x*+ 7+ 12

(b) fix)=x+4 iI

(i) Find f (-2)
put x==2inll

f(-2)= =244 =2
(i) Findf(0)
put x=0inllI

F(0)= VO +4=4/4=2
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COLLEGE MATHEMATICS-I
(ili)  Find f(x~-1)

repiace x by x—1inll

fx-1)=~+x—-1+4
=vx+3

(iv)  Find f(x’+4)

replace x by x* + 4
f(x’+4)=/x* +4+4

= Ax*+8

fla+h)- fla)

6

(Sargodha 2009)

FUNCTIONS AND LIMITS

Q.2 Find I and simplify where (i) f(x) = 6x-9, (ii) f(x) =sinx,

(iii) f{x)= x*+2x*-1, (iv) f(x) = Cosx

2; (i)  f(x)=6x-9
[(a+h)-f(a)_(6a

+h)—9) - (6a—9)

6J+6#—/f—6a49; 6

A

=6

h
(i) f(x)=Sinx

Vs

.f(a-t-h) - f(a) Sin(a+h)—- Sma

h
d+h— J

(‘””* )

2 (2a+h) _ h
—Cos Sin—
h 2 2

[{]

1

—C{:s(a+ h]Sm E
h 2 2

(i)  fx)=x’+2¢-1

(Sargodha 2009)

flath)=(a+hP}+2(a+hy-1
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COLLEGE MATHEMATICS-II KB FUNCTIONS AND LIMITS
=a’+h’+3a’h+3ah’+ 22" +2h* +4ah -1
flay=a*+2a’-1

fla+h)- f(a)
h

B 437+ 3ah? + 245 + 00 + dah A ~d 26" A
) h
Kh* +3a* +3ah+2h+ 4a)
¥ s

= h*+3a°+ 3ah+2h + 4a

(iv) f (x) = Cos x : (Sargodha 2010)
fla+h)— f(a) ol Cos(a+h)—Cosa
h : h

-l—[—Ean a-i-h+ann,_a’+h—~(é]
h 2 2

=

I

“

i

_—2$:'n (u + ﬁ} Sr'i'i'ﬁ
h 2 2

Qs. Express the following (a) The perimeter P of square as a function of its area A.
== o

(b) The area A of a circle as a function of its circumference C.
(c) The volume V of a cube as a function of the area A of its base.
(a) Let each side of square be x then (Lahore 2010)
Perimeter = P = 4x |

And Area=A=x. x=x" 1l
e
Fromll A= = =4 __?-,c:)A

Putinl P=4 4
b) Let r be the radius of circle then

Area=A= m° I
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Q4.
4. (i)

CS-I FUNCTIONS AND LIMITS

Circumference =C= 27xr Il
o

Fromll C=27zr = r= —
2r

Putinl

vn(5) = Alamp - 2

{c) Let each side of cube be x then

It
x

Volume =V = x. x. x

]
x

Area of Base= A= x, x.

Fromll A=x* == x = JAa

1

Putinlvz(ﬂy:oV =(A’J == A

|
2

Find domain and range and sketch the graph.
glx) = 2x -5
Bomain = Set of real numbers

Range = Set of real numbers

For Graph X +—d : + } * X
52 -1 /
‘3 A o
l G(x)=2x-5 6 4

g (x) (~9 ‘—7 [—5 |~3 |—1 -9‘.‘,
(ii) g (x) = m
Pemain=R-(-2, 2)
Range=[9, =] :
We cannot put (-2, 2) because g (x) become imaginary in this interval.
Graph: glx) 346 [223 |o 0 223 346 |458
X -4 =3 -2 2 3 4 5



www.iqbalkalmati.blogspot.com

www.igbalkalmati.blogspot.com

COLLEGE MATHEMATICS-I| “ FUNCTIONS AND LIMITS
4
3
2
1
y 4 3 2 -El 1 2 3 4 ;'
-2
-3
-4

(iii) gix)=vx+1

Domain = [-1, =]

Range = [0, o]

Graph 5 >
X ‘ -1 | 0 | 1 1 "
g (x) ‘ 0 I 1 ! 1.41 ‘ <

(iv)  glx)=|x-J]

Domain = Set of real number
Range = [0, =]
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COLLEGE MATHEMATICS| FUNCTIONS AND LIMITS

v

6x+7-, x£:2
4-3x , -2<x

v £(x) =i{

Domain = (—20,—5)(10,+ )

Range = (—o0,0)

FX [ -5 | - [ -3 | -2 |4 Jo |1 |2
y | =23 | -17 |-11 |5 | 7 la |1 ]

23
k20

115

~E

&
Eal
-
-
"
i
~
~¢-
-
= ¢
B
R 2
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COLLEGE MATHEMATICS-Ii FUNCTIONS AND LIMITS
o =y X%
] x) =
R A [ Y
Domain = (—ce, )
Range = (—=,2)U|[7,x)
X | 5 | 4 | 3 | 2 | 1 | o | -1
gy |11 |9 | 7 |1 [0 -1 [-=2

&

S
I+
Gy pg=2tIE¥E Ly

x+1
Domain= R—{-1}
Range = R—{1}
¥ 4+3x+2 X +x+2x+2  x(x+1)+2(x+1)

Because g(x) =
x+1 x+1 x+1
gix)= & x-;fz’:xu

at x=-1 , glx)=1
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COLLEGE MATHEMATICS-1I

2

FUNCTIONS AND LIMITS

x -16
(viii) g(x}=‘f yx#4
£ x+4
= Do
When x=4 theng (x) =8
Domain = R — {4}
Range =R-—{8}
X |4 o |2 |3 |a |5
g |3 E |6 |7 E 8
v
121
104
K4
; e —— -,
=] 1] 2 3 4 3 G T
Q.5 If f(2)==3 and f(-1)=0 Find the value ofaand b
Given f (x) =x’—ax’ + bx+1
iff(2)=—3 and f(-1)=0
Now f(2)=(2) -a(2f+b(2)+1
-3 =8 -4a+2b+1
or -43+2b+12=0

+ by2

-2a+b+6=0

Also f(-1) = (1) —a (-1)7 +b (-1) + 1
I '?Z/'— a-b+

0 =
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COLLEGE MATHEMATICS-I FUNCTIONS AND LIMITS
or —-a-b=0
1+l
-2a + 6 +6 =0
-a-K =0
-3a + 6 =0= 3a=6=>a=2

Put valueofain Il
-2 -b=0=b==2

Q.6 A Stone fall from a height of 60m on the ground , the height h after x second is
approximately given by h(x) = 40 - 10x%.

(i) What is the height of the stone when. (a) x = 1sec-(b) x=1.5 sec (c) x=1.7 sec

(ii) When does the stone strike the ground?

(i) h (x) = 40 - 10x*

{a) x=1sec
h (1) =40-10 (1)}
=40-10=30m
(b) x=1.5sec

h (1.5) =40~-10 (1.5)*
=40-10(2.25)=40-22.5=17.5m
(c) x=1.7 sec
h(1.7) = 40-10 (1.7)°
=40-10(2.89) = 40-28.9=11.1m
(ii). When does stone strikes the ground then h (x) = 0
So h(x) =40-10%

0 =40 - 10x’
10¢ =40 = x*=4
X = 7
% = 2 sec (neglect —2)

Q7. Show that the parametric equations ;

{i) x=at’,y=2at represent the equation of parabola y* =4ax
Sol x=zatt >1 |, y=2a — 11
From 11 t= -L
2a

2 2
I become x=a l»] :y—::»y=4ax
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COLLEGE MATHEMATICSI FUNCTIONS AND LIMITS

¥

o 2
(ii) x=acos ,y=hsin € represent the equation of ellipse i}- + —J—’}— =/
a

x=aCosd — 1 ¢ y=bSind = 11
2 Cos @ 7 Lo §in &
a h
2 2
e X Cos*@ , —‘-I— =sin’ @
a
Adding
£ 2 52 32
S+ =Cos’f+sint@=1= = 42 o3
a” K a: b*
2 2
(i)  x=asec 0 ,y=btan 6 represent the equation of hyperbola —'lT— i%—:l
a
x =aSec @ g y=bTan @ &
x ¥ g (.
— =Sec () =~ = tan@ o }//
a S b Note: A
i 2
x’ 2 Sec™ 0 =1+tan’@
- =Sectd —» 1, Loctan? 0’5 W o
g b’ Sinhx ="
1-1I 2
:—2 — fi_ = Sec? a -—Taﬂ2 /] Cos hx= £ +_E-
= 1+Tﬁﬁ{9 —Tg.n{a = _.\'_2 = —y—z- =1 Tan hx= p'l —(’_’l
a b ¢ te
Qs. Prove the identities: ‘
(i) sinh2x = 2Sin hx Cos hx =
RH.S = .2 Sin hx Cos hx et R
% -X r —x ix =2y
o' — e e"+e e - ;
= .1‘(" = )( = J ~ _29 =sinhZx=LHS
(i) Sec h’x = 1-tanh’x M 3R =
R.H.S = 1-tanh’x Nate:
4 2 e =" =g 1
3 1_ e.Y__e-I
¢ +e "
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COLLEGE MATHEMATICS-II FUNCTIONS AND LIMITS

(e +e™ +2e* )" +e ~2e"e )
- _

(e“' +e"‘)-

] c"(+qf”"’.+2—-eﬁ—fﬁ+2= 4 2[ 2 ]
(Et+e—l)2 (el+e-.\')2 e +¢t

= : == —=sech’x=LH.S
¢* +¢F) cosh™x
S

(iii) Cosec h’x = Coth™-1
RHS = Coth’ x-1

x e 2 X == ¥ B

_(e +e ) (e +e ) -

(=) (=)
(‘,u Rtk ) _(exﬁ_e?_r)l
=
(e + e 4200 )~ (e +e™ —2 ")
(=)
M 4" £2.1-£5 -7 321
(e‘ —e )z

I
—
L]
-
|
) -
i
S
1]
P e
AR
s
©
)
3
Sem—

= : Lot — =Cosech’x=LH.S

et —e " > sinh® x
2

Q9. D« termine whether the given function f is even or odd.

(i) flx) =X +x |
Replace x by —x
3 Note:
iy fven  flrx) =f(x
= _(x3+ x) =—f (X) Odd 9 f{—X} =—f (KI

f (x) is odd function


www.iqbalkalmati.blogspot.com

www.igbalkalmati.blogspot.com
COLLEGE MATHEMATICS-I FUNCTIONS AND LIMITS

(i) f(x) =(x+2)?
Replace x by —x
F=x) = (~x+2)*# f(x)
Neither Even nor Odd

(i) fix) =xvVx’+5

Replace x by —x

f=x) = =x \J(=x)* +5
= —(x V¥’ +5)= —f(x)

f (x) is odd function

W) R =t
x+q
Replace x by —x
-x=1 = —(x+1) # f(x)
—x+1 I-x
Neither Even nor Odd

fl=x) =

2
(v) fix) = x?+86
Replace x by =x

2
fl=x) =(-x)’ +6 L4

2
=[(-x)*]® +6
= ()" + 6=x" + 6=1(x)
f{x) is Even function

x'-x
x'+1
Replace x by —x
(=)= (=x) -2 +x
=P+ 2+l

¥-x)
F _(x3+lJ ==J®

f(x) is odd function

(vi) fix) = (Sargodha 2007)

fl=x)
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COLLEGE MATHEMATICS-II m FUNCTIONS AND LIMITS

Q.1 The real valued functions f‘and g are defined below. Find (a) fog(x) (b)gof(x)
(c) fof(x) (d) gog(x)

(N flx)=2x+1,g(x) = ,x#1
(a) fog (x) = f(g (x)) =f{——3—) (Sargodha 2012)
X
=2 [——3’—--]4-1:—6— 1
x—1 x—1
1 6_4‘(—_! _ S4x
. x—1 x—1
(b) gof(x) =g(f(x)) =g (2x+1)
3 3

'«'r+l }‘ 2x

f(f(x}) f(Zx +1)
2(2x +1) +1 = 4x +2 11
4x+3

3
(d) gog(x) = glg(x)) = s( > I]

(c) fof (x)

(ii) fix)= Vx+1,g(x)= l:
X

(a) fog (x) = (glx)) = f[ IJ

By ol £ e

(b) gof (x) =g (f (x))

S

(Jx+IT x+1
() fof (x)=ff(x)) = f( /x+1)= Jx+1+1
@) oe(=g(eh)=g { = )
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=xd

1
5 e o
(&) =

(i)  f(x)= J:_l,xael,g(x)=(x’+1f
(a) fog (x) =f(g(x)) = f((x +1)°)

_\/F ) r+2x+ll \/x +2x?

(b) gof (x) = g(f(x))
(M)
g =1 x—1
{2 2]
= ———+1 =| ——
x-1 x—1 x—1

() fof (x)=f (fx)) = f [ J:TJ

2

Il

1 (x - l)' .
i Jl J Vel
Va-1 \/Jx‘l
(d) gog(x) = g(glx)) = g((x*1)?)

= [0+ 1 4177 = (2 +1)* + 1)
(iv) f(x)=3x"—zx*,g(x)=-2—,x¢o
JVx
(a)  fog (x)=f(s(x))=f[-\/%J
2\ Y 16 4
=3|o=| -2/ = | =3f19) ,(4

_ 48 8 48-8x 8(6-x)

x® x ¥ 2
(B)  gof (x) = g(f(x)) = g (3x - 2:¢)
2 ” 2 2

Vo2 VE(Ex -2)  xe -2
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(c) fof (x) = fif(x))
= f(3x" — 2x%)
- 3(3x*-2xY)* = 2(3x™-2xY)’

2
(d) gog (x) =gle(x)) =g [f]
2 2 o

?._JE v2

F =

2. For the real valued function f defined below, find (a) (x)

verify f(f(x))= " (f(x))=x
(i) fix) =-2x +8 Sargodha 2008

Let f(x) =y = x =f"(y) -1
Theny=-2x+38 = y—8 ==2x

W

= —y+8 =2x = X+

-]

Replace y by x
8—x

10y} =
T

putx=-1
f'(-1)=

verification f (™ (x))=f (i‘%‘]

£ _1[%31}3:4”4_;”

= Again £ (f(x)) = F* (-2x + 8)
_8—(2x+8) _ K+2x-%

2 2

=

Zx
2 2 Z
Hence f(F™* (x)) = £ (f(x)) = x
(ii) fix)=3C+7
Take f(x)=y = x=f"(y) ) 1|
Theny=3C+7 = y-7=3%

1
Pl S v [-yi}} I
3 3

Compare 1 and [l

FUNCTIONS AND LIMITS

J(b) F(-1) and
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COLLEGE MATHEMATICS-I| FUNCTIONS AND LIMITS
1/3
y—=7
o ()
i 3
Replace y by x

x=7\"
i = i 3
w = (*)
y 113
S N

Verification:

f(F(x) = f[(_%];]d:}[x}TJ +7
[ ]+?=x—/+/=x

And £ (f(x)) =" (3x* +7)

e e e bl

Hence f (f(x)) = £ (f(x)) =x

(i), fx)=(x+9)} (Lahore 2010)
tetf(x)=y = x= F‘(y) ]
Theny = {—x+9) =y =x+9
— x=9 =y’ I

Compare | and [l
1 (y) =9—-y"* = F(x)=9-x"" (Replace y by x)
put x=-1, Fi{-1)=9~-(-1)""*
Verification:
f((x)) = f(9-x"")
= (-{(9-x"")+9)’

I
= [-—}f+xm+,d} =xX ‘=X
Also FH{f(x)) = FH{(~x +9)°)
= 9—{(-x + 97]"*= 9 — (~x+9)
= ﬁ +X- ,g =X

Hence f(FX(x)) = F{f(x)) = x
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COLLEGE MATHEMATICS-II m
2x+1
(iv)  flx)= = : (Sargodha 2011)
X-

letf(x)=y = x="(y) I

2x+1
Theny = —1— = y(x-1)=2x+1
x—

yx—y=2x'+1 = yx—2x=y+1
y+l1

x(y=2)=y+1 v

=N =

Compare | and ||

Fiy)= 2 +; Replace y by x
F1(x) = x+1
x_c-
Put x=-1 = fi=1)= l+1=£=0
T

Verification;

f(F ' (x)= £ ”1}
(F(x)) [ 2

=

2(1_";1_}_' 2x+ 2 +x— 72
o AX—2 = x—2
. ;rLl_l - X+l~;{+2
x=2 x—2
- 3x x}‘f:r .
=7 3 '
NowFI(f(x))=f'1(2x+l)
x=1
[2x+1J+1 2x+}'+.1'—,(
_\x-l - x=1
2x+1 2 2{4-]-){4.2
x—1 x=1
L x_»;ﬂq
=T '

Hence f(f(x)) = £ (f(x)) = x

FUNCTIONS AND LIMITS
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3.

(i)

(ii)

(iii)

(iv)

without finding the inverse, state the domain and range of

fix)= Jx+2

Domain of f(x) = [-2, =)
Range of f(x) = [0, ¢ )
Domainof ' (x)= [0, =)
Range of f }(x) = [-2, »)

fix) = -ﬂ, x=4
4

Domain of f(x) = R— {4}
Range Of f(x) = R — {1}
Domain of f (x) = R —{1)
Range of ™ (x) = R — {4}

f(x) =

,Xx#—3

Domain of f(x) = R—{-3}
Range of f(x) = R = {0}

Domain of f ' (x) = R—{0}
Range of f * (x) = R—{-3}

f(x) = (x—5)?

Domain of f(x) = [5, =]
Range of f(x) = [0, =o]
Domain of f'(x) = [0, =0]
Range of f '{x) = [5, 0]

. x"—a" Y
Theorem : Prove that lim =na""' ,neZ f

Proof :

Then

X—rll x —_— a
case | (when n is +ve)
We know that x"=3a" = (x=a) (x" " +ax™ +a’%"™ +....+a" )

- - - :
s M(x" +ax"? + @ x" + .. +a™")

X
lim =lim
ey =g X-ra M

=lim (x™ + ax™ +a’x" +...4a" 1)

A=y
=a" ¥aa"t sl a2
=a" +a"4a" ... +a" Y (n time)=na""

IECRRRC e & i
Thus lim =na" — |

e x—gq
Case |l Taken—ve Son=-m
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. Xl e X =y sl 1 1 1
Then lim =lim————=1im —
0 x—g M x—d a

: 1 a" —x" . =1(x" ="
= llm F = Ill:ﬂ—mm——
= (x—a)| x"d s=e x" q"(x - a)
) L1, 7 m _am
= [Im m L x“m
x".d x—a
m=1
- - —mda
= ——x ma" usel )=—
a".a a
= _mam--}—lm =_m3—m—1
x'-a"
= lim =na"* (replace=m by n) —— /7
¥ —wit xX—d
By | and Il we can calculate that
" n
. X —a
= lim =na™’
X—ru x —_ a
. Sinf
Theorem : Prove that lim——=1 _/
Hal 5

Proof : Draw a unit circle (radius 1) in which

FUNCTIONS AND LIMITS

Areq of triangle OAB £ Areaof scctor OABZ Area of triangle OAD — /

Now Area of triangle OAB

= %IOB”AC[ where

= %(IJ(SinG)

Sin0— 11

L
2

= % (base)( perpendicular)

.

A(;! = Sin6

£

|4C|=|04Sin6

|4C|=(1) Sin@
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Radius = |O04|=|0B|=1

Area of sector OAB = %r29= %(1)2( 0) = :-lz- 0 —— 1l

1
Area of triangle OAD = — {Base ) (perpendicular)

1
— |04||4D| where -“9‘:-:%9
2 04
% (1) (tanf)) ——> IV |,4D|=(1)Tan9
Put 11, 1L, IV in | |AD|=Tun®
lSin(:*<-1— 6-:—1 Tan@
2 2 2
or Sin0 < @< Tan@('x' by 2)
i SmO 0 ) S'mrS‘ 1 ( +by Sin0)
Sin0 SmO Co.sﬂ Sin®
a 1
or 1< L—
Sin@ Cos@
Take reciprocal and limit & —0
= lim(1)>lim Sind >lim cosg
0 a0 ) 20 |
=1>lim i >1=lim i = (Applying sandwich theorem)
a0 £ 00
Theorem: Prove that lim [l + l] =g (Sargodha 2007) \ _—
n—x | "

Proof : We know by Binomial Series that

- = )
(1#x)" =1+ nx + Lﬁ ; Wr‘d- ............

So (l-&-—l-] =1+ﬁ[ﬁl)+f(”ul.}L,erz—lu[ii]-h......
n 2w 3 n
n’!(l l] _ﬁ/[l—l [1-—?]
. n)| | n n 1+.....
|

Therefore lim(l+l) =lim| 1+1+ == -
e n = 2 l 3-2'



www.iqbalkalmati.blogspot.com

www.igbalkalmati.blogspot.com
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When n —>oo!hen—l-—,-%, ....... - 0Se
nn

=2+054+0.16+........
: 1Y
Hence lim (1-1——] =¢
nsx n
Theorem : Prove thatling fhesl =log.a {Sargodha 2010) \/
=0 x g
Proof: Puta*~l1=y = a*=1+y =>x=log (1+y) *\:‘"el
Also when x —0 Then y —0 oy 1,“"
N log a* = log (1+y)
Solinga _I=ling % =in31 1 xloglazlc;g{hy}
£ X = logu(l"f‘y) A o —loga(l'f'y) . ogw( +J')
y2 log,, a
=lim 1 — = 1 =log, a=(na x= [0g10 2 X logyo (1+y)
=0 log,(1+y)"”  log,e x = loga (1+y)
Note:
uselim(l+ )" =¢
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Q1l. Evaluate each limit by using theorems of limits:
L) lim (2x+)

= lim 2x+ lim 4

3 r—=3
= ZIin"{ (x) +(4)
=2(3)+4=6+4=10
(ii) !'m? (3x*-2x+4)
F
=3lim x'=2 Iin? (x) + Iin} 4

=3(1)-2(1)+4=3-2+4=5
(iii)  lim Veltx+4

=G3) +3+4=\0+7=16 =4
(iv) Eil‘} xvx*—4

- lim>lim /- 4

=2x J(2)' -4 =2x/A-4=2x0=0
(v) ll_lg (Jx’-i-l —J.r’-i—S)

lim Jx* 1~ limvx®>+5

=

L]

-\./(2)“ +1 —\,/(2]3 +3

=V9-y9=0
3 -
A e
x+2 3x-2
fom 2
vt _GmEr 451 g5
lim(3x-2) 3(-2)-2
_-16-10 =26 13
6-2 -8 4
Q2. Evaluate each limit by using algebraic techniques.

3

(i) lim
x==1 x41
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Cox(xT -1
= lim L——)
== x+1

= lim =D _ e oy

r—3-1 - x—e=]
= =1(-1-1)= -1(-2)=2
gx’ +4x

ji lim,
() = xPyx

x> 9 i llm()‘k‘ +4x) .’5_(1) +4(1) .8_
s hm(r +x) A+ 2

oo X
e e

= lim - ____x“—(Z)“
=2 x2 4+3x—2x-6
lim (x=2)(x" +2x+4)
=1 x(x+3)—2(x+3)
L By (x=2)(x" +2x +4)
=1 (x=Z)x+3)

(@) +22)+4_4+4+4 12
) 2+3 5 5
¥ =3x'+3x-1

(iv) lim
Xl

-l x(x* =1)

(x =D +x+1)=3x(x-1)
vl x(x=1)(x+1)

- lim (J\-(){,\ +x+1-3x)

xl x(x=I)(x+1) =

Ut #1=2x
zlim—————'0
e r(x+1)
l+l—2 2 20

Wy 2 27

FUNCTIONS AND LIMITS
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X+ xt

v lim
( ) =1 xl —1 ,/

: x(x+1)

M 1) D

5 (—l)l s
"o gl ~1-T =2

2x’

-32
vi lim ———— Sargodha 2012
(i) vt x? — 47

|
5
\

_ lim 2(x’ - 16)

T X(x-4)
e 2(x~4)(x +4)
o x (x4
Ax+4) 24+4) 16

-y s 47 16

J;—_z—ﬁ Sargodha 2011

L J_—\F Jx £42
S “Vx 42

s, (JIH i

o2 (x — 2)(vx +/2)

(vii) lim

(-2
" (\: 2)(J\'+\/_)
1 it ...
) r‘--‘»‘!.f;m“mﬁ 242
(viii) lim ———'”j'#"@ (Faisalabad 2011)
h—s0 T

i \f’:c-h—\/\ \f\+h+\/t
= h \h'+h+\f\
. {\/.\“I-Ih} —(\/T)-
< i -
i :,'_'3] hix+h +\m
y’+ h =%
= |im

= h[\.\ +h+.,/7

=

FUNCTIONS AND LIMITS
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h 1
= |im =
ok !?(\/x+h+\/§ Vr+0+4x
B

|
“Jxivx 2dx

; o, L=
(ix) lim
i xm —a"
5 ‘1_” _-aﬂ
lim= -
_ i X "
=i (+Num , and dino by (x —a))
. X' —d
lim
M X —g
n—l
na
= ———(UseTheorem)
ma
n
= = an—.f—-rnwi
m
= i(,"“m
m

Q3. Evaluate the following limits.

SinTx .

i lim —
W e X Note:

. Sinlx | T

= lim (“x" & “+"hyT) 2 x'= xx1"= xx

X0 X 180

] - T
<7 (lim Sinis ]:?(1;:7 i

x ?x

Sin "
3bie D )
) mST iy, 180

X=sl) Xx a—=ll X

Sinmx

S ISO 3 " n "n.n T
=] _— = Nhy—
o8 xr 180 ST

Ao 180 _ 7 x

— ] =
1805 7x 180" 180
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iy . Y25
0 Sin® ; [-CoSPP = Loin*4
e 0. _
_lim ZS'“]"[EJ SJM = lsmg‘{(_‘\jd
=i

-

7o)

lim Sin Q
N 00" 2) Sind 9_0
lim Cos[g‘] Casgt =
U-=4 2
(iv) lim i
XoE T — X

Put mr—x=0 = x=n-60
When x —> 77 then ¢—0

. Sin(xz-0) .. Sinm.Cos0—-Cosx.Sin0 Sn-8 )
= lim S = lim
Tl U 00 g
. 0.CosO—(~1)Sin@ . Sind . \/
= |im - = lip—— =21
-3t 1) R iy 7 oa
3 O Loy 41:5nl . Cosl]. nd !
Sinax ._,r—‘ﬂ - 185inl _ L. | X
v lim Sargodha2008 @ ———— -~ £ -~
b S Sinbx - ¢
Sinax :
m-——-xax o
i 2 ‘;@1— ("x"&"+" Numerator by ax and Dinumerator by bx)
. Sinbx s -
lim———— xb§
140 b'\-
a: lim S
= . A=) {ax S ﬂ(]) _E
b. Iim&b—x k1) b
a—sil b-r
. 4 A X X
vi =1 —
( ) }‘I-’-l:i Tu” X l.;lj:: an X i
Cos x
) Coxx
= limxx
veet St x

lim «limCos x
y=afl _‘;jn X r oo}

1
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s I', x limCos x
3 . Sinx  x0
. lim
x—sl} x
:":— ®x1=3
1-Cas2x
(wvii) lim;2
v oel) X
. 2S8in’x . Sinx i
= lim ~ =2(11m
r—( Xt x—0 X
=2(1)'=2
. 1-Cos x
(viii)  lim——— Sargodha 2008
=0 §in®x
. 1-—Cosx
= lim —————
=0 | —Clos™x
: |-Coss
= lim

=0 (1 ~€05x)(1+Cos x)
1 1 1 1

= lim = - = —=
=0 14+Cosx 1+4Cas0 1+1 2

s 3
R T
=i} 9

Sargodha 2009

3 S:'nz()x
= fim —-
Bl ()3

. Sin@Y ,
=[hm m_] lim#&
-0 f -3l
=(1)’x0=0
., Secx—Cosx
(x) lim—————— Sargodha 2008

x—riF \'g

(‘_’ (lsx “&”+"'by9)

: —COSX
.. cosx -*
lim

x—rll X

. [1-cos’x [IJ
lim | ——— || =
730 COsX X
- lim Sinl’:cR 1
0 x Cosx

n
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COLLEGE

(xi)

(xii)

lim

lim —

A=)

THEMATICS-II

Sin’x

.1'2'

XXX

1
Cosx

xlimx xlim

FUNCTIONS AND LIMITS

‘

¥ -0

x—0 C"os X

1-Cos p@

. Sinx
lim
x—l} X

A [1}’:{{]:(—}:0

o=0 1—=Cos q0

lim
-0

Tanf - Sin 6

2} Sin® pj’Z
- .!)l-rft} ) q!?

Sin~

{

Sin P 0
= [ lim =
=8 Sin {4

2

»

Sargodha 2009

a

Sin’0

= |lim

"

g—0

lim

(= 1]

lim

@0

[sme

[

Cos 6

Sargodha 2008

— Sin 9]

Sin 0

Sin@ - Sin0Cos6

1

Cos@?

S'ma{l —Cos@)

J

Sin’0
]

Cost)
1-Cos0

o0 Cos0(1—Cos'0)

Sirr® Sin’0
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i (1 =Cos 9)
940 Cos#(1 —€050)(1+ Cos &)
. 1
!'"E ‘ CosO(1 + Cos0)
1 1
1(1+1) 2
Q4. Express each limit in terms of e:

] In
(i) limv[l-f--] Sargodha 2011
— n
A
= [ilﬂ‘l[l-i——} ] =}
N> 1
nil
(ii) lim(l+lj
n—= n
L2
. 1 172
= [llm(l +—] J =g
n—so n
: 1Y
(iii) llm[l——] —llm[1+
H—a n A=k
I:lun 1+ ] }
1
i lim| 14—
) ,,E',E( 3:1]
= [Ilm[l+_l_) J :f.'l"‘
n—a 3"
(v) lim[l+i)
n—sot n

4ni4d
4
= lim (1 +-—]
=ps n

J] Sargodha 2009

=I-—

FUNCTIONS AND LIMITS
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(vi)  lim (1+3x)™

il
Iirrg(l + 3x)P 23

_ FUNCTIONS AND LIMITS

a6
=[Iin§(l+3x)”’] =

(vii)  lim (1+2x%)"/2
A=l

lim
— x-l {1+2x2)1/?u?
-

Al 2

- {lling{IJrzxz)hh J =e
. _ogryi/h

(viii) !&nﬂ (1-2h)

li
= Jnl—ir’; (1+(__2h”lfh

lim(1 + (=2m)>-

bim(l +(=2m)) 1”}3 =e =i“
= 11 e
) x X o 1Y _
(ix) lllll[ J =I1m[ ] (Gujrawala 2010)
=l 4+ =l X
)
_ 1[,"‘;, i
1 =X S
=Iim[—+l]_ =[[im[l+i) } =g =l
il X a—rik X e
eN,l _l
(x) linlJ)Tle-,x <0, = Put x=~y whenx— 0theny —0
vl o ]
1
IJ-y_ T—l
= lim& 1o jjm e
y0g" V4] a0 ]
e 41
|
B e
1 41 O+l
o)
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. ] elé‘\ = l
(xi) im—— x>0
T A |
{ l ]
l 1
e 1= — S
. \ .‘.'Tl - ! o0 1 = U
= '.m} = ] Lo == =0 =1
K==l = =
EHL“ l_'] P = :
ey o

Important Example 2 : Sargodha (2007 & 2009)

»

x —1
Example : Discuss continuity f(x) = ———l arx=1
X
Answer; Here f(1) is not defined so discontinuous atx=1
5 o xr =1 o A xx]
Further lim f(x) = lim — —=lim—~ ARENCL
vl r—el ‘[_1 ral l._\' l}

= lim (x+1)=1+1=2

xoul

f(x) is continuous at any number except X = 1
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Exercise 1.4
Qi. Determining the left hand limit and right hand limit and then find limits of the
following function at x = c.
(i) f(x)=2x*+x-5,¢c=1
LHL = “";1 f(x) = linl'n (2% +x=5)

201 +1 -5 = 2+1-5=-2
lim f(x) = lim (2x*+%=5)

a—l' =+l

=2(1)*+1-5=2+1-5=-2
LHL=RHL=-2 so lim f(x)=-2

=]

R.H.L

]

(i) flx)= ""_94.-:—3 Sargodha 2011
_ x—-3
- 0
LHL = lim f(x)= lim ——
y—a—3 =¥ X—23
E=9-9-9 .
3-3 -6
. x'=9
RHL = lim flx)= lim 22
(—-3" g—=3" _1‘-—3
3y = =
V-9 9-9
-3-3 —0

LHL=RHL=0 so lim f(x)=0

r=»l

(i) f)=|x—5,c=5
LHL = lim f(x)= lim —x-5) =—(5-5)=0

X=2=3" X=—3

RHL = lim f(x)= lim(x—5)=5-5=0
x5’ r—si"

LHL=RH.L=0 so lim f(x)=0

T—+3

Q2. Discuss the continuity of f(x) at x=c

[2x+5 ifx<2 ]
(i) f(x) = X c=2 (Federal 2008, Lahore 2008)
dx+lifx>2 |
LHL = lim f(x)= lim (2x+5)
=2(2)+5=4+5=9
RHL = lim f(x)= lim (4x+1)=4(2)+1=9

f(2) =2{2)+5=445=9
LH.L =R.H.L=f(2) sof(x)is Continuous at x=2


www.iqbalkalmati.blogspot.com

www.igbalkalmati.blogspot.com

COLLEGE MATHEMATICS-II ' ' FUNCTIONS AND LIMITS
3x—1if x<1
(i) fix)=+4 ifix=1+¢ c=1 Sargodha 2008
2x if x>1

LHL = lim f(x)=lim(G3x—1) =3(1)-1 =3-1=2
x=»l

r—»l

RHL = lim f(x)= lim(2x)=2(1)=2

vonl -l

fl1) =4

f{1) # LH.L =R.H.L 50 f(x)is Discontinuous at x = 1
3x if x<-2

fix)=<x*=1 if —2< x<2 (Faisalabad 2011)
3 if x=2
Case [ forx=2
LHL = lim f(x) = lim (*~1)=(2)-1=4-1=3

RHL = lim f(x)= lim3=3

f(2) =3

LHL =RH.L=12)
Continuousatc=2

Casell For x=-2

LHL= lim f(x)= lim (3x)=3(-2)=-6

L-=1" x—s—2

RHL = lim f(x)= lim (x"=1)

=(-2)-1=4-1=3
f(-2)=3(-2)=-6
LH.L=f(-2) # R.H.L
F(x) is Discontinuous at x = —2

x+2, x£-1

D v I} find ¢ so that th{n| f(x) exist (Sargodha 2008,09,11)

f(x) = {

LHL = lim f(x)= lim(x+2)=-1+2=1
=1 L T |

AT ‘ ) Note:
RHL = lim f(x)= lim (c+2)=c+2 Limit exist mean

a—=1"
Given limit exist mean L.H.LL=R.H.L

LHL=RH.L
=c+2= c=-1
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Qs. Find the values m and n, so that given function f is continuous.
X if x<3 X
(i) flx)=<m . if x=3 (Sargodha 2011,12) '
—2x4+9if x>3
LHL "= limf(x) = llm (mx) = 3m

=3

R.H.L lim _I(.\)-— 11:13{—2x+9)

==2(3)+9=-6+9=3
f(3) = n Given f(x) Continuous
So LHL =RHL=#3)=3m=3=n
—»3m=3andn=3 or m=1 and n=3
& _Jmx if x <4
(i) f(x)= l-‘fl ifes 4} (Sargodha 2009)

L.HL

Iil‘{] f(x) = lim (mx)=4m
r—4" road

R.H.L

lim f(x) = lim x* =(4)’ =16

s—d" xr—ed
f(4) = (4)" = 16
Given f(x) continuous mean
LHL =RHL=f4)=4m=16=16 = m=4
V2x+5—Jx+7 X#2
6. f{x) = =2 - Find value of K so that f is continuous at x =2
k x=2 k
(Sargodha 2007,11, Lhr 2010, Fsd 2010, Gujarawala 2012)
J2x+5-x+7 . V2x+5 +4x+7

lim 7 (x)= lima
=2 ‘ K=l

x-2 V2x+5 +x+7
- xes=ar7 . (Waxes)-(xi7]
lim = lim
N2 x—2 =2 (5 ){f"\+'§+¢r+7]

2x+35-x-7
(r~7)(x12r+’i+\fr+ 7)
=
= lim Shar!
1 |

gues (,c»/flaf"t+‘i+\!r+ '}'J
J2(2}+'\+v"’17 ﬁ*"j— 343 6

Given flx) is continuous so lim‘ flx)=f2) :blg =k or k==
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1) Draw the graphs of the following equations.

(i) Xayt=9 = y=+\9-x*

[ X -3 2 |- 0 1 2 3|
LY 0 +2.2 +2.8 +.3 +28 £22 |0 |
Scale : 2 small square = 1 unit along x — axis Ts

2 small square = 1 unit along y — axis

-

2 2 2 2
X ¥ -“ »
(i) +i-=1 = e
16 4 € @)
Here when y=0 — ‘x=% 4
x=0 — y=2

and the graph is symmetric with respect to both axes.

The graph is 3
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FUNCTIONS AND LIMITS

(i)  y=e*
X -0.3 —0.2 01 |0 0.1 0.2 0.3 0.4 |
Y 0.5 0.7 0.8 1 1.2 1.5 1.8 2.2 .'
Scale 1 small square = 0.1
'P\
/-uj
T 04 03 02 i 01 02 03 04 '_‘
v
(iv) y=3
X 06 [-04 [-02 o 0.2 04 o6 [08 |1 1
Y 05 |06 |08 |1 12 e f19 (24 [3 |

“Scale 1 small square = 0.2
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COLLEGE MATHEMATICS-II FUNCTIONS AND LIMITS

2. Graph the curves that has the parametric equations given below
(i) x=t,y=t,-3<r<3
Since t € [=3, 3], we have the table values as

[T -3 -2 -1 0 1 2 3 |
\_x -3 -2 -1 0 1 2 |
LY 9 4 1 0 1 4 9 |
Now we plot a graph as y
»
=T 10
——8
L
—
. N Z N ,
i L i ) B, I
S 32-1"1T71 1.4 X
."’

(i) x=t-1,y=2t-1,-1<t<5

Since t € [-1, 5] The corresponding values of x and y are given by the table

t 0 1 2 3
X =1 0 1 2
| y -1 1 3 5 7

Now plot the graph which is shown by the figure.

S 1 A Y gl S

Sl

4
=
e .
r'J_.._
\
111

L ) V|

—
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COLLEGE MATHEMATICS—II m FUNCTIONS AND LIMITS

(iii) x=sec( ,y=tan ¢
The corresponding values of x and y for real number ¢ are

0 -180° | -120° | -60° [0° [60° |120° | 180°
[X=secld |1 | =2 2 1 (2 [=2 [=1 7]
| Y=tand |0 173 [-173 Jo [173 [-173 [0 |

Plot the graph by using table values, so we have

&
L ]

3. Draw the graphs of the functions defined below and find whether they are
continuous

. _Jx-1if x<3

0 ¥=lors1ir x5
Herey=x-1 whenx<3
and y = 2x +1 when x < 3, we have the table

values as
y=x-1
X |3 -2 1 0 1 [2 ]
y |4 -3 [=2 [4a g @ J]
Y=2x+1

X =2 =1 o 1 2 3
y -3 -1 1 3 5 | 7

The graphs for both shown by the figure.
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OLLEGE MATHEMATICS-I FUNCTIONS AND LIMITS

COLLEGE MATHEMATICS—H

both lines have different slopes so discontinuo* .

2
x -4
{ii). Y= —— ,x#2
x—2
x—2)x+2
_—,v\,!=-{‘i —)(———)=x+2
x=2
Table
X -3 -2 -1 T 2 3 BNel
y -1 0 1 2 3 4 5 6 |
The graph is AV

The graph shown by the figure is )
broken at x=2 hence the function is |
discontinuous at x = 2. A
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FUNCTIONS AND LIMITS

COLLEGE MATHEMATICS-II 43
_Jx+3 if x#3
@) ¥v=12"" jFx=3
Table values are
-3 -2 -1 1 2 3
0 1 2 Y4 5 6

andy=2forx=3
The graph is as shown in figure.

Here at x = 3, y=2 and y=6.
so domain is respected.

Hence discontinuous function at x=3.
i

Y

= |
=
() b
x—4
f(x)= x =15 =x+4

x_

For different values of x, we have the correspaonding values of y, these are given

in the followin% table.
X -3 -2 -1

o

\g 1 2 3

F-Y

~J
olc|®

Its graph is

R
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COLLEG S-lI FUNCTIONS AND LIMITS
4. Find the graphical solution of the following equations.
{i) X = sin 2x
take y;=xandy;=sin 2x
[% 1= - =
“Z 157 2F 104 28 =052 [ Z-052| Z=104| Z=15
3 6 6 3 2
y: | =1.57 -1.04 -0.52 0.52 1.04 1.57
v |0 -0.87 -0.87 0.87 0.87 0

Both the graphs intersect each other at x = 0, so the graphical solution is x = 0.

L
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COLLEGE MATHEMATICS-II EUNCTIONS AND LIMITS
X
(ii) —=g08 X
2
x
For Y1 E take 7 =3.1416
For  y,=Cosx take 7 =180°
x L
Tablefory; = —
2
X = - 0 T T
—==1.04 | —=-52 — =52 —=1.04
3 6 3
Y1 —0.52 —0.26 0 0.26 0.52
Table for y; = cos x
| x -90° —60° -30° 0 30° 60° 90°
Y. |0 0.5 0.87 0.87 0.5 0
x
Now we plot the graphs fory, = E and y; = cos x
.
S e
S R L (| | g >
! T AT i e
120490 60 30 0 a0 w 120

=10

Both the graph meet at x = 42” approximately.
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COLLEGE MATHEMATICS-II FUNCTIONS AND LIMITS

(iii) 2x=Tanx
Lety;=2x,y;=TanXx
Table values for both y; and y; are

= _ 0 ¥
- =X il | =2 =k X__s57|Z=104
3 6 6
v | —2.08 -1.04 0 1.04 2.08
x == Jz= |z |0 |z x s
2 3 6 6 3 2
v | -1.73 0577 | 0 0.577 173 %0
Now we plot the graph as
%

Both the graphs intersect each other at common point where x =0, so the graphical
solutionis x =0,

www.igbalkalmati.blogspot.com: u_’/r_nj,u%?i f_ag,:/{;z
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COLLE C FUNCTIONS AND LIMITS
OBJECTIVE
Q.No.1 Given below are a few possible answers to each statement of which one is correct,
identify the correct one. (20)
1. Functions play a central role in the study of
(a) Mechanics (b) Trigonometry
e Calculus (d) Both (b) & (c)
z. A correspondence that assigns to each element x in X a unique element y in ¥ is
called -
(a) Vector (b) Determinant
v(e]" Function (d) Matrix
3. A function from X to Y is written as
(a f:Y—o>X (b) f:Y—Y
(c) f: XX \qld'f{f:x—)Y
4. If f: X —» ¥ then the set Y is called
(a) Domainoff L(hf’ Range of f
(c) Both(a) & (b) (d) None of these

5. If f: X — Y then the set of corresponding elements y in Y is called the
(a) Domainof f (b) Rangeoff
(c) Both (a) & (b) Ad)Y” None of these

6. If a variable y depends upon a variable x in such a way that each value of x
determines exactly one value of y, then we say that

(a) xisafunctionofy (b) yisa functiony
(¢) yisa function of x (d) xisa function x

7. If y = fix) then fix) is called

(a) Thevalueoffatx (b) Image of x under f
(c) Both(a) & (b) (d) None of these

8  Hfx)=x-2x+4ax—1,then fill +x)=
(a) X¥+x+3x+2 (b) ¥ -x*+3x+2

www.igbalkalmati.blogspot.com: ;.,_’,f_nj,d-(ﬂi[_ag,?/{'/
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COLLEGE MATHEMATICS-I | 48 | FUNCTIONS AND LIMITS
() ©+xX'=3x+2 (d) x¥+xX+3x-2
9.  If fix) = x* then the domain of fis
(a) {-1,1} "~ (b) Setofintegers
(c) Set of all real numbers (d) Set of natural numbers
10. i fix)= \/ﬁ then range of fis
(a) Setofintegers (b) Set of natural numbers
(c) Setof all real numbers (d) [0, +=)

11. A function in which the variable appears as exponent is call an
(a) ‘dentity Function (b) Exponential Function
(c) Inverse Function (d) Constant function
12. The equations of the type x = f{t) and y = g(t) are called the -
(a) Implicit functions . (b) Parametric equations

(c) Reciprocals equations (d) . None of these
3x '
13.  Iffix) =21 thenitis

(a) 0Odd function (b) Even function
(¢) Neither function (d) None of these

14. The area A of a circle as a function of its circumference C, is '

] o

a) A=-—C b) A=—C

(a) i (b) e

© A =4lc2 d) A=—c?
/) 4 119

15. The volume V of a cube as a function of the area A of its base is

(@ v=@A" (b) v=A"
() v=A" (d) v=a"
16. The function fix) = (x + 2)*is
(a) Odd function (b) Even function
() Neither function (d) None of these

www.igbalkalmati.blogspot.com: ;.,_’,f_w'u}(ﬂi[_ag;/{'/
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COLLEGE MATHEMATICS| F ! Irs
n n
17, Lim="%_
r—a X-—-@q
(a) o™ (b) na"?
n+l _1.
(c) nao (d) 50
k0 h
1 b 1
(a) W (b) 2

(€) 2/x (d) 5

19. The graph of fix) = o" lies in
(a) 1st quadrant (b) 2nd guadrant
(c) "1st & 2nd quadrant (d) 4th quadrant

X whenO=x<1
20. Graphof y= is
X-1 whenlcx<2

(a) Circle (b) Parabola
(c) Broken straight line (d) Hyperbola
SECTION |
SUBIJECTIVE

Attempt any 25 (twenty five) short question from Question 2,3 and 4, at least 12 short questions
from question 2, 12 short question from question 3 and 13 short question from question 4. All
questio:, carry equal marks. (25x2=50)

QNo. 2

i Find domain & range of the function defined by fix) = x*

x
x’ -4

ii. Find domain & range of the function defined by f(x)=

. Find domain & range of the function defined by 7(x)=x* -9

iv. Find domain & range of the function defined by g(x)=+vx+1

-2 e T S
www.igbalkalmati.blogspot.com: u_’/r_nbu% T L& ey



www.iqbalkalmati.blogspot.com
www.iqbalkalmati.blogspot.com

www.igbalkalmati.blogspot.com

COLLEGE MATHEMATICS-II FUNCTIONS AND LIMITS

V. Find domain & range of the function defined by g(x) = x-3|

X -16
x—4

vi. Find domain & range of the function defined by g(x) = x#4

vii. Express the perimeter P of a square as a function of its area A

viil. Express the area A of a circle as a function of its circumference ‘C’

ix. Express the volume V of a cube as a function of the area A of its base
X. Prove the identities Cos® hx — Sin® hx =1

xi. Prove the identities Cos® hx + Sin’ hx = Cos h 2x

xii.  Prove the identities Sec’ hx = 1— Tanh’x

Q.No. 3

i Prove the identities Cosec? hx = Cot? hx — 1

ii. Determine whether the given function f is even or odd f(x)= 746
fil. Determine whether the given function 'f is even or odd f(x)= 'r'ﬂ ] :

x* &
iv. Determine whether the given function ’f is even or odd f(x)= ;:

T
V. Determine whether the given function ‘f isevenorodd f(x)=Sinx + Cosx
vi. Without finding the inverse, state the domain & range of ' where

Slx)=2+vx+2

vii. Without finding the inverse, state the domain & range of /* where

f(x)=f_:,xvt4

==y

viii. Without finding the inverse, state the domain & range of f* where
fx)y=(x-5) x25
i, Let f(x)=3x"+7 find f '(x). Show /[ /7' (x)]=x

X. Let f(x)=3x"+7 find) ‘(x).Show f '(f(x))=x

www.igbalkalmati.blogspot.com: u_',fg;,@afi[_ag,;@'/
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COLLEGE MATHEMATICS||

_ FUNCTIONS AND LimiTs
xi. Let f(x)-. Fndf (x). Show S =x

Xii,

Let f(x)-— ﬂnd F(x). Show I fen=x
Q.No. 4

I

Define limit of a function & what is the criteria for existence of limit of a function?
Evaluate Lt =

— x<0

Evaluate Lt 23

—

, x>0
3452

State Sandwitch Theorem.

3 2n
V. Evaluate Lt [1+ —]

s n

Vi.

Evaluate Lt Sin70
H- iy B

Evaluate [t =2 St
=0 8in by

Evaluate 1t Sinx

A=n M- X

Evaluate | Sin0

A—

X. Evaluate [t X2 © TEE Jx

k0

Xi. Evaluate Lt [I~—I~J
s ’r

Xii.  Evaluate Lt(1-24)"
—0

xiii. Evaluate Lt| -2
el 14 x

. T S
www.iqhalkalmati.hlogspot.com:u/r u’-éfﬁé_&;,« &7
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COLLEG THEMATICS-II FUNCTIONS AND LIMITS
SECTION 1l
Attempt any 3 (three) questions. (3x10=30)
Q.No.5
(a) Show that parametric equation x=acos @ , y=bsin@ represent the equation of
> ]  §
ellipse —+ % =1.
n = n
(b) Prove that Lim =na"", where nisinteger and a > 0.
X—=a x —_— a
Q.No.6
. tanf-sin@
(a) Evaluate le#
80 sin” @

wa+a—\f;_ 1
x “2Ja

(b)

Prove that Lim
x—=0

find value of k so that f is continuous at

Q.No.7
V2x+5-Jx+7 A
(a) If f(x)= x=2 :
k s Xx=7
x=2
. l-cosx
(b) Evaluate lef
=0 §in” x
Q.No.8
. 1Y
(a) Prove that Lim| 1+— | =e
K=+ n
(b)  If f(x) X%, xE-1 find “C" so that Lim f (x) exist
xX)= in so that Lim f (x) exists
c+2 , x>-1 x-1
Q.No.9
(a) Without ﬂndtng the inverse, state the domain and range of f?
f(x)= {x—5) x>5
x X
(b) Express the limit in terms of g; Lim[——]
1+x

K=

www.igbalkalmati.blogspot.com: u_’/r_nj,u%?i f_ag,;/,g'/
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COLLEGE MATHEMATICS-! FUNCTIONS AND LIMITS
Previous Board Questions
) 3 2 1 '
1, IFf () =2x"—5x" + 6x +3, then find f 2—- ,x#0. (Lhr — 2006)
X
2. Without finding the inverse, state the domain and range of f7 (x) when f (x) = (x -
5)%, x>5. (Grw — 2007)
3. Without finding the inverse, state the domain and range of f ™ (x) when f (x)
=dxa9 (Fsd — 2009}
1
4, Find £~ (x) for f(x) = ——. (Lhr — 2007)
X+3
5. If f(x) = 2x + 1, then show that f * (f{x)) = x. (Mtn, Lhr = 2009)
6. If f (x) = =2x + 8, then that f * (x). (Lhr—2008)
7. Define a polynomial function of degree n. (Grw = 2005)
1-cosx
8, Evaluate lim ——— (Lhr—2009)
¥=0 sing
9, Evaluate lim {Lhr —2008)
x>0 tan x
inax
10. Evaluate lim S. (Grw = 2007)
x=0 sinbx

11.  Express the perimeter P of square as function of its area A.
(Lahare — 2010)

12. Define continuous function at a number c. (Lahare — 2010)

13, Iff{x) = (~x + 9)3, find 1 (x). (Lahore — 2010)

14, Define the limit of a function. (Lahore — 2010}

15.  Define the inverse of a function. (Gujranwala— 2010)
x X

16. Express xl:_r_j;nm (1 - x_) in terms of e. (Gujranwala— 2010)

FEEREEFEAAAE RN

Aol g w oy
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COLLEGE MATHEMATICS-I DIFFERENTIATION

PIFFERENTIATI®N

Definitions:

Average Rate of change: (Sargodha 2011, Fsd 2010)
S : x )~ f{x).
Let f be a real valued function the (difference guotient) '{gi)—fi— is called
X =X
average rate of change.
(sargodha 2009)
instantaneous rate of change of one variable with respect to other variable is called

g x+ax)— f(x
derivative or if limit of Iu‘r% A d: J(x) exist then it is called derivative
e —»

dy
denoted by — .
dx

3. Maclaurin Seriens:
Z

f(x) = f{0) + x f' (0) + -:;—‘f"(_O)+ ...... is called maclaurin series.

4. Taylor Series:

flx+h) = f(x) + Af '(x)+ f:!-'-f" (x) +..... is called taylor Series

(Fsd 2010)

f is increasing on the interval (a,b) if f{x;) > f(x;) wherever x;> X,

Decreasing: (Sargodha 2010)

f is decreasing on the interval (a,b) if f(x;) < f(x,) where ever x;> X,

' (Gujranwala 2010)

Any point where f is neither increasing nor decreasing.

Critical value or Critical Point:

Ifc efand f'(c)=0or £ (c) does not exist then c s called critical value or critical

point.
Relative Maxima:

f has relative maxima atcif f"(c)<0
10. Relative Minima:

f has relative minima atcif f" (c)>0

www.igbalkalmati.blogspot.com: ;.,_’,f_nj,d-(ﬂi[_ag;/{'/
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COLLEGE MATHEMATICS—II DIFFERENTIATION

11 Point of inflection: :
The function f is increasing before x = 0 and also after x = 0 such point is called point

of inflection.
d ado g 1
1. —(c)=0 16. —(Sin"x)= -
dx dx vli-x"
d i
2. —(x)=1 17. c—f(Cos.'x)=—l¢=
dx . dx J1-x
d ’ d i
3. E(cx)—c.l =€ 18. E(Tan" .\'}zl pre:
d Wy o=l C} —
%o s 1. —(Cor' )=
d du
5. —(Uv)=u—+v- 20, i(scc' ) x)-—-;
dx dx dx dx ‘x ‘ f-‘_] =
du  dv
d(u va_"a 21 % (Cosee™ x)= -
6. —| = |=—%__ax ; — S
dx [ vJ v dx |.r|\f x =\
d
7 5 (ln.r)--; 22 i (Sinhx)=Coshx
I I d .
8 —(e")=e 23. —(Cos hx)=Sinhx
dx cbc( '
{ 2
9. i—(a" =a'Ina 24, i{'ﬂ'm hx)=Sech x
dx dx
ad L d = 1
18, —(Sinx)=Cosx 25, —(Tanh x)= -
dx dx 1—x°
_ d : d . = .
11. —(Cosx)=—Sinx 26. —(Cot hx)=— Cosech ™ x
dx dx
d ope 2 d ° .
12, — (Tanx)=8ec’x 27. —(Sechx)=SechxTanhx
dx dx
d r 2 d g v S |
13. —(Corx)=—Cosec” x 28. —(Cosechx)=—CosechxCothx
dx dx
1 4 - |
14. :—(Sec.\')zSecthx 29, ilb‘hrh x)= ——
dx dx VI+x”
15. 4 (Cosecx)=—CosecxCot x
dx
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COLLEGE MATHEMATICS-II m DIFFERENTIATI®N
A 1 d —
30. “ (Cosh 'x)= e 33. (Cosech 'x)=— : =
dx vx -1 (X xvli+x°
d " |
31. —(Coat h'x)= -
dx l—x" '
ad =5 -
32. —(Sech 'x)= -
f!.\‘ Xy 1 = _‘-;
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COLLEGE MATHEMATICS-I DIFFERENTIATION

Ql. Find by definition, the derivatives w.r.t ‘x’ of the following function defined as.
{i) 2 +1 (Sargodha 2012)
Let y = 2x%+1.
Theny+&=2(x+&)" +1

Sy = Z(x 42x8 x+ 8 x’) +1-y

Sy  =27+4x8 x+26 X’ +1-{2x'+1)

Sy =28%44x5 x+2§ W& +1=2A

| =4xd x+25 X
= O x(ax+2 6 x)

Divide both side by & x and take limit & x —)0

2 S TOE U Ty IR
lim %:IlmM '.U-;_,f,-—.kl ACEY
dr=s0 b.‘l’ |5v‘-’° é.(
d—y =4x
dx
m 2-+x

Let y=2—w/._\'.

Theny+éy =2~ JI‘%—&\‘

éy =2-—m-y
i =2-Jx+dx —'2/+\/;
= {E o A R Vx ++x+d

‘ \/“;+¢r+§r
A (] e

J;+J:c+§.\' X J_x_w \/x t-:S’x_

= Divide by & x and take limit 8 x — 0

lim L lim o O )

a0 @ &0 Sl 4+ Jx+ &

S [+

dy -1 _ ]
dx ) \1'{; | \-f.\' +0 VI; +\fr;.:
dy _- 5

elx 3 2\;::_
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COLLEGE MATHEMATICS-II DIFFERENTIAT
1 .

(iii) 7—;
1
Lety = J_;
1
Thanp e m
]

Jx_+& J_+5x x
s
(x+&:i '
Jx —x+8x J;+s}x+5x
(\lx+51)\/_ \/;+J;5x

(J;)z (Jx+5x) x—;é—ax
S Trronde(r +xrx) xroxdx(Vx+xrax)

= Divide by o x and take limit & x —0

oy +
i s '»L"f’u & Jx+&f[\/x—+f+&)

dx -1
& =i SRR
dy a0 J}+&J;(J;+J;+§r)
~1
" S+ 0dx(Vx+Vx+0)
(o I = < hvegee 2 e
dx x(24/x) 2x°"
- 1
ety =
V=3
Theny+ dy= :
YT EVT k&)
1 1 1
é‘v - - T —_ ?

(x+ &)’ . (x+&) x
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COLLEGE MATHEMATICS-!I _ NTIATION

2 —(xt+&)
T+ &)X
¥ — (4 3x°6x + 3x6x° +6x7)
) (x+6x) X
6.!:(—3::2 ~3x0x —5x’)
(x+ Jx)s x
Divide by & x and take limit & x—>0
e 8y _ i 51:(—33:z —-Jx0x —5x2)
&0  Fx &0 Sx(x+6x) %
dy L —3x1—0~0=—3x2
dx &0 (x + 0)3 T x°

dy -3
dx x'
1
(v)
xX—a
1
y:
x—a
1
Th =
i X+ 0x—a

1 1 !

b _x+5x~a_v= x-l-cir—a- x—a ;
_ (x_—a)~(x+&‘—a)

B _(x+c’ir—a)(.\'—a)

- -.f-—,;a'—;{— (033 el
" (x+ &—alx—a)
-

(x+dx—a)x—a)
Take limit & x —>0and + by & x

lim 4 = lim .
=0 Gx a0 (x + & —a)x—a)
=1
=i
a0 (x+d&—-a)x-a)
A 2] e 8 s
dx (x+0-afx-a) (x—a)
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COLLEGE MATHEMATICS-II DIEFERENTIATION

(vi)  x(x-3)
" let  y=x{x-3)=x-3x
Then y+0 y=(x+8 x)=3(x+J x)

Sy =x+2x6 x+d x'=3x-368 x-y
=@ 42% & x+ 8 x¥*-34-38 x—C+3%
= 0 X(2x+0 x-3)
Divide by & x and take limit & x—>0
-3
tim %~ jim é%J

ﬂ =2x+0-3=2x-3

dx
(vii) %:2.1:"
X
Lety=2x"
Then y+0y = 2(x+d %)™

Sy =2(x+6x) 'y
Sy  =2x+6 x)" -2
= 2(x+6 x)"*=2x7"

4 -4
=2x* 1+ é) =2x "
\ 5

oAt
2 25 (I+§] —I]
L X

( ol . %2
= 9y 1+(_4)£{+._i(__4_i)[.‘\’_‘r.) +.____‘_1}
4 Bl 2! x ‘

(ﬁ][%@(;ﬂéi%._.]

X 2! x
Divide by & x, Take limit & x =0

2x"'“:it[~4+ & ‘2(!_ 5) ‘fr“ +)

o x
o & i &
= 2K(=4+0) = —8x = ;g
X
(viii)  (x+4)"?
Let  y=(x+4)'?
Then Y48 y=(x+5x +4)"°

8 y=(x+4+8x )P~y
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COLLEGE MATHEMATICS-II DIFFERENTIATION
= ((x+8) + Sy ) P~(x+4)

( 1/3
=(x+‘4]1ﬁl 1+_x+_4) —(X+4)”3
\

=

1/3
= (x+4)¥? (1+ ¥ ) —I}
x+4

[ 1[1 IJ
= 2
1+1(§"J+3 3! (‘SxJ+ ....... =

x+4 2

= (x+4)*?

=(x+4)”’- 2 );[32][ i ) .......

Take limit & — Qand+by J x

oooooo

lim == lim (“‘4)‘;3[%] l+i%2j[ L J+

a0 fy &40 o% 3 o)

......

1r_2
i{?_ T 1/3-1 -l 3 3 (&
= 1121o (x+4) 5+—-—[ J+

x

dy : [l-!-O
-‘}"; = (K‘Fd) B 3

P(x)= %(x+4)'2’5

(ix) x?
Let y=x"theny + Sy=(x+& x)¥*
By=(x+8 x)?=y = (x+8 x)~

32
(, &
= x? (l +— | —x"?

X

32
=y [(l + ﬁj - I:|
X
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LLEG T ERENT

.......

{x) X
lety =x?=y+ & =(x+&)"
Sy =(x+0x) "y = Fy=(x+8 ="

-

52
= o2 [14-%] -—-1}

5[5 1]

— o 2

=y 1+.5_§.+i&(;&-) Foiianes =1
2 % 2!

+by & xand take lim & x—0

3(3
2 5x|5 202)8x
—+ —=

fim. 22 Jim

610 8x sm0 Fx (2 20 x,
d

a = xR 2“_0 =§x311

dx 2 2
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COLLEGE MATHRMATICS-I 63 DIFFERENTIATION
(xi) X"
Let y=x"

Then y+dy =(x+dx )"
Oy = (x+0x |"~y=(x+dx )™= x™
0y = xX™Mmax™(8x J4mex™(8x )+ e x" Sx "—x™

é‘x[m‘"" +”'—(’"2_—‘) 28X 4+ H(6X)" ‘]
lim —=—=Ilim
dr—0 Sx Ox=0 Ox
a2 mx™ +0
dx
dy m-1
= ——=mx
dx
{xii) i_=.r"
X

Let y=x"=y+dy=(x+d x)™

Oy=x" [l+§] -x"
x

Sy=x" [1+(~M)%+('L;!’"'l)(%)2 + —IJ

§Y=x"'“.§[__m+.(;rﬁl(.__'n“_l)_@+ ...... ]
x| 2! X

=m=l it et
lim —51=lim—-——x 0% [—m-i—-——-———( m)( i 1)§+J

&0 gx &0 Gy 2! X
% =x"(-m+0)= %:— mx™™"

(i) X Lety=x¥
Then y+8y=(x+dx)° = Jy=(x+8 x)*y
Sy=(x+ & x)¥O-x* _
8 y="%x" (& x)°+ %, (8 x)*+ ez (8 X2+ ot Vgg 0 5 ¥)*%x®
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Sy=x"+40x" 0 +40(39) & 4.+ (@) —xY

& y= & x(40x*+20(39) x“b 6 X)FP)
&x(40x™ +20(39)x™ 8x + ... +(6%)”)

E_rg B —gﬂ?u ox
Y_4ox® 40> Podor”
dx dx
(xiv) x%
Let y  =xPtheny+ Jy=(x+5x)7"
= (x+ & x) %"
100
= x ™ I:(H—é) - ]
X
PP ECE T
w{ﬁ][ 100+ ( 00D ]
= x 2! x
= lim -
Ar—0) d\,’
“ X719 (_100+ 0)=—100x""
dx
dy : s 1 F
2. Find — from first principle if ()vx+2 (i
e P P (D) ( )m
M (Vx+2)

Let  y=(x+2)"?
Then y+dy=(x+&x+2)"
Sy =(x#2+6 x)"*~y
Sy =(x+2)+ & )~ (x+2)"
= ((x#2) +8 %)*~{(s2)"

ax
= (x+2)*? (1+x+2] _1}

Al
= ___1 ~ 2
= (x+2)2 H%_( . ]+2 2 (& } k1

) T
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.....

|
‘--..:_./
2 N
&
p S
L

=(x+2)m_ & _]_+ (2
x+2|2 2!

lim =lim

1(1
& . (xr+2)"* & _1_+_2(2__1J S
haam & |27 2 -

% ~(x+2)""[2 +0J

dy s
o At 2—I

= 2(Jr )
1

[il) Y= JT ;.—_(x+a)-l.'1
X+a

y+0 y=(x+ & x+a) 2
8y = (x+a+ 8 x)™Vy = (x+a+ & x) V2~ (x+a) 2

=12
S y=(x+a)V? l:(l+ & J _1:,
X+d

1+[ ‘]_"‘I_Jr(_;]_(ij(&Jer......-l

(Lahore 2010)

- 2)x+a 21 x+a
¥ _
Ay S
(Lt
(x+a-lr2 &K _I_ 2 2 __(&+
(x+a)| 2 2! x+a
am %ﬂ&a -
ax
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first principles the derivatives of the following expressions w.r.t their

1. Find from
respective indepentient variable.
)] Lety = (ax+b)’

Then y+dy =[a(x +0x) -i—b__l1 =(ax+b+ aS.\:)]

= & y=(ax+b+ad x)*-y= (ax+b+ad x) — (ax + b)*
3

=5 5y=(ax+b)‘[1+-‘££-j\ —(ux-i-b)“
ax+b

- 3
- (axsb)? [[H g ] ,1]
ax+b
= (ax+b) | 1+ Sack +3(3“1)(-5§5—} Sl
ax+b 2 ax+b

~ ; adx 3(2) adx
= {ax+b) ax+b[3+ o (ax+b)+ ...... ]

(Sargodha 2012, Faisalabad 2010)

Divide by & x and take lim & v —0

(ax+ b)3“.q&l:3+ 3—(2—)[—‘@--} ]

[ . 20 Lax+b
lim —=lim
*0 "

_r (ax +b) a(3+0) =3a(ax+b)’
dy

(i)  Letys=(2x+3)°
Theny+ &y = [2(x+8 x) +3]° = (2x+26 x+3)°= (2x43+2 6 x)°

8 y=(2x43+426 x)° —y = (243420 x)°~(2x+3)°
i s
Sy  =(2x43) (1+ 2&3) j\—(2x+ 3)’

2x+

2 Y
5 = (2x+3)° [1+ -1
el | 2x+3) }
- : Py ol
= (2x+3)° l+5[ 2 J+D(5 l)[ 20 ] S ~1
) 2x+3 2! 2x+3

= (2x+3)° 5[ 2 ]+ 5(4)[ 2 J-i- ......
2x+3 20 \2x+3
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< 1 5(4) 2o
L 51
Oy =(2x+3) Zé'x( +——--2! (2x+3)+ ........ )

Divide by & x and take lim & x—0
] 5(4
(2x+3)' .25 5+—(—)(—35i}+.....
oy 2! A 2%4-3

b= %

. (2x+3)*2(5+0)=5x2(2x+3)' =10(2x +3)'

(i) Let y=(3t+2)7
Then vy+ 8y = [3(t+81)+2)2 = (3t +351 +2)™

y+ Oy=(3t:24351)7 = Sy =(3t4243681) 7y

30t \°
Sy = (3t#2+3 8 t) —(3t+2) 7 = (3t+2)™ (l+ ] -1
Yy =(3t+2430 t)” —~(3t+2) = (3t+2) 742

(288 (2)=2-1( 3& Y
={3t+2)"‘1}+ (3(+E)+ 5 - + =1

(—2)351‘4_(—?.)(—3)[ 301t ]+
(3e+2) - 21 \3r+2) 7

e 2)(=3)( 3&

=(3t42)* (36 1) | -2 (% ¥t
Higi ﬂ[ T [3:+2J ]
Divide by &t and take limit 6t — 0

(3:+2)"3&[—2+("2X’3)( 3dx ]+ ..... ]
2 \3+2

X

= (3t+2)2% l:

o W

lim —=lm

&0 My sl
Y

(et+2) . 3(-2+40) = —6(3t+2)

(lv) Llety= m-—: (ax+b)~* (Sargodha 2010)

Theny+ 8y =(alx+8 x)+b) " =(ax+ad x +b)~
Sy = (ax+b+ad x)* = (ax+b)”

< laxsh)® HH s ) -1}
ax+hb
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COLLEGE MATHEMATICS-II | 68 | DIFFERENTIATION

~ (ax+b}—5 [I +(_5{ al&x )+ (_ 5X4)[ a(i}p ]. . _1}
ax+b 2! ax+b
= (ax+b)™® [i _5+(—5X4)[ L )+ .....
ax+b 2! ax+b)

Dividing both sides by & x and take limit & x —0

BN INE T A

2 ax+b

&0 Sy ax
L (ax+5) *a(=5+0)=—5a(ax+b)"°

1 -
(v) lety=————=(az—b) (sargodha 2010, Lahore 2010)

(az-b)
Theny+ 8y =(a(z+d z)-b)” = (az+ad z-b)”

-1
= (az-b+ad z)” = (az=h)”’ [1+ 908 ]
az—b

Sy =(az—b}-’[1+ 4oz ) —(az—b)”
0z =
) (—7)(—%1)[ asz ] -
dy (az-b) |:1+( ?)[m—bJ+ o i oiinss _i
e a& | o (C7N=7-1)( a&
Oy =(az-bh) —(a:—b)|: 7+ > ka:-’-b)+ ......

Divide by & z and take lim & z—0

(az—b)""a&[— 7+ m[i&—]Jr."..]

2! az—>b
&

= (az—b) " (a)(~7+0)=(az~b)" (~7a)=-Ta(az - b)*

an
dy
dz

g

&

lim
Ax—a0

&
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COLLEGE MATHEMATICS-II DIFFE TIATION

* Differentiate w.r.t ‘'x’

1. Lety=x"+2x*+x*
< dy - d 7 3
Then di = d P2 —x=4x’ + 237+ 2x
dx  dx dx dx
dy

— =4+ 66X + 2x.

4
\2./ Lety=x" +2x %3 then
LI “+7‘—{ L i.'i——?: == 0
dx dx dx 7

(b,r = =5/ _3 3 1 1
_&;:_3_1‘4—3-\'5 =x_~l—F_ j(x TS!J

3 Lety= i =L :i[ gr ] (Sgd 2008,11 Fsd 2010, Lhr 2010)
- X dx dx\a-x
d : d
o (a=x)—(a+x)—(a+x)—(a-x) _ _
d_~ T T e T 1 g 0)(0+1)=(a+x)(0-1)]
e (a—x) (a—x)
; 2 B-x=0G- pe
dy _ a
— + —
dx (a— x) /+ g X] (a-x) ~
T e dy _d [2.:—3)
4. lety= then =—=—
2x+1 dx dx\2x+1
2x+1) = (2x-3)—(2x-3) 4 x4l
dy _(2H1) , (273)-(2x3) | x4 (2x41)(2-0)-(2x-3)(2+0)
dx (2x+1)° (2x+1)°
dy _Ax+2-4x+6 _ 2(4) 8

dv (2541 (2x+1) (2-’”‘):

>
S/Let y ={i—5) (3—x) then = i =i(x 3)(3 x)

D~ (=5) 2 (3-1)+ (3-3) L (r-5)=(x-35) (0-1) +(3-x)(1-0)
d—}=—:r+-5+3—.1'=8—_-.".t 4
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6. let y= [J; = —J%T =(\/3cz )3 +(%T~ zﬂ/ %; (Gujranwala 2010)

1 -1 dJ/ d d -1 d
= —_— - - —2 —_——=— ——— -ty 2
y=x+ - 2 = y=x+x = (x)+—x (2)

y = ] xz—l
— =1+(-1 -0=1-
+(-1)x

z 1w ya '(1""{;2[(;'“"”1)
) x(l+ J;Xl—x"’) L J:;X)Zli-k\/;)i-(l—\/;)
: Vx V¥

y= J;'((l)z —(J;)?J=J.\—:(l —x).:(:t)‘f? _‘;tlrhl

Y=xuz_x3n - f_’_.!’_=_‘ixuz__ix3f2 "A

dx dx dx

dy 1 yaa 3 a1 4n 3 n_ | 3\/;
= e B X S —
dx 2 2 2 2 2Jx 2
dy 1-3x
dx  2Vx

(x’-!-l)3

8 let y=-— then
x -1

dy _ (xz-—l)gx-( » +1)—(.1|r3‘+1)z xi(xz 0y
dx (xz—l)2 dx

) 2x(x2 -&-l)[z(m:1 —1)— (x2 +})]

(:r1 +1)1

(_jy__ 2-“_(1'24'1)(2-"2-2-752‘“1)_2x(x2+1){x2-~3) y
a'x = - (f #1)2 = (II _1)2
x*+1
9. lety= — —3 then
(¢ = 3)L (37 +1)- (52 +1) L (x* - 3)
ay _ dx dx
dx (*-3)
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LEGE MATHEMATICS—Ii f DIFFERENTIATION

(x ~3)2x)-(x* +1)2x) 'x(x3—3—fr"—1)

(x —3)z -3

10.  Let Jl - (l m
1/2 d 12 12 d 112
B:]i:(l—-x) -d;(l+x) —(]+x) E;(l—-x)
dx [(] x)mr
g 0= 0042 2027 )
& (1-x)
dy _ 1 'M+JE]_ 1 [l—-i+l+x}
de (1-x)|2V1+x  241-x | (1-x)[2v1+x41-x
id_y_= 1 [ 2 o b U
& )| 2fiexlin)? | ex-2)"
2x-1
11. Let y=
|
&h(xzﬂ)m d(Zx 1)-(2x- 1)—(.1‘ -i-l)I
dx lx +l)”2r
b 2)-(zx-1)é(x:+1)’”m)
dx (x +])
dy [2 x(Zx I]]
dx 2 +1 e +1)
L [Z(x +I)—(2x —x)}2x.+2—.2x'z+x
(;lﬂ) | v +1 (x3+lXx2+l)m

dy [\ x+2
b | (¥ +1)"

o o
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COLLEGE MATHEMATICS-II DIEFERENTIATION

12

12.  letys a—x _(a-x)
- ¥= = 12
at+x (a-!-.x)

dy (a+x)" %(a ~x)"* —(a-x)" %({Hx)m

dx [(a +x)1_r;!r
dy (aJr.:r)"2 ;(a—x) - (-—1)—(«::—1‘)”3%(a+x)_!"2 (+1)

dc T (a+x)

dy _[ — -1 | o] 1
(55 2Ja—x 2Ja+‘x_(a+x)

_— Iiﬁ(cu-xi—(a—x)_:' —a—X—da+x
(a+x)| 2Ja—xJa+x | 2\/[4:r+.1r)(a+.1t)m

dy -2a w -a

dc 2Ja—x(a+x)? Jla —x)l(a +x)

Jeie1 (x+1)"

13. lety= sz._ln(xz_l)m (Sargodha 2011)
3 2 d ;o 12 - b7 § 7!
dy (Jc‘—l)ij E(x'-i-l)] —(Jr"+1)T -;:-1‘—_(.9(2—1)1
Then —= e
L [(Im)j
I]—lj[: +]). (2\7) '\/’L +]:l!(12—1)-|.2 :’..'l.:i
| \'Jx -1 X x> +1 | [.t(.r“-l)—x(.r3+l)]
1) Vel il | Pl d el
;- x = 1=4% -] } —-2x
x ‘1 \!x +1(x —1)1 Vx? +l(x ——1)
14 Lot i Vi+x—=41-x
Vi+x+VJl-x

: Vi+x—1-x Jl+x Vl-x (Jlﬂ. JI—\.}
J+x+1-x \h—!-t J—x (J1+1’)‘ Jl-—r)
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(Vix) +(V=x) —2Vidizx _ st 1-x-21+x) (1)

£ (1+x)-(1-x) ; l4+x—=1+x
. 2=2N1-%* =2I-\/l—-.wrl]:l—w/l—x2
2x 2x x
d 3 2\ 4 ’
i @zxzr(l—\/l—x )-(1-Vi-= )Z;(x)
dx x?
dy 1 2\ I2
z‘i—:;[x{O——(l-x ) (—Zx)}—( -Vi-x ) 1]
=_Iz_{ i _Hmjl:)}_ 2 —fl-x $1=x?
X 1-x2 x JI-.TZ
= 1—+/1—x?
2 1-x7
15. let vy = x\{:_—i—;
e Q= d Ja+x \)a+x d( %)
dx dx\fa —-x \fa x dx
& \/Tr (a+ r)“z— a+x%(a—x)"'ll faaw ]
bl AT :
dx (\/(ﬁ)z +-Ja—x
d X — =12 | =142 a+x
Z‘;::(a_x)[\/a—x%(a-o-x) (l)—s)a+x-]-(a-—x) (~])]+ ,__“:r
id?_ x I:Ja x Ja+x Ja+x
dx (a x)| 2va+x 2\.[:: x -Ja x
__ 3 { a—x+a+x ]+\/a+x
(a—x) 2WNa+xJa-x| Ja-x
__x [ 2a ]Jrjaa—x
(a—X) Va+xJa-x| Va-x
ax JNatx  ax+(a-xfa+x)

(a—x' a+ r\/a x -Ja X (a t)-Ja+rv’_1

Aol g w oy
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COLLEGE MATHEMATICS-II : DIFFERENTIATION

ax+da - —x

Ja+x(a-x)"

16. y= \/x W3 12 (Sargodha 2012, Lahore 2010)

LHS—Zxdy+ '—23:--1—+—]- + x--—l
A 2Jx 27

= 1
= \{X +—F—=+ J— e 3
VX Jx
=12 J? Hence Proved
17. y = x+2x%+2 (Sargodha 2011)

2L = 342.2x+0 = 4 +4x

From | y = X +2x+2
or y—1 =x"2x"+2-1
or y =1 =x*+2+1
or y =1 =(x*+1)
or vy -1 =(x"+1)
Put value of x“+1 1 in Il then
dy

— = 4% \f}-'—l Hence proved
dx
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COLLEGE MATHEMATICSI 75 DIFFERENTIATION
1. Find -:T‘:— by making suitable substitutions in the following functions defined as:
(i) = = Pm'l x =u
1+x l+x
i2 ) I = \=142 ] I
Then ?\/;=ul' ﬂ*al:-—u =
e Y ( ) dll 2( ) 2\/“ /] x
9 A2
Vi+x
So ﬂ-—-l 1+x. and N:l-x
du 2V1-x | +x
du (l+x) (l—.\) l—-‘l‘)— (1+ x)
(l i-x)
_dy L+xX~I) (-x)1) -1-w-14¥ -2
 du (1+x) 1+ x) 1+x)
~ _i{-‘i_ﬂ @'_l 1+% 2 —
du du dx 2V1=x"(1+xf V1-x(1+x) "
@ -1
dx \/l~l‘(l+x)'

(i)  y=yx+Jx Put  u=x+iJx (Sargodha 2010)

d}' l 112 1 l
then =4 - = —_=—y = = =
’ du 2 2;1: Tl Jx
du |
= X+ \/: = — ) = ——
i e e

a i”—iﬂ—‘* ] (I+ J
dx  du dx 2\/‘-_,_1/_- 24x

z 3 12
a+x a+ x a.t‘ “+x
(i) X, / 1} ( ( J (Faisalabad 2010)
a=Xx &=x

Take

=i then
dA=—=X

. -2 e T S
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COLLEGE MATHEMATICS-I ' DIFFERENTIATION

= (U2 STy e

y=) du 2 2Ju 2 J;xl X

a—-x

dy Na—x ) ax® +x°

—_ = Now u=

du 2\jax1 +x a-x

' d 2 3 2 3 d

= (a—x)d (ax +X )-(a.t +X )d;(a—x)
LI x

dx (a — x)z

) (a—x)2ax +3x° )— (ax3 +x° x— 1)
(a—xf
du  2a’x+3ax’ —2ax’ —3x +ax’ +x°

dx Y (a~.‘r)'1

3 ] 2 2\
du  =2x +2ax’ +2a’x 9:.2(—_1: +ax+a )

dx (a—:c)J (a~.~:)7'

dy __f‘_}-’x@ Na-x >‘2.\:({:’+ax—.1r2)

dx  du dv QJ ax: +x° (a - .r)z
_ at+ax-x
Ja+x(a-x)"
(iv) vy =(3x-2x+7)°put  u=3x-2x+7 (Sargodha 2012)

du
— = 6x-2
dx
d :
D 6u- 63K-25+7)°
du
dy dv d
Now 2 =W GH_ g o7 x(6x-2)
du  du dx
= 6(6x-2)(3x*-2x+7)°
a: + .1'2 .-:.!3 +Jc2
V) vy=ir7 put h=———s
a —Xx a - —xX

2 d 3 2 2 2 f 2 R
y:&:(u]m du (ﬂz.'"x )~d—x(a +X )—(c_z 1ﬂlrx );lr(a =X ]

" dx B (az —x
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COLLEGE MATHEMATICS-II DIFFERENTIATION
dy 1 1 o (a -x X2r) (u +x° X 2x)
dx 2 2\/; ‘ (a =x* )

2 (a —x'+a +J
(=)

2x2a’ _ da’x

(-2 -

ay l - 24011‘ 55 2(]1_1: -
de 2 Va +x° (a! syt ) m(az_'\_z)z-—z 2
@ ! 2a’x
dx Ja: + ):3 (az —x2 32
L dy
2. Find — if:
dx

(i) 3x+4y+7=0
Take derivative both sides

] i SR L]
3{1)+4d—+0 0 == 4.dy=—3 — LA
dx clx de 4
(i)  xy+y' =2 (Sargodha 2008,11)
Take derivative both sides
dy dy dy
X == 433+ 2;{—*0 = (x+2y) — +y=0
dx dx dx
dy. =4
(x+2 2y =—y =2 — =t
V) dx dx x+2y
(i) x*-4xy-5y=0 (Sargodha 2011, Gujranwala 2010)
Take derivative both sides
1y / {
2x—4(.\’(—{‘£—+y.l)—-5d} =0 = 2y 4\fﬂ——41~.“ =(
dx dx dx dx
; ) _Lelyt
2x —A4y = 4x d—‘+bd—‘ = 2.1‘—4'1'={4.\'+D}i
dy  dx dx
dy  2x -4y
dx itf.\‘-I- 5
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COLLEGE MATHEMATICS-Il

(iv)

(v)

(vi)

ax’+2hxy+by*+2gx+2fy +c = 0
Taking derivative both sides

dy dy dy
42x+2h | x —+ p 1 [+b2y—=—+2¢.14+2 ——+0=0
" [‘dx > ] Y o I3

8x + 24 d—+2!zp+ ?byj—+2 +2f{{¥

i\

(201 o2y +2f) dy =—8x—-2hy-2g

X
dy

2 (hx + by + f]—f'-z—%(4x+ hy +y)
ox

dy  —(4x+hy+g)
dx (hx+by+ f)

XJl+p+pJl4+x=0 (Sargodha 2011)

Taking derivatives

xi(]+ ‘h JI+}1+V (1+x)"? l+ql+x%=
2 : ¥
i-—x—dl 1+y+ +1+ -——-U

21+ y dx I+
Jﬁ.ﬁ X dv ‘/ =
‘ 21+ y . 4 2. J"

_[ (’l+'_),+_L_] —(2\1+yV1+x+y)
dy

21+

24+ x

1+ 21+ y

dy (Fﬂ+1) iy

dx (J_+_ J @1 +x\fl+y+x)

dx J1+x (:’2\’]+x,/l+y +x)

dy - 1+y_(y+2,ﬂ+ydl+x)
dx wﬁ+;(x+2\/l+.\'ﬁ%j)-

y(x*-1) =x Vx* + 4

Taking derivative both sides

]

y 2% + (x’=1) %z.\é(xz +4)'='I22x+ Vx®+4.1

Aol Pigw oy
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COLLEGE MATHEMATICS-II DIFFERENTIATION
1y 2 £ g, 2
2y Do X A X Axied form -1
de  y[x*+4 x*+4
(x*~1) ﬂ)—=
dx
Ly | 2 2 2 L
2 . +4 2y 2x1 +4 2 J}x +4 }'(.\‘-z-l)-'-.\‘\/.\" e
Vx©+4 Vx? +4 (-’f-' *1)
2x* +4)(x* —1)=2x (x* +4
(x*-1) i"i:( )(} ) : ( ) Multiplying by 2x
dix (x*=1)Vx* +4
I Ied 52 2_A_9vd _g.2 5 =
:_a‘f'. _ 2x 2x +4x~l 4’ 2_1 8x 25p(x ~1)2%%/x + 4
dx (::r2 —I)"\/x“ +4
—6x7—4 ~2(3x2 +2) 2% 41
= = . _—— = 2.1:}-' = - —
(@ =1fVx+a (-1 44 x==]
dy . .
3. Find ;{ of the following parametric functions: Gujranwala 2012
.
(i) x= 9+—l- =0 +1
o = AR
x=60+ 6" - y=0+1
= o14(-1) 67 , 4 =1+0
df do
de i g1 @
do g 6 ‘ dé
dy _dy do _ ]x_éi__ ‘&
dx do '_d.t 0'-1 6°-1
- a(1-1%) 26t
x= - =
1417 1+7
d d d.~ d 5
1+ = (1=2)=(1-12) (1442 1+07) " ()= =142
P L e i | PO [ P B
it . (1+t’)' dr {1+

dy _2b[(1+2 J1-1(2r)]

dt ("l P f-

d _ f{ 1+ )= 2r)—(l_~r3)(2r)}

dr (1+1°F

-2 e T S
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m DIFFERENTIATION

COLLEGE MATHEMATICS-II
dx _2ai(=2) dy _2b(1-1’
di (1+) : dt (1+72f
f‘{"'_ﬁﬁf_ B 25!]_r3!x(l-l-12)1 zub(l—fz)
d dt dx (1+2%) —4ar 2al
4 Prove thaty £+ x=0if x =E_—fz y= 2 (Sargodha 2009)
' A I Pead 1417
1= -2
SRR ’ i IV
2 d 2 LN fe. 2 _d 2
ﬁ:UH );ﬁ(l { ) (1 { )d{(lﬂ' )
dt (1+02)
dL[Hf)i(Zr)—(Ez)"—'L(l vt
di (I+ar3]2
ax (e -20)-(-r)20) dy _(1+2)2-202
dt (1+2) ’ dt 1+
I ) dy 2426 —4¢ 2-2°
(0] ecf @ (0] G4

dt (140

& & 21=r) (7] i-p

4

d.t_dl.dr_(|+;3)3 4 =2

Now = ’Ef'—y-l-\'— + =
Vil (I-H:)-(" 1+

Hence = y% +x=0
X
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COLLEGE MATHEMATICS-I DIFFERENTIATION
5. Differentiate:
1
(N X — w.rtx'
]
l
ety =x'~— =xX-Xx"& u=x'
X
dy = 2 du 3
= (2x—(=2)x " =2x+ — —=4x
( ) x dx
_2x'+2 2(x"+1) du_ 1
e X dx 4%
dy  _dy dv _2(x' +h 1 x4

du dx " du x 4x° 2x°

(i) ()" wrt. x°

Let y=(16d)" & u=x
‘:E: = n(1+x4)"(2%) & % = 2x
dy  _dy dx_ A 2yl
du dx du ’?("XXI+T xzx—n(1+xr
i) M +1 w”\—-l
, X
' x' =1 x+1
2 —_—
Lety = Mo & u=x 1
b -—1 x+1
!r —1)2\‘ (Lx -;-1}2: & du [x+l). (1—1)1
(1 *1 dx (x+1)
x(‘f—l-f—l) & ﬂ=x+]—x:+l
(x*-1) de  (x+1)
dy _2x(-2) _ g w2
dx (x -1)z (x —l)‘e de  (x+1)
dy dy dcx = —4x (x+1)2_ —2x(x+l):

a “dd (o) 2 [T
—2x(x+ l)2 -2x

"GP+l (c-1F
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CULLEGE MATHEMATICS-TT DIFFERENTIATION
_ ax +b ax’ +b ax’ +b
(iv) WS — and =—
ex+d ax” + ax” +d
d,
s lextd) . (@x+b)- (mc+h) (u+dj (a.r +d] (a.r +b)—(ax +b)z (a ;J}
a _ " B e
ix (ex+dd)’ d" (a.x +d)'
dy  (ex+d)a)- (ax+b)c) & du _ E.rz + a’l.’—!cu') - (a\r2 +b)2ax)
dx (ex+d) dx (a.r" +d )
dy  acxtad-acx—be & du_ 2ax(ax’ +d —ax® - b)
dx (C.I"’l‘ d)l !it (ax: 4 d)l
dy ad —be du  2ax(d —b)
— = — & —r 3
dx (ex+d) dx (u.r" +d )'
dy dy dv ab-bc (m +d)‘
du  de du (exs d)‘ 2ax(d - b)
(v) Lety= ".: e & u=x = du =3x’
=1 dx

c_{\'. x —l)2r [l’ i])Z\‘ "x(t -1-x? —-]) —4x

dx (\» —1]’ (_x ;1) _-(x!—])1
—1 —4

._f'l_:c.fl_ dx  —d4x AL .
du dx du (\ —[)‘ 3_1-[',\9—]‘)2 3.1:(.1'3—1):

Aol g w oy
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COLLEGE MATHEMATICS-II

[ DIFFERENTIATION |

“fixertise 8.5 -~

1. Differentiate the following tiigonumeiric functions from the first principle.
(i) Ditferentiate from the first principal Sin 2x
Let y = Sin 2x
Then y +0 y=Sin2(x+ & x) = Sin (2x+2 & x)
O y=Sin(2x+2 § x) —Sin 2x
Use  Sina —Sinfl=2Cos ;ﬂ SinZ— £
2x+ 2+ 2x )., (254 28 — 2
&'y=2cos| ————=|5in
2 2
2 2
& y=2cos [ S axJSr [ r)x)
2 2
Divide both sides by & x& take limit & x —0
: . 2Cos(2 Stndh
tim & fim 2 os(2x + & )Sindx
At bl‘l&t =0 (51'
=21im Cos(2x + &) lim L
di—s0 i r[} ‘%
= 2Cos (2x+0).1 = 2Cos2x
(ii) Tan3x

Let y = Tan 3x

-Then y+d8 y=Tan(3x+3 5 x) = Tan(3x+3 0 x)
O y=Tan (3x+3 5 x) - Tan 3x
Sinf3x+38)  Sindx

i ('os(3x +3éx) " Cos3x
_ Sin(3x + 38 )Cos3x — Cos(3x + 38 )Sin3x
: Cos(3x + 38 )Cas3x
Use  Sin(a—f)=Sina Cosp ~Cosa Sinf3
Sin(34 + 3 -Ax)

Cos(3x+ 3 )Cos3x
Divide by & x & take limit & x — Obothsides
o Sim3& . 1 Sin3dx
lim ——=lim ————x lim
G0 &0 Gy &0 g Cos(3x + 3&1’)C0s31
dy .. Sin3& 1
— =lim x lim
T "0s(3x + 3¢k Cos3x
. Sin3dx 1
=3 lim x lin
a0 3Gy JHU C 05(3 X+ 3ar)n 053x

Aol g w oy
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COLLEGE MATHEMATICS-II m DIFFERENTIATION
| | 1
=3(1)x =3 =3 ~
L Cos(3x +0)Cos3x ~ Cos3xCos3x  Cos 3x

g 3Sec 3x

dx
(i) Sin2x+Cos2x (Faisalabad 2010)
Let ¥ = Sin2x+Cos2x

Then y+8y =Sin2(x+5x )+Cos2(x+dx &)
= Sin(2x+2 & x )+Cos(2x+2 5x )
Sy =Sin(2x+2 8x )+Cos(2x+2 & x }—{Sin2x+Cos2x)
= Sin(2x+2 &'x }=Sin2x+Cos(2x+2 &x )-Cos2x

(2x+25x+@&inzﬁ+z¢;x—% .

o y=2Cos
2x+ 20x+ 2.\'] ; [25 4 285x i...f_"x]
= Sin
2

(—z)sm[ 2

2 2
o (#xrda\ (Zac) . (Ax B8\ (2o
—ZCOS[ Z,—JS”P(?)—ZSIH[———’Z }Sm[‘}j j

Sy  =2Cos(2x+dx) SinSx =2Sin{2x+ Ox)Sindx
= [2Cos(2x+ 5x )=2Sin(2x+ dx )] Sindx
Divide both sides by 5x & Take limit dx —0

&y [2Cos(2x + &¢) - 28in(2x + &)] Sin

lim 2 =1lim
a0 gy dr0 ax
Y _lim2Cos(2x + &)~ 2Sin(2x + &) x lim L
dx a0 G0 5y
C;—yz[ZCos(zx +0)—28in(2x +0)]x1
dx
= 2C052x-2S5in2x
(iv) Cosx’
let y=Cosx’
Then y+ dy=Cos(x+&) = 8y =Cos (x+J x)’=x*
Use Cosa —Cosf =-2Sin a+ﬂsz_"a—2~-ﬁ
2 2 2 2
Sy =—25in[(”‘5‘) 2 )an(” &) - x
2 2
, 2+ +x o (X 2xd+ & oy
=-2Sin 5 Sin 3
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COLLE TICS-lI DIFFERENTIATION
2 o y
o 2x7 + 2xdk + Ok Sin( 2x 4 &]&r
- 2 2,
=-2Sin[t +1&+§I'—JS: (21+&J&
_ X . 2
Divide both side by & x& take limit & x—> 0
. a2\, ox
—28inl x2+xdx+— |Sin| x+ o
.y 2 - -
lim —=lim
sv—ell Y dr—0 {S“ -

Multiplying and dividing by [x + %E)

1 ox
" .2 Sinl x+— B~
. ay ox° 2 . ox
lim Y _ lim —28in| +\'br+—— % lim —————=x lim :r+——‘
Sx~+0 ox dr -l 2 Sa—s0 ox . aa—el)

\'+7 oxX

= —2Sinx*x (1) x (x+0)
= —2Sinx’ x x = =2x Sin x*
(v) Tan®x
Let y=Tan’x theny + & y=Tan"(x+& x)
Use a—~b’=(a+b)(a—bh)
Sy= Tani(x+d x) - Tan’x=[Tan(x+& x)+Tanx] [Tan{x+J x)-Tan x]
i Sin(x + &) . Sinx || Sin(x + &) _ Sinx
/ cos(x + &) Cosx Cos(x+ &) Cosx
> Sin(x+8x) Cosx+Cos(x+ 5x) Sz || Sin(x+0x)Cosx—Cos (x+0x) Sinx
i =
X Cos(x+6x)Cosx
Sin(x+6x+x) _ Sin(x+8x-x) _ Sin(2x+0x)Sindx
x — a -
Cos(x+8x)Cosx  Cos(x+8x)Cosx Cos® (x+8x)Cos’x
Divide by dx and take limit dx —0
o ¥ i Sin(2x+08x)Sindx  Sin(2x+0x)Sindx
#0 S a0 “0s2(x+8x) Cos’xdx Cos™ (x+6x)Cos’x0x
dy lim Sin(2x + &) « lim Sindx
dx 50 Cos (x + &)Cos’x &= &
dy _ Sin(2x +0) el Sinx
dx Cos*(x+0)Cos’x Cos*xx Cos™x

Cos(x+0x)Cosx

oy=

P
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COLLEGE MATHEMATICS-II m DIFFERENTIATION
dy 2SinxCosx el _o Sinx y 1
dx Cos’x Cos® ~ Cosx Cos*x
dy
— =2Tunx Sec*x
dx

(vi) JTan x (Sargodha 2010)
Let y =+«Tanx — ¥+ v =+/Tan(x + &)
- (J ( T4 ) (J'Tan(xﬂ?.r) + \/?kmx)
Ay = (JTan(x+6x) —Tanx |x =
(, [Tan(x+6x) + \JTan.t)

P @+57)) —( Ji’u.:r.a:)l _ Tan(x + )~ Tanx g
-\/T(m(.\" + div)+ \Tanx VTan(x + &) + VTanx
Sin(x+6x)  Sinx Sin(x+8x)Cosx—Cos(x+ dx)Sinx
e Cos(x+0x) Cosx F Cos(x+8x) + Cosx
' \/Ihm(x-b 5x) +~Tanx JTan(xﬁ-c)'.t)-i— [Tanx
Sin(f + & — k)
-J (Tan(x +dv)+ VTanx )(Cf'as(x + &) Casx)

Divide both sides by ) x & take limit & x—0

lim 22 i | SHOX_ ! x lim }
mol Ox el Sx 60 Cos(x+6x )-Cosx - ox \/3;01-?(.1' +0x) + v 1anx

dy 1 1 1
—— = (1] x x r = .
dx Cosx.Cosx \/ Tanx+JTanx Ci o,v‘x,?.J Tanx
l 2
= -Secx
2JTanx
(vii) Cosv/x - (Sargodha 2009)
Find Simple derivative
Lety =Caos \/;

Then y+8 y=Cosyvx+dx =  =Cosx+ dc—Cos/x
. [ Vx4 S +qlx Nx+ 8 —x
0 y=-2Sin 5 S 5

in

Divide both sides by dx & take limit dx — 0

Aol Paw oy
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[\ﬂ H’Sr-t-\f—J ,m[\/.r-i-dt J_Jq
s
lim i‘):v—z—Zlim_ —=
&—0 Sy =30 \ &
J

=dxthen
2

. 4(m+@J[m IJ

(Sin VX + &+ 4fx il J.r+r§_~x/; -’
dy 2 2 X
— = =2 lim| - - -
dx &0 4 _Jx+dx+\fx \/1‘+d‘¥‘—«\/;
T R
it [«H&w" f+& f}
~——hm— — L lim—
2650 Sy i S +4/x de—>0 «./J._+_c)x—\/x
: 2 ) 2
[\b:+0+\/—]
- Sin
= —_— 1
2 Jxioady
Z
i Sin 22X
8= =— ——Sinyx
2 2x 2Vx
i
2. * Differentiate the following w.r.t the variable involved,
(i) Let y = x*Seca4x
Then -‘Q'—x iSea4r+Sec4x£—r
dx fx

e [Sec4x Tan&x——(‘#x) +(Sec4x.2x)
3 ; ‘dx

= x’SecaxTandx(4)+2xSecax
= 2x Secdx (1+2x Tandx)

-2 e T S
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COLLEGE MATHEMATICS-II DIFFERENTIATION

(ii) Lety = Tan® 6Sec’0
b o304 S0+ Sec0-2Tan'0
do do

dé

=Tan’# ( 285ecl d

Sect |+ Seczﬁ[ii’f‘anzt?—d— Tanb’]
a6

= Tan*@ . 25ecH . SecO Tand+Sec’f .3Tan’0 .Sec'd
=2Tan" 0 Sec’® +3tan’ @ Sec'0
= Tan’@Sec’ 0 (2Tan’ @ +35ec’ )
(i) let  y=(Sin26 —CosB)
0y =2(Sin26 - Cos30)' d—(Sin29 ~Cos36)
dé df
=2(Sin286 - (30530)[(."0326’ LETE (~ Smw)f”— 30}
' do do
= 2(Sin2 ! —Cos3 0 )[Cos2 8 . 2+5in3 8 ]
= 2(Sin2 @ —Cos3 @ )(2Cos2 0 +35in3 )

(ivi et y=Cos Jx+ Sin x =Cos(x)"* + (.S".imc‘)"z

dy : wvad g oy 1ga, 112 d oo
— =Sinlx) " —(x) "+ (Sinx —Sinx
dx &) dx( ) : 2( y dx
= —sin Jx y x ' —]‘(Sinr)h” & Sinx
3 o e
= — Sin J:] x ! 2+—1——~—1—ﬁ('psx
T2 2 (Sinx)' -
W — Siny/x . Cosx
2 Jx J.‘s’iﬂx
3. Find i‘-’ if
dx
(i) y=xCosy (Sargodha 2009)
Taking derivative w.r.t.x both sides
Lh- =X = Caosy+Cosy i (1)
dx dx ©odx
=X [— Sin 3.-‘Q]+ Cosy.l=— ¥ Sin y dy +Cos y
dx dx

ty dy
Cid +xSiny & —Cosy
dx a@x ’
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COLLEGE MATHEMATICS—II _ [DIFFERENTIATION

(1 +xSiny) —‘{)—'=Cosy @=ﬂ
dx dx 1+ xSiny
() x=ySiny (sargodha 2011)
Taking derivative w.r.t.x both sides

d d
1=y —Siny+Siny—yvy
P P ST

dy dv
1=yCosy — Y, Sm;hi
dx dx

d
1=(yCosysSiny) & = ——1— P
dx yCos y+Siny  dx
4, Find the derirative w.r.t. x.
: 1+x
(i) Let y =Cos (Sargodha 2008)
1+2x -

Then dy_ Sin Jl-!—xi 1+ x
dx 14+2x ax V1+2x

1+x i(l'!*-\‘)'_‘
1+2.1|:cf.rc(l-bz:c)"2

(1+21)" (1 x)"”? (1+r)' l+2t)
~ 1+2x o207

:;1

1(1+2x)" (1+x)""(0+1) (1+x (1+2x) [0+-:)
: I+x
=—Sin 1/ e (1 +29)

T+x | [\/I+2x ZM}

=5, J————s =
" Vie2e (425)| 2V1+x 241+ 2x
[1+x 1 [(1,+ 2x)-2(1+ 1)]
=—Sin T
14 2x (14 2x)| 241+ x4/1+2x

T T+x 1 1424 -2-%
= —Sin \/; (i +_.2_\-)[2Jrl+_1'\j1+2-\'
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COLLEGE MATHEMATICS-Ii m DIFFERENTIATION
 [1ex 1 { -1
= =Sin :
14+2x (14 2x) | 2V1 + x1+2x
= g}n 1 + X ]
© Vi+2x 25)1-i-.‘:(l-t»2.1c)3';z

2 g 1+2x
(if). Let y = Sin
I+ x
12
dy =(_.UJ_JI+2x_d \/I+2.r ot l+2.ri(l+x)]”
dx I+x dxV 1+x I+x dx(1+x)"
1 12 d 2
2 \/ﬁ (1+x)" (l+2x) —(1+2x) E(l-rx)”
= Cos
1+x [+ xy 2]
\/]+2x I [ 2V1+x Jig¥
= Cos = —-—- =
l+x (1+x)| 2J142x  2vi+x
o +2x 1 [21+x)-(1+ 2x)
=Cos /88—
l+x 1+x 2JI+2x\/I+x
e ‘/‘?‘_2{ 2+2x-1-2x
I+x [ 2314 2x(1 + )"
‘/Il + 2x ]
= Cos —_— 3
I+x ( 2V1+2x(1+x)'"
5 Differentiate
(i) Sin x w.r:.t Cot x (Sargodha 2008,11, Gujranwala 2012)
Let y.= Sin x & u=Cotx
;"=('asx & iﬂ- —Cosec’ x
dx dx
dy dy dx =1
—=——x—=Cosxx =—Cosx Si
du dx du Cosec’ x oS
(i) Sin® w.r.t Cos®x
Let y Sin X and  u=Cos'x
. ZSm X — ('Smr)h..Sm:cCosr
dx dx
du

e .
: =4Cos’'x e Cosx=4Cos’x(— Sinx)=—4Cos’xSinx
dx x

Aol Fngw oy
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COLLEGE MATHEMATICS-II DIFFERE TION

. ./ x Ei:QSiux Closxx ——13—_—
du dv du —4Cos" x Sinx
d ]
—‘t- =e— I = =-—-£Sec2x
du —-2Cos x 2
d
6. If tany (1+tanx)=1-tanx . Show that —di ==1 (Gujranwala 2010)
X
- T
if tany (1+Tanx) = 1 — Tanx = Tany= L= Tonx
1+ Tanx

1 —Tanx

Tany= —— Put ]=Tan§

1+1.Tanx

e
Tan — —Tanx

T T n[” x] e
any = =Tan —— .~ .
b/4 4 : Tana - Tanf
&= Tan (@ — ff)=—————
tHian 4 T‘_"’“" W= 5 1+ TanaTanfi
y = E.._ 5 Ef.J_'.:...I
4 dx
Example Differentiate Cos'x W.rtX

y = Cos’*x

dv
;‘=4C0.f'1x[i('usx]
d.r d.‘l’

= 4Cos’x (-Sinx)
=-4Cos’x Sinx

Let y= \/Twrx + -\/Tanx +lanx +.....+ o

We can observe that
y=+/Tanx+y
Squaring both sides

y’=Tanx + y
Taking derivatives both sides
d ;
2y Y _Sect+ &
dx dx
dy d
= y—)—"—--_zz-Sec‘\
dx dx ~

= (2y-1 )di =Sec’sx  Hence proved,

-2 e T S
www.igbalkalmati.blogspot.com: u_’/r_nbd(g T L& ey



www.iqbalkalmati.blogspot.com
www.iqbalkalmati.blogspot.com

www.igbalkalmati.blogspot.com

COLLEGE MATHEMATICS-I 92 DIFFERENTIATION

8. if x=aCos’@ * y=hSin’@ show thata % +btan =0
x = aCos’ @ g y = bSin* @
dx 2p d dy T
i 20— (Cosf \ — =3bSin"0——Sint
10 3aCos dﬂ( 0s0) 70 in T in

%=3a€o.929(— Sin@) ! %z-}}bs{nz%’osﬁ

=-3aCos’ @Sin#d

d_}’ =d_y.ﬁ= 3bSin’ 0 Cos@ x ——_21-—‘
do’ dx 3aCos*f Sinf

_-bSin6 Ay bpo
aCosf dc a

Now

U & &

aﬁ=—b7’an9 = aﬁ+b?‘an3=6‘
dx e -

9. Find % if x =a (Cost+ Sint) ,y=a (Sint—tCost) (Sargodha 2009)
x = a (Cost + Sint) F y = a (Sint — tCost)
dx . dy - .
E;-:a(— Sint+Cost) , —J'—=a[(.,osr — (t(~ Sint)+ Cost.1)]

= a (Cost — Sint) = a[Cost + t Sin t —Cost]
=atSint

Q:-@- -d—r=arSimx : S

A di dx a(Cost—Sint) Cost—Sint

10. Differentiate w.r.t. x Yy
X

2 =, -1
(i) Let y=Cos™ ,

a-x dx 1+x
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COLLEGE MATHEMAT ICS-I 93 DIFFERENTIATION
X
(i) Let y=Cot™ (Sargodha 2008)
Then
&_ -l i[zj_ -1 lJ
d | x di\a a+x'\a 5
at at —Cot 'x = ~
dy -1 dfz 1 (1 ™
e T G XY. = = — See”'x=
dv 2 dx(a) a +x° [a] dx ||/ x? -1
+ v | e n
p —Cose 'x =
_ -a (l]_ = dx "'l o
a+x’\a) & +x*
(iii) Let y= l‘Sin" o (Sargodha 2011,12 Lahore 2010, Gujranwala 2010)
a X
Then d_y :-1_ I _d_[gj :l_.l__i -1
dx a a’ dx\x) a [x2_g% dx
I__z 2
x x
dy 1 —d

1 1 ¥ -1
———a(- 1) ——. —
a ’x’ i 1) A’ —a® X xx¥-a?
. :
x

(iv) Let y=Sin?JI-x

S T L e

B (l—xi)‘m (0 ~I2x)= - (1—.\“1')'!"2(-- 2x)

Then 92— 1 i \/—3 - = (1—1‘3)”

dr J1-14x* 2 J.‘r_"'z
_l =3 ' ‘=i
X Jl-x' 1-#
2
(v) let y=Sec! [xz +1J'Hten
x =1
dy 1 d x'+1

1 2
dx .t1+_] oLy -_l dx x” =1
x° =1 T

-2 e T S
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COLLEGE MATHEMATICS-I 94 DIFFERENTIATI

d ; d
(xz—l)a(x'+l)—(x:+l)zt—(x3*l)
x +1 x +1 I —1 (xz-—l)-
’C —1 x —I

[2.\-(3»’- = = I)}
_x’+l]‘jx +2x° +1 x +"t = (xz—lf

2x
{wi) Let y= Cot™ (1_ P )

Then o S i[ - J
d‘l'_ [ 2x zd'!.' I'—xz
1+

2

1—x
O (l—xz)%(Zx)—Q.r-%(l—x:)
4x* (l—xz)2
(1—:\'2]2
~ = \i(l —xzh ~2x(0 —Q.t)j}
) (1-x*) +4x (1—.r2T
(-xf
-(1-¢)  [2-2¢ +42°
1-2x" +x' +4x° (l-x’]?

dy - =l G 2:)_((1”) -2

dx 1+2x +x° 1+x)’ L+’
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[0} E MATHEMA l DIF TION
- 2
(Vi) Lety=Cos™ |1 =
1+x
dy ~ d1-x
Th = —
en aﬁ'

< 2x(—l—x3—1+x2)

‘/1+2x1+x4_(1“2x1+x4) (1+x1).‘.

2

(l+x2)-

_ (l+.\:1) 2x(—~2) - —4x _ —4x
J] +2x 4+ x° —(1 —2x? +x") (1+x2)2 Jax? (I+x2) 2x(1+x?)
dx (1+x3)
11.  Show that &y it L= Tan X (Sargodha 2010,12)
dx x «x ¥
Lotan't = y=x?‘an"'f-
X y y

Taking derivative both sides.

d axd
& =xiTan4 % +Tan 22
dx dx - y ydx

-2 e T S
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COLLEGE MATHEMATICS-|
= X 1 - d x +Tan"£-ix
X" dxy y
l+—2-
Y
i y.l—xﬂ'
RT3 5 dX |41,
y +x y
VR
. dy
_x-—
= X > dx |y Tan <
C+y | ¥
We know given Tan™ Fox
y x

Or =

d_y___z hence proved
dx x
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COLLEGE MA (o1 DIFFERENTIATION

12, If y=Tan (p Tan™x) show that (1+x%) y; -p(1+y})=0 (Sargodha 2007)
let  y=Tan(pTan™x)

Tanly = pTan 'x

Take derivative both sides

E_ A o)
1+ 3 Bl R
= (1) ya=p(1+y)
= (1) y; -p(1+y)=0

Example y = log o (ax*+bx+c) (Sargodha 2009, 10 Lahore 2010)
—dz: 5 1 i(mr2+bx-i-r.‘)
dx  (ax"+bx+¢)fnl0 dx
1 2ax+b
(ax®+bx +¢)Inl0
Example v=a~f;
dy d ( yn = I
—=ayx{lna)—(x)" =ayxIna -
2 ~Vx(na)—(x)" =ay a.-¥
1
=ayxIha.—
2Vx

-2 e T S
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COLLEGE MATH TICS-II DIFFERENTIATION

1. Find f'(x)if A x B ;
M fx)= e 25 Biga  Cery
Then f'(x)= gle! i(\/——l)

’,'{" \ - EJ.? 1 |:lx-:.-1 _Oil
: ) 5

1
“2x
(“) f(x) — Kiel)‘l
d X iz d
Then f'[.l') =X3 Eel.,;_ Tl . &;xl

gy sxa g T ve

1/x 3x3

= XZE !,"l(_llx—l_'_ax!elht

s

X 2

=™ | ——+3x°
X

= euxt_x+3xl)
=@ x(~1+3x)
—  =xe”(3x-1)
(iii) fl)= e (1 +Inx) d (Sargodha 2012)
en 10 = e (1T -n;.—:la-““")':
r. *
=e [0+1J+(l+lnx T 3@.‘&;"
X ‘\.

| ' "
:eﬂ|:;+(l+lnx)] L_ . i .._...-“F

=€ [H—xg*_lni)] lﬁg\n;,x-’

X

X

(iv) f(x)=

e +1

(e"‘ + l)i e —¢ i(e‘“ - 1)
Then f'(x)= dx . dx
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COLLEGE M2 DIFFERENTIATION.
y 1+e*+1 =._£.r +2
(e_‘ +I): (e" +1)2
(v) f(x) = In(e"+e™)
g - 1 __‘_{ x -x
Then f'(x)= C dx(e +e ) .
v RS
e +e”*
e’ —e* c tfx "_I" o X_ |
:ex+e—.1' - —'EK = ﬁ = - Cl*."!
e —e™ (1 “—d- L 54 -
Vi) )= ——— e e+ | e
e™ +e : : d&
(em +e—m‘)_(em_e-¢r)_(em_e ar (eav+e~m)
f1(x)= - ——ds
(e +e )
P (e‘”‘ + e'“’)(e‘“.a-—e’“’(~a))-(e“‘ =g )a(e-“‘ —e ‘")
(e"' +e ™ )I
a[(e"‘" +e )-' —(e‘“ - )z]
- (e‘“+e"’" )2 _
~ a[e"’“ +e7T 42 e ™ — g2 — o 4 2 il e
(e‘“+e’”’r)2
- a[ez‘“ e 420" e e"“(— e + Ze‘“.e"“]
(e‘" +e ™ )l

6% O _ -0x 3o -*
.-c}»[f“‘mx"g + 26 -6 e 4t [

-2 e T S
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COLLEGE MATHEMATICS-I 100 DIFFERENTIATION

- -

a Ze“.—L + .’Ze"’.%
e e

= = =l

(e“‘ +e™ )2

al 2¢*. - + 2e"‘.—1-

A |

_a(2+2) 4a

T (ere=)

(vii) f(x) = lll(e“-i-e"-')
Then [f'(x)= %(h’l(eb +e.,3,))-lfz .%ln(ez' s .h)

0 | B by
T EeE )

1 1 x -2x :
= 2 =2
2,/Infe?* +e) e +e™) g )

1 1 [ 2x =2x
= 2 e —£
AT +e™) (e +e7) ( )

elx _E—J.'r
(ez.;+e—zx ; (;h+e—23)

. (viii) f()=In (Je“ et )

12

f(x)=1In ('e?" + e'z‘)’
= %ln(ez‘ -i-e'z’)

Taking derivative both sides

@ e ™)
____1— 2 =3x -
= z(e==+e-1‘)(e (+2)+ e ( 2))

Ix 2
= %%e?-‘-e—_h% =Tan h2x
€ €
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COLLEGE MATHEMATICS-II 101 DIEFERENTIATION

2. Find *d'—y- if
dx

(i) y=x4n Jx =xIn (x)¥?
=x. lIn.x::—l-len.r
2 2

Differentiating both sides w.r.t.x

2 =l(.r" i11'1.1c+ Inxixz]
dx

dx 2 dx
3 [Juri l+lnx 2x)
"2 x
= l(:4:-1-2J|r1n,1r)
2
= £(1+2Inx)=x[l+lnx
2 2
(i) y=xInx=x(nx)" (Sargodha 2009)
Taking derivative both sides w.r.t.x
EX:x—d—(ln )+m+(ln )l;zix
dx
1 vz d 12
= x.E(ln x) (lnx)+(in > Y
= —iT;—I"}'VlBX
2(111 )&
l+2Inx
tillny =— =X
2\/In 2yInx
i) y=—— (Sargodha 2011)
Inx

Taking derivative beth sides w.r.t.x

& lnx—:;(x)—xi(lnx)= (Inx)1 H;ir.i
dx (Inx) (Inx)’

-2 e T S
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COLLEGE MATHEMATICS-I| 102 DIFFERENTIATION
(iv) y= x’ln[-l] =x’lnx" =x*(-1)lnx=-x*Inx (Sgd 2009, Lhr 2010)
X

ﬁ =-[x"‘-‘i-lnx+ lnxi.rz]=—[x2.l+ lnx.2x]
dx dx dx x

= —x (1+2Inx)

=1 . (2) 22
=] =] =—In
Ul i n[x’-a-l] 2 (x'+1

Taking derivative both sides

__l 1 i x* =1
dx 2'{x=_1de ¥ +1

l(xl +]] (x" +1)‘—':;(x1 —1)—():I —1)%(x3 +1)
¢ (Jr2 +1)2

i (xz-rl) {(x +1)2r (r —1)2.1} ﬁ2+1—.@z+1)
2(:cI —l) (x +1)‘ 2(x* —1)x? +1)

x* =1

2x

xt =1

(vi) y=In(x+Vx+1)

Taking derivative w.r.t x both sides

dv (;m (x+ x2 +) x+h[l+%lx3+lT'rz.2.rJ

~ 1 _ +1+x
(-’H‘m){ \/I +1 x-nf,r F1 [ N ]

—_—
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(vii)  y=In(9-x%) (Sargodha 2008)
Taking derivative
dy 1 d > 1 -2x
20 —(=x")=——(-2x) =
dx 9-x" dx‘-( A= 9—x =2 9—x’
G i O - Jd L
(viii) y=e>sin2x (Sargodha 2011) L 3 [/B) - L"J -]
Taking derivative both sides
a - é)iﬂ
-af—v-—-e‘z‘ iS:'n2x+S:’n2xie'3‘ £ J C&) 3 J &
dx dx dx

=e *Cos2x 4 (2x)+ Sin2xe™ L3 (-2x)
dx dx

= e (Cos2x-5in2x)2 = 2e 7 (Cos2x-5in2x)
(x)  y=e™(x+2x*+1)
Taking derivative both sides
i 2 3 .
% =e E(x" +2x -i-l)+(:|:1 +2x° +1)Ee
= €7 (3% +2.2x+0)+(x*+2x* +1) (~e™)
= e ¥ [3x +4x—x’-2x"-1]
= e (= +x*+dx-1)
(x) y=xe®™ (Sargodha 2011)

d}' d .'mr.\ 'mu
dx dx ( )

Sinx I

= xe¥* % Sinx)+e

= "™ (xCosx +1)
(xi) y = 5e™*
Taking derivative w.r.t.x

d} 5831—4 d

e = (3x-4) = 5e** (3) = 15>

-2 e T S
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COLLEGE MATHEMATIC .
(xii) y=(x+1)" (Sargodha 2009)

Take In on both sides

Iny=In (x+)* =

Iny = xIn (x+1)
Taking derivative
i—j-ii -x-d—m(x+1)+1n(x+1) (x)

1 d_y 1
(x+l)

)l‘fz[ (x+1)+1n(x+1)J

n‘%=){(xle)+ln(x+l)J

dy ] X .
E—(x 1)[(x+1)+ln(x+l)]

(xiii) y=(Inx)'"™ J (Sargodha 2009, Faisalabad 2010)
Taking In both sides

(x +1)+In(x+1).1

Iny = In(Inx)"™

Iny=InxIn(in.x)

; j‘; lnxd—yln(lnx)+ In(lnx)— _(lnx)

1 d 1
; = In X[Eg (ln X)+ ln(ln I);:|

o[ ]

%— %+;ln(1nx) -—(I+ln(ln x-))

- % = y%(l +In(Inx)) =(lnx)'“ %(l +In(In x))
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COLLEGE MATHEMATICS-I 105 DIFFERENTIATION
: \}.rz—-l(x+l) _ (x—l)m (x+1)m (x+l)

(xiv)
padl o (x’+l)m I:(Jc-i-l)(x2 - x4 l)Tﬂ -
. Jx_—l(x +,-!)m/ g x=1 _ (x-1)"*
(x 12 (x? =%+ 1 (- x+1)7 (32 —Jr+_l)nz
Iny = In -—(ihlm—ﬁﬂn(bl)m ~Infx* ~x “)m |
(.a:2 = x-!-l)
= —;-ln(.wr%)—%ln(x2 ~x+1)

Taking derivatives :
ldy 11 d 3 1 d
PR o P ey )
- -;—.(xil)(l—o)—%m(Zx—l+0) |
_ b 3x-1) (@ -x+1)-3@x-1)x-1)
" 2(x-1) 2(* —x+1) 2x-1)x* ~x+1)
(:r2 —34:+l)-3(2x2 —2x—x+1)
2(x~IXx2 -x+l)
_x’—x+l—6x2+6.t+3x—3_ —5x" +8x-2 '
- 2Ax—1)x* —x+1) -1 —x+1) R
dy _ ( —5x” +8x—2 ]_ (x-1)" —5x* +8x—2
dx == Z(x— IXJ\:2 —x+f) - (x1 _x+])m '[2(1'3— '.[X)c2 '-.1‘"-#7)]

—5x* +8x~2 —5x" +8x-2

Hx-7)" (xz - X+ I)m+I J 2yx -1 (Jr2 -x+ 1)5;3

dy
3. Find — if
dx

(i) y = Cos h2x

Taking derivative w.r.t.x

% = Sinth% (2x) = Si h2x (2) = 2Sinh2x

-2 e T S
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COLLEGE MATHEMATICS-I 106 DIFFERENTIATION

(ii) y = Sinh3x

i{E = Cos h3x—d~ (3x) = Cos h3x(3) = 3Cosh3x
X dx
dy 1 d

= -1 =\ Sinx
(iii) y =Tanh™ (Sinx) = & 1-Sitx d.l'( )

dX = Cosx- => @=—1— :ﬁz&icx

dx Cosx dx Cosyx dx

d 1 d

(iv)  y=Sinh7?(d) 2. (Sargodha 2011)

dx \/—(_ dx
y: ﬂ}’"(s-'n '3'-)

@ 1 (3-1) i 3x?

N v1+x® TMJ-, S inw
= In (Tan hx 4 -
(v) y = In (Tan hx) Sl'CEJ . il: Cortn
i’}—‘ .l — Tan hx = Sec’hx d
dx Tanhx dx Tan hx J = Ced %
o
dy 11 _Coshx 1 d #e<)
dx Sinhx = Cos hx~ Sinhx  Cos*hx Smfn( ‘oshx
Coshx o 0 Cov
‘< & + by2 dae = /"*Eéz;(_
= = = : =2Cosech2x j{t_,. o SAlY
2 SinhxCoshx Sinh2x 7 =T

as
‘31/;’ 12(
P e e 1 dfx (Sargodha 2008)
(vi) \ in 5 = e oV dx\2 i);-— (Q-éﬂ
L) = da (ogt,
2

EEYS
S

L; 1 A s o = drF
& 5 : = = Qzlx ’3_.52.-_ Sl y
dx “'x’ x*+4 dx 2 x*+4

4 2
dy 1
de & +4
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COLLEGE MATHEMATICS-II 107 DIFFERENTIATION

(i) y = 20-3x"+4x +x-2

yi= 2(5x") =3(4x%) +4(3x*)+1 -0
yi = 10x°-12% 41257 +1
¥2 = 10(4x%) — 12(3x%) +12(2x) = 40x°~36x%+24x

(i) y=(2a5 = = g-(zx + 55! %{23: +5) (Sargodha 2009, Fsd 2010)

Vi= —j (2x+5)"2(2) =3(2x +5)"?
y2= 3 (—;J(lr +5)"* gx (2x + 5) =% 2x+ 5) ”_(2)--'

Y2= 3(2x+ 5)""'2 = 3 S d

(2x+5)% 2x+5

(i) V=J;+—\/%:>y— - i

S —
lefl zx.il’l

(B

1 3
= AeR T asE
2 Find y, if
(i) y=x"e™ (Sargodha 2011, Gujranwala 2010)
Vi= X % a_'_)+ ¢ —(1‘)
= x'(—e*)re™ (2x) = e (~=x"+2x)
d

yo=e" gy (x*42x) + (=¢+ 2%) i('-"‘)
WA dy

= & (-2x+2) +(~x*+2x) (&™)

=e " (<2042 #x" =2x) =e™ (x"—dx+2)

-2 e T S
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COLLEGE MATHEMATICS-I| 108 DIFFERENTIATION
Example (Sgd 2009-11)
VI - e“ Y?. = ?
y;=ae™. a=ae"”
(i) v=In (2": Z 3} = In (2x+3) = In (3x+2) (Sargodha 2011,12)
3x+2
1 .
+3 3x+2)
oS 2t+3dx - (3 Bx+2)d -(

= (2x+3) 7 .2—{3x + 21“.3:_-2(2x+3)“ =3 (3x+2)™
y2 =2(-1) (2x+3)2 — o (2x +3)=3(-1)3x+2)" = (3.1- +2)

v, ==2(243)7.2+3(3x+2)".3

-4 9
= —4{2x+3)7+9(3x42)7 = S 3
i (2x+3) (@r+2)
. r
_ —4(3x+2)* +9(2x +3)°
(2x+3)" Bx+2)’
—4(9’( +12x+4)+9(4x’ +12x+9)
['?t+3) (3x+2)
_ —36x° —48x—16+36x" +108x +81
(2x+3)’ (3x+2)’
» 60x +65
(2x+3)" B3x+2)’
3. find y if
(i) X+y'=a’ I (Sargodha 2007,08)
Take derivative both sides
—2x X
Ix+2yy; =0 = Y= =——
2y vy
1= - V4 XV,
Y2 = V( ) ( X)y‘: i *l’[ y+ 1["1J]
y? y: y y
1 2 1 (—y?=x*) - +y?) -a’
y‘l:—![—y__x_.}:_!.( } J:: ( ..} ==x Use—1
Yy ¥ Yy Yy ¥y Yy
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co E TICS-II 109 DIFFERENTIATION
(if) X -y’ =2’ I
Taking derivative
el I’ ¥
3x"=3yy1=0 = yi=
37 Y
2x-x2 1
o= I o (2 -2y )

y y!

1 Jc2
Y2 = 2xv 2x — put value of y,
}"

y
e I[ 2 2xy] (2.;;1/ -—ny]
Ao
y

2xy(y’ -x) -x') 2x(x-') 2xa
- - = ; = : = use |
¥ .V Y Y
(iii)). X=aCosé x y =aSind

ﬁ =—aSinfd 5 ﬁ-—:aCosB

do dé

1= 5{ e, = aCos0x =—Cott
dx d0 dx aSint

y; = —(-Cosec’#) -—6‘- = Cosec’ 0 .
dx

1 1 1
 Sin’0” —aSinf@  —aSin’0

—aSin@

(iv). x=at? ; y=bt'
dt dt
2
C{} :)rl - iv—.ﬂ :4]7{3 —1—=2b”
dx” dl dx Zar a
2b  di _4bt 1 ‘4b _2b
Yox —U—=" — = =

a dc a 2a 24 a
{v). X +y +2gx+2fy+c =0
Taking derivative both sides.
2x+2yy;+2g + 2fy, +0=0 = (2y+2f)y;=-2x—2g
—2.t—2g_—%(X+g)__(x+g} I
2y+2f  2(y+f) \y+r
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COLLEGE MATHEMATICS-I m DIFFERENTIATION
_@ENENHE+)n () E) - ((+g))n
: (y+7) (y+1)

S 77, 77 A o |

! y G+gl | 1 [=G+ff-G+g)
;Gm‘ﬂ[h“*”‘ y+/ ]*(mr[ (r+7) J
+(_;:3 + P42 fyxt+ g+ 2px)
- (y+1)
=[x #y? +2gx+2fp+g> + 1)
+f)
= From | X +yt 4 2gx+ 2fy =~

UseinIll -
5 —(—c+g"‘ -!-}'"3)_;(:~g2 T
b+r) (v+r)
find y, if

().  y=Sin3x (Sargodha 2008, Lahore 2010)

y: = Cos3x %(3:) =Cos3x.3=3Cos3x
dx

y2 = 3(=Sin 3x.3) = —9Sin3x
y3 = —9Cos3x.3) = —27Cos3x
= Ys = =27(=Sin3x) .3 =81Sin3x

(ii). y =Cos’x

We know that Note:

Cos3x=4Cos x—3cosx

Cos3x %(3::) =Cos3x.+3Cosx
S0 y= &(Co.s‘.?x + 3Cosx)

Y= 2]‘-(— Sin3x.3+ 3(~ Sinx))=- %(Siniix + Sinx)

y2= ? (Cos3x.3+ Cosx) '_'_TJ (3Cos3x + Cosx)

y3=— 4—31 (3(~ Sin3x.3)— Sinx) =% (98in3x + Sinx)
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COLLEGE MATHEMATICS-Ii 111 DIFFERENTIATION

Vo= ;—; (9Cos3x.3 + Cosx) = ‘?:—(27C0s3x +Cosx)
From | Cos3x = 4Cos’x ~ 3Cosx so
Ya= % (27(4 Cos’*x —3Cosx )+ @ asx)

3x27x4 . 5 3x27x3
= Cos"x———""—=
4 B

Cosx + ;—Cosx

= 81Cos’x — 2'%% Cosx + %Co&x

—243 24
= 81 Cos’x + (3 ]CO.S‘.!‘ =81Cos'x -—-:—OCosx
¥s = 81 Cos’x — 60Cos x
Example
y = Cos(ax + b)

(iii).

S0

Y1=~—Sin {ax + b) a=—aSin (ax + b)

y;——-aCos(ax+b) as=-a’ Cus(ax+b)
;-—a (=Sin (ax+b) . a) = a Sin (ax + b)
4= @ .Cos (ax+b).a=a’ Cos (ax + b)

=In(x*-9) =In (x- 3)(x+3) (Sargodha 2009
In (% =3) +In (x +3)
: | ] 1
Y15 (‘ __3) +
y2=(-1) (x=3)7+ t—1) (x+3)7
V= (=1) (=2) (x=3) + (-1)(=2) (x+3)™*
-6, (6 6[ | 1
(x 3)' (\'-r?;)‘1 (x 3)‘ (.r+3)

ifx=Sinf , y=Sinm@ show that (1-x* )Xy +m’y=0

)1 =(x-3)" +(x+3)"

X =Sind - y=Sinm@

y = Sinm @ i x=Sinf = @ =Sinx

y = Sin (mSin~'x) I

¥: = Cos (mSin 'x). i(IH?S!'HJX)=C0.S‘(m.5'fn_l.\')— i
dx ] —x?

\/lsz_ ¥ =mCo.¢{mSin"x)

Again taking derivative
V=22 Vit 1(l % T“ 2x)—-m( .Sm(mSm x))

m
\[I- 2

-2 e T S
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COLLEGE MATHEMATICS-I

2o . =1
N=xty, = Xy _—m Sm(mSm x)
e V1-x* Ji-»?
X by v1—x’bothsides

(1-5%) ya — Xyy = =M’ Sin (mSin~*x) Use |
(1 =) yz=xy; =—m’y

= (1-x)y2=xys +my=0

Hence proved

o 2 d'y dy
6. if y = e" Sinx show that t—tx_—?—zzﬁl y=0 (Sargodha 2011, Lhr 2010)
! 2 y = e" Sinx
dy __« o
A TR o TR Cosx + Sinxe 1
‘:’ £ . ,*.-,:‘dx
: d’y _ i o - s 2y
e (- Sinx)+ Cosxe” + Cosxeé” + Sinxe
dx ;
=—e" Siﬂx+e‘Cosx+e'Cosx+e‘§{ftx
d?
~—':-=2e‘ Cosx
dx
2
d
Now L.H.S = % - ZE}_’ 4+2y=2e"'Cosx -~ 2(e’Cosx + 8"Sinx)+ 2e* Sinx
=0=R.HS
d'y gyaniy Kis
7. if y = ™ Sinbx show that ~2a—+(a"+bF)y=0
y o o ( )y
y =e" Sinbx

dv
A _ o Cosbx . b + Sinbx ¥ . a = €™ [aSinbx + bCos bx]

d’ _
I’f =™ [aCosbx.b +b(—=Sinbx ).b] +¢™ .a(aSinbx + bCosbx)

= e™ (abCosbx — b’Sinbx + a’ Sinbx + abCosbx)

= e* (2abCosbx — b’ Sinbx + a’Sinbx)

2
Now ‘;j -2a ;Q It (::‘.'71 +b? )y=e‘" (2abCusbx — b*Sinbx+a*Sinbx)
* X
—2a [e™ (aSinbx + bCosbx)] + (a+b?) e™ Sinbx
- e™ 2ab Cosbyx — e bSinbx + €™ a’Sinbx — 2a’ e™ Sinbx - Zabe™ Cosbx

= 0 hence proved
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COLLEGE MATHEMATICS-| TE
8. if y = (Cos™ x)* ,Prove that (1-x?)y,~xy,~2=0

y = (Cos™ x)’*

Yi= Z(Cos"x)gt—Cos"x =2Cos™"'x

= Vl-x’y,=-2Cos'x

Again taking derivative

Vi-x2p, +, é(l—xz)-" '(-2x)=—2-=1
1
/l—xzyz ny 2

e
l-—xl -J]—_\—J'
X’ both sides by V1—x*

(1) Y2 =xy1=2 = (1-x) y—xy1=2=0
Hence proved

1-x?

If y = a Cos (Inx) + bSin(Inx) Prove that
Yy, dy

7d‘l"
=a Cos (I bSin(lnx) x" —=-+x—=—+y=0
y = a Cos (Inx) + p(nx) i ldr yl_

L =a(-Sin lnx).—l- +bCos(In x).l
dx x 5

-

= ‘%" both sides by x

dy

X —=—aSinlnx+bCosInx
dx
Again taking derivative

2
xizz+gz.l=—a(7w(ln .\').l—bSinlruc.i
dx® dx X X
%" both side by x
2
x’d—'2£+xiy—.=—-a6‘ash1x-—b8inlnx
dx dx

= — (a Coslnx + b Sininx) = —y

d’y
=% x> "'XE +y =0 Hence proved

-2 e T S
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Maclaurin Series (Sargodha 2010, Lahore 2010)
FL 3 n
i = X 5 X = X An))
Theorem : f(x) = f(0) + x f (0) + Ef '(0)+§f (0)++—n~'}' (U)+
Proof: we know that putx=0
fx) =ap+aX +8x + @ + A + ot a X" + . = f (0) = 2
putx=0

F'(%) =3y + 2ax+ apx + 33 + 42 + ot M # . = f(0) = 2,
f" 0 (X) =23, +6ax+ 123" + ..+ n(n-1)a%" + .. = 7 (0)=2a,

L0,
2! :
" (x)=6as + 24ax + ...+ n(n=1) (n=2) a"x > +..... = f"(0)=6a;
Putvalueofa;,a;,a; inl :fT(O)za,
f(x) = f{0) + xf " (0) + f .(O)x! - £ (o)x'1 russseivens or w =,
2! 3! 3! '
Example : Prove by Maclaurin series (Sargodha 2009,10)
e 1 ¥ 13 x°
SN R e R = T aevivenns
23 245
f(x) =Sin™"x =f(0)=Sin?(0) =0
-2 1
= f{0)= =1
S

i 1
S (x)=ﬁ=(l_x2)
£ x)= _?1(1—x’)”"’(—2::)=x(1~::2 I = fro)=0

" x)=x [%3)(1—:8 ) 20+ (-2 )20 £7(0)=1

Maclaurim series is

_ o Xl
f(x)=F(0)+x £ (0) + ?f (0)+-3-_f 0)+.........
2 3
X x
Sinx=0+x(1)+ —(0)+ ——(1)+....cc.......
W+ =-0)+35-1)
3 5
Sin"'x= x+— ¥—+—l'—3x—+ ............
2°3 245
Hence proved.. PUPPRE A
by ; 1, peed (277
v 'JI it g £ = - ¥ 7 -
. L Jll,'!'f‘ A4 P [. o é {Ai';'__[_ 7
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Exercise 2.8
Maclaurin Series:
. +40) 5 ™0 (0
fix) = f(0) + f’(O).!:-t—_)‘ (— )1 + / (l ).1'3 7+ A )x4.+ ........
: 2! 3 4!
1. Apply the Maclaurin series expansion to prove that
2 3 4

A5 ey
{i). INX+I)=x— —F—=—— e

2 3 Bl

f(x)=In (x +1) =fl0)=In{0+1)=In(1)=0
"(x) =T x)(l)=(]+x) T = r0)=0+0)" =1
f%044n+ﬂ*4:»w@%+aﬁ+m*=emn=4

e /"'(0) 12X+ 0)° =2
L) =203 1) = 7 (0)==(-1)-2)=3)14+0) " =6

f(x)=f(0)+f’(0}1:+' I’ ).12 m(g) J/“().\ kR esisds

2! 3! 4!
- 2
IN(14x) =0+ 1 xx+ ——lx2+ — b X+
2! 32.1 43.2.1
2 3 4
In{l+x)=0+x- —+L—i+ ............
3 4
4 3 4
In(1+x%)=x-— LI Sy
v
Hence proved
3 ot ik
i), Cosx=ler—op—" i .
(ii) 0sx I} H c
fix} = Cosx = f(0) = Cos0 =1
Then /' (x) ==Sinx =  ['(0)=-Sin0=0
£*(x)=—Cosx = ' f"0)==Cos0=~1
F(x)=Sinx = f"0)=0
f(m“a

fx) = 0) + £"(0)x +f"(0)JL
(

0. ). ),
2 f[ +f" i

1 Oxx’ 1xx'
Cosx = 1+0><>H~-—-12 x"+ -

2 3 |4

fix) =)+ f(0)x+ f"~2

-2 e T S
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=] —xt; +xt¢:_xt66 +........ Hence proved
(i), Vi+x=1+ % = 581 + ':ﬁ; e
fix)= V1+x =(1+x)"* = fl0)=(+0)" =1
f'(x)=_%(1+x)""2 1 = f(0) =%(1+0)"” =+%(1)= +%
f"(x):%l(l +x)7 =" 1*(0) =_Tl(1 +0)™" = -Tl

e
G ) T A O R B

16
Now f(x) = f(0) + £"(0) x + £~ () 2 f"() 3+f.,()

13 |4
| - 3.3 -15
sJ1+.r=1+-—x+-——x—xz+—.v—x’+(—J—x‘ ........
2 4 |2 8 [3 16 /|4
- |
=1+ z 1 l.vr1+§'—.l.x’—i.Lx*+ .........
2 42 8 6 16 24
x? ‘xa 5x*
. N1+ -—1+———+—— Forreen
» FETITS T16 128
Hence proved
(iv) e'-1+x+x—z+x—s+
b TR
fi=e* =  f(0)=e"=1 |, fx)=e* =  f(0)=e"=1
f(x)=¢* = f(0)=¢" =1 ; )= = 1(0)=¢" =1
0) ., /()
fix) =f0)+ /' (0).x+ '(—x""+—x’+ ........
(x) =f(0)+ £ (0).x+ f 2 B
1x* 1x
=1+1 F—t .
: 2" 3
e‘—1+x+£+£+
T
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(v). eX=14+2x+ t—z + 8i+ ........ (Sargodha 2011,12)
. 2 I3
fix) =™ flo)=e” =1
(x)=2e> 7(0)=2¢" =2(1)=2
f(x)=2e>2=4e 7(0)=4¢" =4(1)=4
7(x)=4¢" 2=8e* 1"(0)=8¢" =8

Maclaurin 's series is

f(x) =f(0) +x /" (0)+——-f (0)+ f"(O)+ .........

Z=1+x(2)+ —4+-—- 8)+.....
g**p®
2 3

e¥=1+42x+ —-—+8i+ .........

2 I3 ’
Hence Proved

2 3
Show that Cos (x+ h) = Cosx — hSinx —hEme+ESim+._._ and evaluate cos 617
W k.
Cos (x+ h) = Cosx — hSinx —=— Closx +-— Sinx + (Lahore 2010)
12 E
f(x + h) = Cos (x + h) .then f (x) = Cosx
f'(x)=—Sinx =  f(x)=—Cosx=  f"(x)=—(-Sinx)=Sinx
(%) 2 S7(x) s
f(x+h) = f "(x)h h + el
(x+h) = f{x) + ' (x) b+ B E &
Cos (x + h) = Cos x + (-Sin x) h + (-Cl;sx) h+ ng o S
Cos (x + h) = Cos x - h Sin x —ﬁ (,‘crmc:,,f-h—3 Sinx + Hence proved
Now take x = 60° *& h= 1 = 0.01745
tn WY, - (ln)'- ( a){-
Cos (60°+1°) = Cos60° — 1° Sin 60° ——— Cos60" +~——Sin60” +.......
2 3
0174 0.0174Y ¢ .

Cos 61° = 0.5 - (0.0174) (.866) - ( = y 7 (0.5)+ %—1—)-(0.866)

Cos 61° = 0.5 = 0.015116 — 0.000076
Cos 61° = 0.4848
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x+h 2 kz 3 hj
3. Showthat2™" =2x |1+(In2)/+(In2) —+(ln2) Tl
2 —Zx[l-i(an)h+( “" 0.5, }
fix+h)=2*" = f(x) = = f(x)=2"(In2)
f(x)=(n2)2%(In2)=(In2)’.2" =  f"(x)=(In2) 2" (In2)=(In2)’ 2*
Now

' W " h_J 3 ax
flx+h) = (x) +h f (x)+Ef (x)+ E (In2) 2" +......

n2)' #* (In2)n
2:«11_2: 1+(1I12)h+( ) 2 +( = ) i e ke
5 [2 3
Hence proved
Example (2.9)

Examine f(x) = 1+ x* for extreme values
fii+xl =  fx)=3x =  f(x)=6x 1l
Put f'(x)=0 = . Bx =0 x=0
Putinllx=0 f'(0)=6(0) =0 Given information

Nowput x=0-¢
x=0+€ inl
f'(0-¢)=3(0-€) =3&’>0
f'(0-e)=3(0+)2=3€&*>0
first derivative does not change sign atx =0
putx=0inl = f(0)=1+(0)=1
Sa (0, 1) is point of inflection
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(7 = 0 7 ".* 5
Exercise 2.9
Increasing function:  (Sargodha 2010, Faisalabad 2010)
If f (x)u: positive in given internal (a, b) s ,—3?”
Decreasing function:
If f'(x) is negative in given internal (a, b) /—-\
b1} I
T e I 7z
1.(i). f(x)=Sinx : xe(-xton) —to—" e
> oI | v 2 2
/" (x) = Cosx .
I'. ] T
Cosxis+vein| &IV —ﬂ'moi
Cos x is—ve in Il & Ill quadrant
: ’ S
So increasing on (— lo —J
2 2
; . -7 T
Decreasing on [— Tlo T) and [Ea‘o.ﬂr]
= =K. /4
(i) f(x) = Cos x, ( 3 o ?] (Sargodha 2011) =
S '(.T) =—Sinx / 1 +velto —
- . / 5
Sinx is —ve in IV J -
Sinx is+ve in | 1
But —Sinxis +ve in IV T

=Sinx is—ve in |
m

_ - : T
Increasing on ( S lo 0]&deweasm gon(Om 5 ]

2 v
(i)  f=(x)=4-x : xe (-2,2) —g
at-2 : S {x)=-2x
—2x=-2(-2)=4 f /" (x) is +ve in (-2 to 0) so increasing on =2 to 0)
at-1 f'x)is—vein (0, to 2) so decreasing on (0, 2)
02(-1) =2
at1-2(1)=-2
at2-2(2) =4
(iv)  fx)=x+3x+2
' x)=2x+3

So [' (x)is+vein [—%ml

— 4

-2 e T S
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' . & J _3
[ (x)is=vein (— 4t0 ?]
-3
f increasing on [—,l)
2
-3
f decreasing on (— 4,7)

Note :put f'(x)=0 = 2x+3=0 x=7

From interval
2. (i). fix) =1 - (Sargodha 2008, Lahore 2010)
£ (x)=3 | & f" ox)==6x i
Take f'(x) =0 = S (0)=-6(0)=0

Gives no information so
Putx=0-e€&0+ € inl

f'(0-€)=-3(0+€)’=-3€’<0
First derivative does not change signatx=0

Atx=0 Jfl0)=1-0=1
So (0, 1) is pt of inflection.
(). flx)=x*-x-2 I (Lahore 2010)

S =2x-1 & f"xy=2___ 1

put f'(x) =0 = 2x-1=0 = x=

B | —

put value of x = .l)infl f (%]:2 =+ve

So f(x) is minimum at x = % now for min value

: Sy, N
From l:>f(—]-]=(—l—J —[l —2:]__.]_4_;,:1 = 8= 2
2 2 2 4 2 4

4
y 1 N =9
f(x)mlnatx—i&j[EJ_T
(Ili} f(u) = Sx: —-6x+2 1
f'(x)=10x-6 & f'(x)=10 11
Put S x)=0 = 10x-6=0 — x=i;§
10 5

3
Put value of x= ;in 1l
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5 ol [%]=10=+ ve

2
f (x) is min and for min value f (§]=5(2] -6[2’-} +2
5 5 5

f[EJ =50[1J_1§+2=2_§+2=m .
5 25) 5 5 5 §- -5

So f(x) is minimum at x= 3 & f[zj :l
5 5J 5

(iv). flx)=3x*
S(x) =6x & f'x=6___ 1
put F'(x)=0 & = f70)=6 = +ve
Put x=0inll £"(0)=3(0=0
Sof(x)isminatx=0 &f(0)=0

(v). f(x)=3¢=ax+5_ |
f'(x) =6x-4 & f“=6__ 1

putx f'(x)=0 =6x-4=0 :x:%:

W |

put x= %inﬂthen f'(%]=6=+ve

2
f{x) is min , for minvaluel = f[g] =3(EJ —4{2}+5
3 3 3

(2} 3{4) 8 _ 4 8 _ 4-8+15 1
fl=]=g = |- s S 2
3) \9°) 3 ~ 3 3 3 3

= 2 2) 11
f{x) is min at x = 3andf(3)——j~
(vi) f(x)=2x’-2x"-36x+3
f(x)=6x"—4x—36
F" (x)=12x-4
Put f'(x)=0 = 6X'-4x-36=0 +by 62
3’ —2x-18=0

202 -4G)18)_22 JaTTaTR

X

2(3) 6
22 J4(1+3x18) 24201454 _2(14455
- 6 S

www.igbalkalmati.blogspot.com: u_’/r_nj,d(;?i f_ag,;/,g'/

DIFFERENTIATION


www.iqbalkalmati.blogspot.com
www.iqbalkalmati.blogspot.com

www.igbalkalmati.blogspot.com

COLLEGE MATHEMATICS-II 122 DIFFERENTIATION
1+4/55 1y/55 1-4/55
Xi= = X= & x=
3 ) 3
when x = I-+;/-S—Ethenf"( - FJ =12*(—I +;/§]—

f*[IiCJ =4 +4+/55—4=4/55 = +ve

So f(x) is min atx = 1+:§

. =, {1+J5_5J=2{1+J5&5]1_ 2[”;‘[5—5]2-36'3[]+:f§]+3

3 3

_2[1+J§+3(55)+(J§)’]_2[1+55;2J55J]2_12#;-5—5”

now for min value

27
. %(1 +3+/55 +165+55+/55) §(56+2«f3§)ﬁ9-12@

2
- §(166+58J§)—§(56+2\/§)-9—1245_5
332 116Jss 112 4J___9_]2J5~5

E 33—2—'—1-2--9 [119+4+12JJ5_5

=( 32— W_, 23] [116-1" 3‘}4}'}(—5

=247 220 %
— 27J> (247+22nJ—)
Nc:wfor:-ml_-\/g
3
Jo EEREER Iy =5l g
3 3
=-44/55 =—ve
Sttfismaxatx:l_;)jj

For min value same above process we get

www.igbalkalmati.blogspot.com: ;.,_’,f_nj,d-(ﬂi[_ag;/{'/



www.iqbalkalmati.blogspot.com
www.iqbalkalmati.blogspot.com

www.igbalkalmati.blogspot.com
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1=y _L( o0 +220455)
3 27
(vil)  f(x) = x"— ax? I -

I'(x)=4x"-8x
T (x)=12x"-8x
put /'(xX)=0 =  4°-8x=0 = 4x(x¥-2)=0

4’ =00rx’~2=0 = x=orx =2 = x=12

When x=0then £"(0)=12(0)-84(0)=—8=—ve

fnis Maxatx=0, | = f(0) = (0)* - 4(0) =0

When x= V2 then "(J2)=12(2) ~8=12(2)-8 =248 =16 =+ ve

f(x) is Min at x = \E now for Min value

1 = fv2)=(V2)' 42 =4-4(2)=4-8=—4

When x==v2 then £ (~v/2)=12(~y2 J?~8 = 12(2)~8 = 24— 8 - 16 = +ve
f(x) is Min at x = —+/2

I = fi=Z)= W) ~4(- ﬁf =4-4(2)=4-8=-4
fix0isMaxatx=0,&f(0)=0

f(x)is Min atx= V2 & f(-v2 )=

I

(vili)  f{x) = (x=2)* (x-1) J
F(x)=(x-2)? ;—i('c —1)4(x - l)%(x -2)

=2)". 1+(x~1) .2 (x=2)'1
x—2) [x=2+2 (x -1)]
(x=2)(x—2 + 2x - 2)
(x=2) (3x—4)
ST (x)=(x=2)3)+(3x—4)1
=3x—6 +3x-4=6x-10
=Put f'(x)=0 =f(x)=0 = (x-2)3x 4)=0
X=2 =0o0r x-4=0
4
xX=2 or X = 3-
When x=2 then " (2) =6(2)-10=12 -10=2 = +ve
f(x) is Min for Minvalue | = f{2)=(2-2)*(2-1)=0x1=0

When x= i(ht‘n }"”(i): :6[£J_10=8—'10 —2 ==V
3 ’ 3 3

{L AN DN | (|
—_——

-2 e T S
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isMax, 1= A2 -fi-z}?[i-lj
fix) is Max, 3 —L3 3
! 4—6)’(2)-{2)3(1) A
L3 JL3 ) 3})3) 9
f(x)isMinatx=2 & f(2) =0
f(x) is Maxat x = i & Li] =i I
3 {3/ 9
(ix). f(x)=5+3x=x (Sargodha 2012)
/' x)=3-3%
/()6
Put-f'(x) =0 = 3-3x'=0 =3(1-x)=0= 1-x?=0
=1 L = et

When x=1then [" (1)=—6£1)=—6 =—ve

f(x)is Max: f{1) =5+3(1)—(1)* =5+3-1=7

When x = -1 then ["(=1)=—6(-1)=6=+ve f(x)is Min

So f(~1)=543(-1)=(=1)’=5-3—-(-1)=5-3+1=3
f{x)isMaxatx=1&f(1) =
f(x) is Min at x=~1 & f{-1) = 3

3. f(x) = Sinx + Cosx I
1" (x) = Cosx—Sinx

£"'(x)==Sinx—Cosx=—(Sinx+ Casx)

Put f'(x) =0 = Cosx —Sinx=0 +hy Cos x
1-tanx=0
5
= Tanx =1 = x=Tan (1)'5—47{%‘[ .......

just %& STX lies in|0,2x lignor other values

Whnx=£— then _)‘"[4] [5111-474-{’05‘”} (-J_ J] - ve

f (x) is Max at x —';E Now Far Max value

r /4 /3 1 1 J2x42
| = f|l—|=8Sin—+Cos — =—=+—= =2
: [4] 4 3 30 AR
Sm b1 (P 5 S
Whenx=-‘—4-7?1 nf [ 1 ]-— [Sm 4 +Cos 4] ol el
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_(HL_ ‘ } [:E]z_*’:__”e
E BT ER
f(x} is Min at x = i Now for min value.

4
5

=2 f K] .‘S'ms—err(m*s—?r
4 4 4

2 2) \\2) 2
f(x) is Min at x = §4— Now for minimum value.

I = f(_S_:_r_] SI}I§£+C0€§£
4 4 4

f(x0 is Max at = %,](EJ =2

f(x) is Min at x = ST ,(Sn’]__'_ﬁ

4
a.y= ¥ isarsodha 2012)
X
! inx.d ]
i"'}_'_x.x_ nx. _1-Inx
dx x* x?
2
y [ J 1_ lnr) x_-*xﬂ-(%lnx)?.x
! Jd m = | o xnl
(l+2(1—lnx)) ~(142(1-1Inx))
®4 x!
put‘—t:v-= 5 it lnx =0 = I-lnx=0 =Inx =l
dx x?
= x=e' =¢
When x=e then d'%i = _('1+2[1_1))=“1:-0=:71

dx’ ¢’ ¢ e

-2 e T S
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d’y
- - .A‘ = "Oe
dx®
Hence f(x) is Max at x=e
5. f(x) = x* (Sargodha 2008)

Taking In both sides
In f{x) = In x* = Inx

1
—f(x)= *++Iml~l+lnr
f()
7' x)=

(x)(1+!nx} X' (1+Inx)

S(x)=x* —d;(l +Inx)+ (l + Lnx)-(%x'

Y [ l] +(1+Inx)x (1 +Inx)

v
® I 2
=x'|—+(l+Inx) -|
u-'r -
Put /f(x)=0 =  x"(l+Inx)=0
= l+4lnx=0 =  Inx= -1 & %0
= x=@ =z —
e
,I !: . e . 11
At X= Ull‘.’" _T :(lJ [e 4 (I _])"]-_-( II_) (‘.“*"0): +ve
€ dx® ¢ e/

e ]
fix)isMinatx= —
&

Hence proved:
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1.(i). Suppose two numbers are x & y and x + y=30 (Sargodha 2012, Lhr 2010)
= ¥ = 30 —xthen product = f(x) = xy =x (30 - x) = 30 x — *
T =30-2x =  fx)=-2
When f'(x)=0 = 30-2x= 0 = 2x=30 = x=15
Atx=15, f"(15)= —2=—ve Se f(x)is Maxat x=15
Now first number =x =15
Second number =30 -x=30-15 =15
2. Suppose two numbers are x and y also x + y=20 — y=20-x,
then According to given condition
f(x) = x* + y* = x* + (20— x)* = x* + 400 - 40x +
f(x) = 2x* — 40x + 400
f'(x) =2.2x—40= 4x - 40
f(x)=4 . put '(x)=0 = 4x-40=0
=4x=40 = x=10
When x =10 then /"(10)=4=+ve
So function is Min now
First number=x = 10
Second number = 20 -x=20-10 = 10 .
3. Supose two numbers are x and y also x + y=12 — v=12 — xthen according to

the given condition.
f{x) = yx’ = (12 =x) x* = 12%¢ %3

/(X)) =24x-3x 1"(x) = 24 - 6x
put f'(x) =0 = 24x-3x"=0 => 3x(8-x)=0
3x=0 or8-x=0 = X=0orx=8

% = 0is not possible so
x=8,atx=8, ["(8)=24—6(8)=24—48 = —24=—ye
5o function is Max at x = 8
First number=x=8
Second number =12 -x=12-8 =4
4. Supose length of one side is x secod side length is given 6 cm then third side is =16—-x-6

=10-xsosides arex, 6, 10 - x Suppose f(x0 represent square of Area then. =
f(x)= S(S-a) (5-b) (S—¢) I a=xb=6c=10-x K
Sx ﬂ+h+¢=.¥+6+10-§ =-1—6=8
2 2 2
| become
f(x) =8 (8 —x ) (8-6) (8-10+x)
= 8(8-x) (2) (x-2)

= 16(8-x) (x-2)= 16 (8x—16-x" + 2x)

-2 e T S
www.igbalkalmati.blogspot.com: u_’/r_w'u}(g T L& ey



www.iqbalkalmati.blogspot.com
www.iqbalkalmati.blogspot.com

www.igbalkalmati.blogspot.com
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= 16{-x"+ 10x — 16)

f(x) = 16(-2x+10)

£'(x) =16(-2)=-32

St Flx) =0 = 16(-2x+10)=0 = -2x+10=0
: 2x =10 =) x =5

When x=5then /" (5)=-32=-ve So function is Max now sides are second side
= 6 and third side=10-5=5
5. Suppose length = x and width=y

Then perimeter =120 cm = 2x42y=120cm
— x+y=60c¢, 1
Area= A=xy 11
From| y=60-Xx Put in Il
A = X(60-x) = 60x = x*
i—'{’1=60-2x & d',‘l:-—Z
dn dx”

Putﬁ:ﬂﬂ 60-2x=0 =>2x=60 = x =30

ax
Area of rectangle is Max then dimensions are
Length =x=30cm
Wedth =y=60 —30=30cm
6. Suppose length = x & width =y

Then Area=xy=36 = y= ~3-§
X
: 36
And P = Perimeter=2x+2y = P=2x+2| —
x

p=2x+72x7 = ‘;—P =2472(-1)x?
Al

as =0+72(-1)-2)"> =3ﬁ

dx ¥

- 2
put dp =0 = 2+72 (—l)x"" =0=> 2-212'-:0

dx X

72

= —=2 = 72=2x > x" =36 = x=16

X
x =6 (—Ignore)

When x = 6 then Q=}4i=+ve

i (6

So perimeter is Min then sides are
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36 3
Length=x=6 & width=y = S =6
X' 6
7. Let length = x, width =x, Height = h
4
Then volume =x’h => 4=xh = h= -
X

And S=x*+4xh=x"+4x (ig} =x? +16x~"
X

dS 3 o dS
= =2x+16(- & — =2+16(-1)-2)x"
2x+ (l)x - 4 ( )( Ix )

32

e

dS 16 2x' 16
Put — =0 = 2.\'—'—2" =) => ‘-—.,-—':0
dx X 3
220 -16=20 = 2¢°=16 = ®=8 = ¥ =2 = x=2
d’s 32
When x = 2 then — = 2+ o=+ ve
dx 2
So S is Min so least material required

When Length =x=2

4
h = Height = —4; = =i= 1
x (2)‘ 4
8. Suppose length = x & Width =y

Then perimeter = 2x+2y =80 =5 x+y=40 => y=40-x
A=xy = A=x(40-x)=40x—x’

ﬂ=40~2.\: & g—..-'iz—'l Pmﬁzu
dx dx” dx

= 40-2x=0 = 2x=40 — x=20

]

When x = 20 then % =—2 =—ypg

So at x = 20 Area is Max then
Length = x = 20 & width =y = 40 - 20 = 20 meters

9. Suppose quantity = q & Depth=h
Theng= xh = h = - und
ps
Surface area=$=x’ + 4xh = x* + 4x (i,J
v

S=x’+4gx", %:2&(+4q(~])x'1

-2 e T S
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d;?‘ =2+4g(-1)}-2x" =2+ ﬁ;
dx” x

X
J—

Put - =0 = 2x—4—f=0 = 2"‘—,4—":0
dx X x5

3
- X
= 2°-49=0 = 2’=4q = x’=2q = q=? 1

% = (29)"* when x = (2q)*° then

dﬁ'?— =2 +4g 8_q___+ ve So

dx’ (29)
S in Min or least expense required
At x = {2(:;)”3 then

xl

SISl e ¥l x
Depth=h= = =3 Jrom I =5 ><*2 i
10. Suppose OA = x and O is center and AB =y then

Suppose OA = x & O is center & AB =y then
By pathgoras theorem y= 14—+

(OA)" +(AB)” = (0B)"

x4y = (8) =y =64
Then length of rectangle = AC = 2x T 0. A

Width of rectangle = V64 — x°
Area = 2x x v 64—x’ = (drea)’ =4x3(64—x2)

Take (Area)” = S then S = 4x* (64—x%)

N
fl_— =8.~c(64— x? )+4x2 (-2x)=512x-8x* -8x°
dx

Unit

7
= 512x- 16X , L, =512-64x"
v h-
piit % =0=> 512x-16x' =0 = 16x(32-x?)=0

16x=0 or 32-x'=0
x=0 or =32 = x=+32

x=2x2x2%x2x2 =2x22 =42
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d’s )
S =si2- 64(av2f
Whenx=4 V2 then  =512-64(16x2)=512—2048
==1536 <0=—ve

So Area is Max Dimensions are
Length = 2x = 2(4 \E)z 8v2 cm

Width =y = /64 —x? =Jg4—(4\/§)’ =/64-16x2
= Jﬁ=v2x2x2x2x—2=4ﬁcm

11. Suppose (x, y) is required pt

then distance =d = J(x.— 3)2 +(y—(- I))l given is (3, 1)
= d’= (x-3)" +{y+1)?
Curve isgiveny = x* —1=> y +1 = x’ use this value
d? = (x-3)” +(x?)? = ¥* — 6x+9+x"
Suppose d’ = | then
= x*+x*—6x+9

2 : 114 0 2 -6

£=4r‘+2x—6 & {=12x: +2
dx 3 4 4 6
putgi:(]:)4x3+2x—6=0 : ' 4 4 6 0
dx =

By synthetic division
= (x-1)(4x"+4x+6)=0

—2+./4-24
2(2)
. _—2%4-20

4

x~1=00rdx* +4x +6=0 X=

x=1or 2x*+2x+3=0

Complex roots ignore,

)

When , x = 1 then i‘gzlz(l)z +2=14==+ve
dx

So distance is closest now
Whenx =1, theny=x"-1= (1)’ -1=1-1=0
So (1, 0) is required pt on curve y = x* - 1and closest to (3, —1)

-2 e T S
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12. Find pt on the curve y = x*+ 1 closest to (18,1)
Suppose (x, y) is required point then

d = Jx-18 +(y-1F = a?=(x-18) +(y-1)’
take d = | then | = X~ 36x + 324 + () usely=x'+1 = y-1=x
l=x"+x*-36x+324

2
it =4x° +2x-36 & d—’ =12x%+2 I
fx dx”
Put ‘—”:0 = 4x34+2x—-36=0 or2x’ +x-18=0
2
2 +x—18=0 ‘
or (x-2) (2 +4x+9) =0 SRIORL RIS
x—2=00r2+4x+9=0 2 4 8 18
e orx_~4¢1/(4)1—4(2)(9)_~4¢J16-72 2 49 ©
2(2) 4
Mo - i

ignore due to Imaginary

X
4

d

2
f =12(2) +2=48 +2=50>0
dx”

putx=2inll

function is Min or point is closest at x = 2
y=x'+1=(2+1=5
So (2, 5) s required closest point
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: 'TEST YOUR SKILLS Marks 100
OBJECTIVE
0.No.1 Given below are a few possible answers to each statement of which one is correct,
identify the correct one. (20)
1. The difference quotient L) - 1(x) represents the
x! ==
(a) Instantaneous rate of change (b) Average rate of change
(c) Both (a) & (b) #dT" None of these
2. Lim L(x) - F(x) , provided the limit exists, it is called
X=X .\’; =N
(a) Instantaneous rate of change (b) Average rate of change
(c) Both (a) & (b) (d) None of these
3. Lim JieOx)= fitx) , brovided the limit exists, is called
dx—h dx
Derivative (b) Differential coefficient
(c) Both(a)&(b) (d) None of these
4. The process of finding f’is called
Differentiation . (b) Integration
(c) Both(a) & (b) (d) None of these
5. The Notation f°(x) is used for derivative by -
(a) Cauchy AB) Newton
(c) Leibniz (d) None of these
d]
6. The Notation é is used for derivative by
) Leibniz (B) Newton
(c) Lagrange (d) Cauchy
y 4 The Notation Df{x) is used for derivative by
(a) Leibniz (b) Newton
{c) Lagrange l/(d)/ Cauchy
8. fix)=x",n#1thenf'(x) =
(a) (b) nx"**
(€ nx"* (d) (n+1)"
9. Iffix)=c thenf'(x) =
(a) 3¢ (o) &
3
() < (d) 0

10. Iffix)= Gxi_b)" then f'(x) =

(a) nalax+ b)"*! (b) —nalax+b)
(¢) -nalox+b)""*Y {d) None of these

n—=1
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11. HWy= \l’_‘—.\{* thenh% +y=

(@) +/x

(c) O
. =1 dy
12. Hy=Sin"x,-1<x<1then —=
dx
(a) Cos'x
|
tc} e |
1+ x°
4}.
i - 1 an
13. Ify=Cot = then — =
—a
6) ——3
a’+x°
—1
@ =
a +Xx

14, Ify=e™then dy =
dx

(@)

|

(c) e*

15. y=Cosec h x then d_y =
dx

V{éf —Coth x Cosec hx
(c) Cothx Cosec hx

16. If y=Sech 'x, then 8
dx
1

. _]J=
U({r I\/l—_

17. a,+ax+ax’ +a,x’ +ax' +.....

(a) Binomial series
(c) Maclaurin series

www.igbalkalmati.blogspot.com: u_’/r_nj,u%?i i:'d.g\._;/x_v'/
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oY 2n/x
(d) None of these
(b) L
- x?
1
(d)  sin'x
]
b -
B a’ +x*
a
d G
() a* +x*
{b) ge™

(b) —Tan hxSechx
(d) CothxSinhx

=
(b) ——
xV1+ x*
-1
(d) —F——
xVl+x°
+a,x"+..... iscalled a
(b) Power series

v(ﬁ Tailor series

DIFFERENTIATION
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" 0 o D ] 0
18. Ax)=A0)+f'(Ox+ f—zg—!x’ + f_mU'; ++f—n(l—lx" + wer this expansion of flx) is called
(a) Binomial series (b) Power series
MacLaurin’s series (d) Tailor series
19.  Mif flx) = Cos x then by MacLaurin Series f{x) =
2 4 ] 2 4 &
Vfﬂ" |—L+L—i-l (b) I—L-t-i—-x—--i-........
2l 4! ! 2 4 6
¥ xtn oF
€) T+—4—+—+.... (d) None of these
21 41 6!
20.  For stationary point for a function f we have f'(x) =
w44 0 (b) +ve
(c) -ve (d) ®
ECTION |
SUBJECTIVE

Attempt any 25 (twenty five) short question from Question 2,3 and 4, at least 12 short questions
from question 2, 12 shert question from question 3 and 13 short question from question 4. All
question carry equal marks. (25x2=50)

Q.No. 2
i Define derivative of a function y = f(x)

ii. Find the derivative w.r.t. independent variablesy= —
(az = b)°
iii. Find the derivative w.r.t. independent variables y = —
(ax+b)"
iv. Find the derivative of y = x* + 5)(x* + 7) w.r.t. ‘.
" = l : > ,({]-’
V. Ify= \}x-——] find —,
P sl
=~ iy
vi I y=vx—— show 2xZ 4 y=2J¥
’ \/: dy
vii. If y :Lt]- find (—b'—
x =3 elx
vit, Find 2 ify = 2at, x = at*
dx
ix. Findi}:if.\‘=0+—]~,y=9+l
oy 0
cdy
X. Find — ifx* + y* =4
dy

-2 e T S
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Xi. Find == e |fy’ xy—x +4=0

Xii. y=\{x+\f; find —:?
©odx

Q.No. 3
i If y:CosJJ_r.+ VSinx find gz
X
ii. 51};-5? Ify=xCosy
dx
il o, (fx=ySiny
dx
iv. Differentiate Sin x w.r.t. Cot x
v. D =7 ify=Cos
dx
vi. ﬁz?ifyﬁ:ot‘—
dx a
vii. 2 =7 ify= Sin_" =
dx a x
Vi, - Poppp=at -,
dx
dy g
ix. . =71 jy=xe*
dx y I e
X. QE? If v—_-lul+—I
dx ; x Inx

Xi. %jis? lfy-—-an.;i-v‘lnx
xii. “:’ ? lfy-ln(r-i-Jt +1)

L dy _, ,
. —=?1If y=Co Sec
i T y s h(Secx)
dy
ii. —=7 If y=In(Tanhx
de y = In(Tan kix)
iii. !y =? If y=Tanh"'(Sinx) -<x<§-
iv, -"-f-')i.-——_‘? If y=5inh']._.

dx .
V. State MaclLaurin series.
vi. State Taylor's series,
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COLLEGE MATHEMATICS-II DIFFERENTIATION
vii. State what is the geometrical meaning of derivative.
viii. Define increasing function.
ix. Define decreasing function.
X. What is point of maximum and minimum?
el What are extreme values?
xii. Define point of inflexion or stationary point.
xiii, Determine the interval in which flx) = 4 — x* is increasing or decreasing in the
interval (-2, 2).
SECTION 1l
Attempt any 3 (three) questions. (3x10=30)
Q.No.5
(a) Find the derivative of the functions f(x)=x* by definition
dy
(b) Find —if x’—4xy—5y=0
v Y
Q.No.6
dy 1
(a) Find — of f(x)= by first principle
dx Jx+a
(b) Differentiate (1+x* ) "w.r.t. ¥
Q.No.7
dy (Vx+1)(x*"*=1)
a Find — ify= x#1
(a) iy 5 (x#1)
d ) } o X
(b) showthat L= L _pur X
dc x x ¥y

Q.No.8
I(a) Find & ify'=2xy’ +x’y +3x=0
dx

(b) Find %E ify = logy (ax* + bx + ¢)
I
Q.No.9

d'y _dy
(a) Ify=e"sinx, showthat —5 =2 — 42y =0
! ' de

(b) Show that y = x" has a minimum value at x =

LR
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d( 1 -g'(x
: [ Show that ——{ ): g( )2 . {vitn — 2009)
dx{ g(x)/) (g(x))
. dy :
2. Flndd— ify=Jx+2. (F'sd—2008)
X
dy o
3.  Find ; ify =x./Inx . (Mtn — 2009)
X
4, Differentiate \/x + J)_f w.t.r. tox. (G'w— 2097)
2
5. Differentiate —; 3 with respect to x. (Lihr—2009)
x —
6. Differentiate X + 2x* + x° with respect to x. {Lhr—2005)
v 2 Differentiate In (x2 + 2x) w.r.t x. (Fsd — 2009)
1
8. Differentiate ——== with respect to x. (Grw —2005)
Jaz _x2
9. Find ys, ify = (2x + 5)¥% (MirPur — 2005)
10. What is power series?
11. Differentiate sin x with respect to cox x. (Lhr - 2005)
12. What is increasing function?
13. What is stationary point? (Lhr—2005)
14, State Maclaurin’s series expansion? (Mtn —2008)
dy
15.  Find <L, ify2 +x% —4x+5 (Lahore - 2010)
dx .
_ B 473 ,
16. Differentiate Zsin Ty wrt x', {Lahore — 2010)
17. Differentiate cos/x +/sin x w.r.t 'x. (Lahore — 2010)
18. State Maclaurin Series Expansion. {Lahore — 2010)

19.  Find the derivative of the function f(x) = x2 by definition.
(Gujranwala — 2010)

\2
1
20. Differentiate [ﬁvﬁJ with respect to x'. (Gujranwala — 2010)
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INTERGRATION

y: o  DETiNnitions
1, Integration or Antiderivative:

Inverse process of differentiation is called integration.

2. df = f1x) dx , f1x) is called differential co-efficient.
3. Fundamental Theorem of Calculus:
b
If fis continuous on [a, b] and @'(x) = f (x) then ff(lr) dx=aq (b) — o (a)
o
4 Differential Equations:
An equation containing at least one derivation of a dependent variabie w r 1 an
independent variable, e.g. y % +2x=0
X
5 The erder of a differential equation is the order of the highest derivative in the
equation,
6 Initial Conditions:

The arbitrary constants involving in the solution of differential equation can be
determined by the given condition. Such conditions are called initial value
conditions.

‘Important Formulae

Derivative Integration
d
1 5 (€)=0 1. fodx=c
; da ?
2 gy ) =1 2. J1ldx=x
=1 R
1 — () = il — Mt =
3 dx(x) nx 3. Jx dx P
d 1 1
4 dx Inx) =~ 4. Jxdx=ln|x| +c
5 g o) =aX. I r'cr" Lud
5. n,x( )=c*. lno 5. ) dx—‘,na+c
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COLLEGE MATHEMATICS-II M40 INTERGRATION
d
6. ooleX)=e 6. JeXdx=eX+c
d - "
7 i (Sinx) = Cosx 7. fS:nx dx = Cosx
(< >
8. Ty ACosx) = Sinx 8. fCusx dx = Sinx
g = | <l =Seckx 9. JSec2dx=Tanx
d
10. s (Cotx) = —Cosec2x 10. f Cosec?x dx = —Cotx
d
g, dic (Secx) = Secx Tanx 11. fSecx Tanx dx = Secx
d .
12. % (Cosecx) = —Cosecx Colx 12. _fCosecx Cotx dx = ~Cosecx
d .
— —1. < —~ =1
13. dx(Tan x}-1+x2 13. i 1+x2dx Tan—*x
d - = y _—Cos nx
14. =3 (Sinn x) = Cosnx . n 14. ) Sinnx dx = =
NX) = ohX ; n el
— - X =
15, dx(e y=e™ . n 15. de dn X
X
16. 2 2uLvr= Tan‘la'
Integration By Parts: J aeTx
I= _[E-"I"'-‘ir 17. _[72] - dx=sin™ =
UV = Product of two functions i.e, va —x
fix) = U. dx T
18. ———=—§H —
gix)=V. I../xi B a d
It is easy to remenber if we say that. |
| = (1% fn) (Integral of 2 fn) - 19. I e =In(x+\a +x" )+c
j.l Integral of 2% fnyx(derivative of 1" fn)dx va —x°
mel
W g = 1 20.  f(r) S @) de=/®)
Log x, Inverse trigopnometric always 1° n+l
function. If the product does not £ (x)dv
. 21. LA o :
include any one of these two then I f(x) In| f (x)]
power of x i.e, x" always 1* fn.
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11.

12.

13

14

15,

141 INTERGRATION

Important Formulae

Derivation

i(nr") =a‘Ina
dx

d o vs ax
d.\'(c Y=g

f
© (Sinx) = Cosx
dx

d

—(Cosx)y= Sinx

I (Cosx)=Si

L (Tanx) = Sec’x

dx

d -

—(Cotx)=—Cosec” x
X

d -

—(Secx) = Seex Tanx
fx

fi ] 2 ]
— (Cosecx) =-Cosecx Comx
X

d
—(Tan'x)=
r.(\‘( an-x) 1+ x

2

i (Sinnx)=Cosnx.n
dx

ilem ) - G_'n n
¢x '

16.

www.igbalkalmati.blogspot.com: u_’/r_nj,d(ﬂi f_ag,;/,g'/

~ Integration’
j() dx=¢

_[I dx=x

]

x"+1
n+l

J'ld.x =In|:c|+c
o

Ix" dx = +0c

Ia" dx = £ C
na
Ie" dx=e"+ ¢
I.'i'im' dx = —Cosx
JC osx dx = Sinx
I.?ec'zdt' = Tanx
fCa sec’ xdx = —Colx

J Secx Tanx dx = Secx

_[( ‘osecx Cotxdy = -Cosec x

| 7
I —dx =Tan 'x
I+ x°

JS innx dx = M

n

Ie’“ dn=E

n

I-— ; ; —dx = i]"’mnr" &

a +x° a a
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Exercise 3.1

1. Ly=x'-1 x=3,0x=dx=3.02-3=0.02
y=(3)-1=9-1=8

Now

Then ')’f‘]F l\:+§r)2-.1 = 5)'=(.‘:,+ri.‘l‘1)z—l—),.
Sy=(3+002)-1-8 = dy=(3.02) ~9=9.1204-9

5y=0.1204 Again y=x"-1

Taking deferential

dy =2xdx=2 (2) (0.”2) = dy=0.1 2|

i. y=x'+2x |, x=2,0x=dx=18-2=-02
)-’+§y:(.\'+d,r):+2(.\'+(5.1‘) y=x"+2x
Sy =(x+6x) +2(x+8x)-y y=(2) +2(2)

Sy=(2-02)°+2(2.02)-8 =4+4=8
Sy=(1.8)+2(18)-8 =06y=324+3.6-8

= [6y=1.16] Again y=x"+2x

Taking differential
dy =(2x+2)dx

dy=(2(2)+2) (-0.2) =  dy=6(-02) = |dy=-12
i p=vx x =4, §x=dx =4.41-4=0.41 (Sargodha 2008)

_1'=JZ=2 Now y+§y=m

6'y=m—y=m—2=‘\/m—

dy=0.1 Again  y=+x = civ;x"'l"dx
1 0.41
dy=—rdx = 0.41 —‘—~— = |dy=10.1025
2Jx m/_ (041)=2.3
2.0 Xy =+x =4 (Sargodha 2011)
Taking differential

d(xy+x)=d(4) =  xdy+ydr+de=0
xdy+(y+1)dx=0 = xdy =—(y+1)dx
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—(v+1 =
C 4 = —(v——) Taking recipracal iii: ——
dx X dy y+1
i, x*+2y* =16 Taking differential 2xdx+2.2ydy =0 (Sargodha 2011)
2xdx +dydy =0 +by2 = xdy+2y dy=0
=X a‘y ax 2y

ret
1.

Take

& ===
2y ¥y dx dy x
x4 y? =xy* Taking differential

4x'd + 2ydy = x 23y + yidx

4x’dx+ 2ydy = 2xy dy+ yidx

2ydy—2xy dy =y dx—Yfdx

xdx==2ydy =

3= 31

(B - 23y = (' - 45t = [ L 2 3" =3
- dx d_g——br

2y( 1 -)8y H&ZQ}(; T 1=0)

Taking n:nprncal =
df_v i
xy—Inx=c Taking differential

xdv+ vl - l de=0 = xav +[_;- ! th =0
x X

.1':{1':-[)}——]-}3&' = .\,’Gf}f——[ l}‘_IJ.:ZI.‘
x

X

_rd_‘.l = [I_-_"l‘]dr = ﬂ l—--_:'.!i]

X

Taking reciprocal _

N7 Let F(x)=¥x=(x)"
Then f(x+d&x)Vx+6x and j'(.r):%x""

Also dy= f'(x)dx Novw Take
Using  f(x+48x)= f(x)+dy x=16 & dv=1
F(16+1)= £(16)+ f'(l&)a[r dx=0x

£(17)=(16)" +—— (1)

4(1 )’
- dalle F l I " a
= fl7)=2" +—{2?W = Ji7-2+m_2+u.mns

So 17 =2.03125
(31)‘3 Ler j‘(\:) = (.t)" then f (x4 5x) = (x+6x)" ana f(x)= -;;.t"“' alsa

dy = ["(x)dx
x=32 and de=31-32=~1 dr=d&x

-2 e T S
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USINg  (x68x)=f(x)+dv
fisa-1y=£(32)+ (32)(-1)

- v 1 |
30=(32)" 4 ——{=1) =" ——
i\ ) ( ) * 5(32)4:5( ) 5(2.)sxm
1 1
i3 =2————-2-—=2-0.0125
IE)=2- =t
= (31) =1.9875
iii. Cos29" ket f(x)=Cosx !henf(x+5x)=€as(x+5x) and f'(x)=-Sin also
dy= f'(x) dx
Take o 30t andidy =6x - 29" =—F =—Ix—-=—00175 -
180

Using  f(x10x)=f(x)+dy
7(30° 1) = r{30°)+ 1°(30")dx
(29 )=Cos30"+ (-5m30° ) (-0.0175)
Cos29" =0.866 +(0.5)(0.0175)
= () 866+ 0.00875 = 0.8747

iv Sin61’ Let f(x)= Sinx = 1(x)=Cosx
x4 0x)=Sin(x+6x)
dv - fi(x)dx

Take gk di-ox=6r-60=r= |xt‘;—o:u.m75

USING  rixsox)=7(x)dy
7617 41)= 1 (60*)+ (60" )(0.0175)
1 {01")=Sin60* + (Cos60° )(0.0175)
Sin61” = 0.866+(0.5)(0.0175)
Sin61" = 0.866+0.00875 = 0.87475
4. Suppose | islengthof edge
Volume=v=1
ddv=31%dl 1=5, di=502-5=002
=3(5) (0.02) =0.02
= 1.5(Cubicunir)
5. Area = A=nr'

-
Lhameter =44 = r-radius=—=132
4

A=art

il =x. 2edr

d - (3.1416)(2)(22)(0.02)
= 27.64 Sq Unit

www.igbalkalmati.blogspot.com:_] LSt f_'d,g;«'/{'/



www.iqbalkalmati.blogspot.com
www.iqbalkalmati.blogspot.com

www.igbalkalmati.blogspot.com

COLLEGE MATHEMATICS-II .m INTERGRATION

Example of 3.2

Example: [ S in f S g e d x (Sargodha 2008)
Ve T x Sinkx

:J' S:H?.L' de + J- Cos x e
Cos x Sinx Cos*xSinx

_ ;_ﬁ( L i v ff B2y,

T OXE® Sinx
Cosx

= J Sec x dx + -[ —dx
Sinx

Tanx +In |S:'n.r]+ ¢

Un Seen: -[l 1 ‘ 2-‘
3x-1 [,‘ 11‘

-[_.—[ -Id.r + J‘-E(.\'—l)_i dx
A

= % J'3-“3_1 de +2 I (x— l)_T dx

—
AN
3 —2+1
=lfn ]3.\'—]|~2—l— —Fi0
3 (x-1)

1. iJ'(le —2x+l)n‘x= 3Ix’d.t—2jxdx+f Ldx

X X
_3__—1 o tXtch= X’ +x+c

-

i I(\/\+ J.—

=- :rfA+J( )

-2 e T S
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32 " P2
¥ X .
= 3 + I_ +
e 2
7 2
= =—x"'? 4 24/x + ¢
3 .
iii. J\( X+ ‘.l) dx= x(x‘” s l) dx (Sargodha 2009)
= J (.\‘"I" +I+x)dx=J. e+ Ix dx
- 3 ! I+ X 32 x 2
= = + ¢ = * +
B I+ 1 3 2
2 2
2 s x?
= —— Y ¥ R : s c
5 2

_%(2\T3Y“+L=Jj2xz1) ‘s
2 2
= F v
:J:;.'?'(E.H_!)”-i-c:%(2x+3)”+c
. :
v I (\{\t-f-l) dx=I (.x+2\/;+l)dr
: 2 1241
= |'.ub:+2j x"zdx+f lds =—+2. +x+c
LS 2 1
—+1
2
=4 372 2
B +.1'+c=x—+2.3xm+x+c
2 3 2 3
2
I SAOGE W T e
2 3

[ .\‘d.'H-I %dx—lj Yelx X; +In\x\—2x+(:

www.igbalkalmati.blogspot.com: u_’/r_nj,d(;?i f_ag,;/,g'/



www.iqbalkalmati.blogspot.com
www.iqbalkalmati.blogspot.com

www.igbalkalmati.blogspot.com gt T G Yo N
[ 57
| =17- 4
@L'—EGE MATHEMATICS—I1) 147 b S
3x L2 /1 -
vi, [ 227 —dr [ (35" +2x""*)dx (sargodha 2010)
12+ t-t':vl
=3 I '%h+ZIA dx=3 : +2'1 +¢
bl =]
2 2
3x’ o ; 5
= e T iczi-.lx”‘+2.2x"'+c
3 15 3
2 2

= 2x* L 4x"?* 4 ¢

viil. I\ (J "'1) IJ’"‘(y—i—l) Iym 4y

. ) W24t =124 P
= [ "2 dy + _[_f-'“’ dy = et }l +c
—+1 —+1
2 2
372 12
_ y 3.2 1/2
= + L = L=
E 1 c ¥ +2J’ e
2 2

ix. j(ﬁi/__idh | (9—':’;}?—“) do
J L(f;; z(g))) (a])“’]‘J 8 2% e
J’ 0" 46 -2 j 1d0 + jo-"?d(’)

1241 — 124
=j£"l ~20 +01
—+1 =2

2

It

+.C

/2 9
+¢ =§ 0" =20+20" +c
2

. I(’"‘/_)z o I(l zJJ;Hde . I |
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| 2ﬁ x J ~112
= o ==z |ds= dx =2 ldx+ | x"“dx
124 1241 > 2 32
z e e e 2x'? 2J:+—Ex‘ +e
-1 | 1 3 3
—+1 —+1 - =
2 2 2 2
Ix x X x
i, I{%J dx = I(E_i_+¢_’-J dx (Sargod.haZUOB)
e € €
e & &
J-{e‘ +?]drzj.edx+_[ldt—e + x + c
2.0, _[___‘_‘F_
\J't'+a+v‘ +b
s.1'1+a J:‘t+b d.r.
\J'Hul\/rlb J\*+a Jx+b
_ (Vx+a—vx+ J.J— E7h
J\/::’;) (J;:‘ x+a (.r+b) :
Jx+a- J;“ T L e
:-Ir X+a—%—b (a h)! [Jx-i-a— -x+b)ti\‘
12
_(a—b)U- (x+a) dx—_[ (x+8) dx]
- iy [:(+d::)'”'I (.t | b)“m
(“'_b) -;—1.] _I_
- I (x+ u) (t+b)m
RG]
: -
“(a- a)[ o }*‘
9
_j)(a—_bj[(rafa] J+c‘
X 1 - x°
L T e
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. ,}‘_
-3.[ i+lx: dx—I ldx =2 Tan 'x—x+c J’- 1 :T&n
[+ 2¢
i, iy 1 \}.1+a \/— o
J.\+a+\ J\'HH\F \{‘H'"".[_
~ S+ oz J‘v‘r+u—~[- Yo
(‘../Jc-f~a)2 (J;) G =
1 12 172 :
=— X+ Ix — " dh
a[-l- (x+a)  dx _[ (x) t:l
_tEra)® ol el |
—a—!” 1.+1_ H.—;-i——}- +i
2 2 2 2
W a2 aem | (029" (e
A (a=2x)""" 1 (a-2x)"
2-——3_’” e 2 +c
2 2
—'é.—‘;’- a—2x')‘r?+c =-_—;(a—l2.r)m+c .
J ) oas
1+¢) I1+36" + 3" +€* K, 3L
- f( de= g 4 ¢ v
il [ = ]dr 93

Note [u+b)"=a“+3a:b+3abs+b‘

s I (.I_.+ £+3e1‘ +..‘:. :dx
er ' e &

=I (e'+3+3e'+ez‘) dx v
=J e fdx 3 J lddx+3 I 2" dx + J- el dx
- 2y

"I

+3x+3e" + + ¢

= \ |
= —¢ ‘+3x+32‘+;e1"+{.‘

i

vi. ljg,, (a+b)x dr:-l—j Sin‘[nq-b']-x(aq-b]dr

[a+b)
.o s e .  —Cos(a+b)x
_(ﬁlb)[ Camg b)x]+c— a+b
vii. [ Ji-Cas2e e Note  I-Cas2x=2Si'x
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COLLEGE MATHEMATICS-II INTERGRATION

= I V2Sintx dx = I Jl?_.‘_\':n:d.x = /2 I Sinxdx
JE—(—('nxr)+ c=-~2Cosx +¢

viil. J'”l-\"‘ifhf_[(l ) 1, (hn)

ix, j Sin’ usz = C"““‘ =EU | szxdt](smodha 2010)

== mex 1 Sin2x
= 2[, +c - + e

2 2 4
1¢ 1 , X :
X. I = == J:— 14+ Cosx =208 — (sgd 2009)
1+Cosx mf 2 Ctb‘zﬁ 2
2
X
. Tan— x %
=— | Sec’ —dx=— 24'8:‘!‘0!1‘—+C | — Cosx = 28in’ —
2 2 2
_ I at‘+b 2ax+2b
m' ax +2£u+x :n"+2bx+c
= —fn[ax' +2bx+f|+ &t
2
xi. — [Cos3x Sin2xdx = % [ 2Cos3x Sin2x dx
Use 2Cosa Sinf = Siﬁ (a + B) —Sin (a—B)
= }’—j (S."n (3x + 2x)— Sin (3x - 2x))dx
= ;— J' (Sin5x— Sinx)dx = -;~[.j SinSxdx ~ I Sinx d.r]
= L[iﬂisi— (—Cosx)]+ ¢ = l_li—_CLSx-+ Cusx] e
2 5 2 5
Cos2x—1 1+-28in*x -1 —2-Sin
——dx = dx = ———dr Sed 2011
e I1+ Cos’x I 2Cos’*x I%Cas (S8 )

= —ITan’xdx = -—I (Secz.r—l)dx
=~ [Sec’xdx+ [ 1dx = ~Tanx + x + ¢
Xiv. J"l‘an’xdx:_l- (Sec‘x—l)dx:j Sec‘xdx—j ldx
=Tanx—x+c
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COLLEGE MATHEMATICS—I 151 INTERGRATION

Example: 3.3

ICOI\/_ dx

Put ﬁ = = %x‘”zdx =du or J—l;—d\' = 2du
j-(‘m\/—r!r-j Cotu (Zdu)
VX
= 2_[ Cotudu = ?.j C?m du
Sinu
=2n |Sinu‘ +3
=2In lSin \KI +c

Example:
[ Secx dx (sargodha 2008,11)
Multiply and divide by (Secx + Tanx) -
_ I_.Sec x (Secx +Tanx)

dx
(Secx + Tanx)

I(Sec“x+ Seex Tant) %
L. x
Secx + Tanx .
Seex+Tanx =7
(Sez‘x?}mx + Sec"x) dy = dZ

= d—z—!n[ z|+¢
z

Put

=In|Secx+ Tanx|+c
Example:
I Cosecx dx (Sargodha 2007)

Multiply and divide by (COsecx — Cotx)
- J-C.'osecx (Cosecx —Corx)

Cosecx + Cotx
jCo.rreclx + Cotx Cosecx i
= |= X

Coseecx —Cotx
Cosecx—Colx = z

Put . 5
(—(_ osecx Cotx+ C osec‘x) dx = d=
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COLLEGE MATHEMATICS-II 152 INTERGRATION
|
= JL = !nI:] ¢
= !'n‘(.’usec.r —{ 'o!x| +
Example:
I-Jl + Sinx dx (Sargodha 2007)
= jy’l + Sinx % ’l—.\u.ru' dx
1- ?mx
vl S‘m j Lo.s‘_\
1— Siix \{l E Sm\
= J—uLdt Pul Sinx=1 : Cosxdx=dt
J1—Sinx
dt
- - -
1241 2
1—t -1 -
=—( ) -+:‘=( ) +e==2J1- Linx+e
-1 -1
+1 —
2 %
Exercise 3.3
-2, :
1. I——r - (Sargodha 2011,12)
4—x°
Put 4d4-x"=1 = ~2xdx = di
1 #2411
- iﬂi:f (;) 'd;:_l b
i — +1
e - K
== te=2Vt +c=204—x" +¢
2

5 J- d‘f o :J- dx |
\/.t‘:+-l.\'+13 \/.t!+4.\:+4+9

r

= 1 I
Noie I - —dx+—Tan ¢
a +x° a
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COLLEGE MATHEMATICS-II 153 - INTERGRATION

1
=§Tan'I Jl'-'-2+c
==
3. —dx (Sargodha 2010
Va+ 2t )

- x" 4
-4
1

= 1 dx - 4 d

I j £ %4 (@) : 32 4 G Jre

/A
= x - T Ey
2 2
= ¥ =2Tant 2 5 ¢
2
I
X 5.1
4, ——dx= |—.,—dx
_I.t In I I = (Sargodha 2007,10)
1

Put Inx=1r = —dx=dl
x

= I}dt=!n]{]+c

= In l!n x|+ c
A

e
5. dx
I & +3 (Sa_rgudha 2008)

Put e +3=1 = ede=di
dl
= I —=lIn|t]+c
t

=1nle‘+3l+c
- [ x+b de
(e +2bxc)”
x'&'+' by 2
2x+2h

1
2 (-x3 +2bx + c)hrz

dx

:%I(xz +2bx 4 c).uz (2x+2b) dx
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COLLEGE MATHEMATICS—I 154 INTERGRATION

¥ (xl +2bx ‘i-c)b”gﬂ
2 —1+l
2

(xz +2bx+ c)i:z

+
sy
% .

=\x2bx+c+cC

J-Sec X &
JTanx

+cC

e

|+

= (Tanx) +C= (Tanx}_ +¢=2¢Tanx +¢

3 .
. 8. a. |——— Put x=a Secl dx=aSecOTanld 6
‘[s.}.'c= —a

¥ Ia.‘i‘ecﬁ TanBd6 J- aSecO Tan0d6
3 \/OZSPCZ()—I.?? g \/a! (Seczﬁ—l)
_ aSeclTan@df  caSecl+ant
- Ja*Tan®d =m0

= I SecBdl = !n‘Seczﬂ + Tan9| +c

= In |Secl + Sec’d - Because: Tan0 =+/Sec’0—1
3
] x
=In|Z+ | Z—1|+c
a u
) S Lot i
a e |

+c Note -In a+c=c

= In (.r + \/xz = * )— Ina + ¢

=fn(x+ x“’—al)+c,
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COLLEGE MATHEMATICS-II 155 INTERGRATION
b. IwJ a’*—x*dx Put x=a Sinf = dx=aCosOd0 (Sargodha 2010)

= _[ a’—a’ Sin"0 Cos0db = . {a’ (1 - Sinla) aCos0d0

= _[ va'Cos’0. a Cosfd = _faCasG. aCos8do

= j a*Cos’0d0 = a* J-[H_C;ﬁj do

“?[ [ 1a6+ | Loszeda]
a

M. Sin20 a’ 28inf Cos@
4 > + &+ ‘—'_2_—— +C

ol
2 3
=52- a+S:noJ1—Sin‘9]+c

2 [ 2
a aX_ X |a’=x
=—| SinT —4+— +c
2 a a a
F
] n @ X Mgt =x2
=—1|Sin" —+4= +e
2 a a a

2 (e
¢} . aX xXvya =x
=—Sin"=4——— 45
2 a 2

9, —L— Put x=Tan8 dx = Sec’6 do

(1)

= Sec’6dd I Sec0d0 _ JSec“"Bd{)

l+?ar110m (e 39)“ Sec®0
j’ do = j CosBd0 =Sinf+c¢ 1
Sect
Note Sinf=? : X
Tant :5;:-
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By Pythageies

So Sing = - & -
i+ x?
hyp =N1+x?

<
= e

Jl-l-x

1 e ) st
= I(! 3 x‘) Tan™ " e f'.lTan“'x .(] + x‘) e

Put tan”'x =1 = —L _dc=di

{'l +x1}

= .I-:—d! -—-[nlfi+c = fn|'!'an_'x|+fr

i+x T+x 1T‘-
11. =
1- t 1~ x
Put  x=Sinf dx = Cos 9d9
( ) 1+ x
= dx
I J1-2 J‘Jlﬁ
| +Sind .1
J.(.g.m)c 0d0 = ’-+SmO(. s0do’
Q;n 0 \1(‘05
f' +Sinf ) :
_ J__"'__‘f: df = |1do+ | Sinodd
1+ 87 9 |
I( Ll j}dmj Sinfde |
wa) '
=0~ C,O.so-r-'r—rl{:\l/_ 1”19"!'('
=Sinx =1 -x'+¢
SinG "
12. ———=0& i im
'[ 1+Cos*6 4l w4
Put CosO =1 Sr’nt?dﬂ dt
. I--—Sm()do j' = —Tan ™t % e
1+ Cas 0 1+

==Tan™ (Cosh)+ ¢
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J- ax
L3 :
Ja®-x*
Put X -aSinG 2xdx = aCosOdo
J- I 2xdx J- aCosBd8
2 g*

x -x a‘Sin‘O
a Cosldo J- CasBd@ Jc{:m@d{)

,{ l szﬂ Ja’Cos*0

5
= Iuig -—6'+C=—-5”’! —
2 2 2 a
dx dx dx
14, —_—_— = v
I JT-6x-x* '[ J7-6x—-x94+9 '[ J7+9-—(x2-+6x+9)
+3
=I dx ,:'J. dx 2=an—s(x4 )+C
J16-—(x+3)" (4)2—(x+3)
Cosx 1 Cosx
15. —————giX =} ———— X ha 2010
'I Sinx In Sinx InSinx Sinx (Sergughe )
Put In Sinx=1 = —x Cosx dx=di
Sinx
or Cos dx=dt
Sinx
= [%d: :!n|f[ o
= In|in Sinx| + ¢
16. [ Cosx A I (In .S'm.r) :
’ Sinx “f’
Put in Sinx=1 = o dx = di
Sinx
o8 il (la Sinx)’
=l ==+ C=—T""—+FC
( vedv L' p 2x dx 1 2x+2-2
17 | 5= [ == o[ Z2TE7C v (sargodha 2011
) ¥ i2x+d 20 ¥ +2x+4 27 X +2x+4d (e =

=] J Sl —-::.t—_{,—-“— +e
2|7 x*+2x+4 x*+2x+4
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COLLEGE MATHEMATICS-II 158 INTERGRATION
2[:!3'1 |.1' +2.\'+4l 2Imdfi|+c
=—-In|x1+2x+4l—-—-x-2-_[ 2] sdi+c
2 2 (x+1)'+(43)
=lln|x2+2x+4]—-—1-x-2-j 21 sdx+c
2 (x+1) (J_)
=—In|:c +2x+4|——T 'l%tl—
X xdx
18. —_—  dlx =
I x‘+2x’+5dx I.\:‘+2x’+1+4
%' & '+'by2
=_J Zxabr (%' and'+" by 2)
+1 +(2)
Put x° +1-2Tan9 2xdx =2 Sec’0do
_1 f 28ec*0d0
(27ang)’ +(2)°
2
—_"]‘-%J' Sec’l?dg
2 4Tan 0+ 4
_ J- Sec’0do _ ISeclﬂdt?
4 (l + Tan’@) 4, Sec’f
1 1
=‘4-I 1 d0=19+c
2
'- =1Tan"(x +I}+c
o 4 2
o Sl \ 'S 1
3 ( :2/ ICos[J;—?J[—E—I]dx (Sargodha 2009)
Put \[;—%=t
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20.

21.

Put

1 l‘
—| —=-1|dx=dl
2[5 ]
4

Jx
= I Cost (2dr)=2 I Cost di
= 28int + ¢

=2.S‘irr(\f_—E]+c
I x+2

]&:20’:

Ix+2+l -1

Vx+3

= [ e b
kel e
= [ (x+3)"dx— [ (x+3)"ax
( +3)N2+I ( 3) IJFIﬁ
1 =

=7 =
2+ 5 +1
(x+3)34’2 (x+3)lf2
= — =+
3 i
2 2

=E(x+3)m —2Jx+3+¢

I Smx e Cosx (Safgodha #009)

- V2

Jz [%Smu:osx.%}

dx

!
B
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=J’ “ p
Sinx Sinx J—: + Cosx Cosxi—

=.j_——1 < de= [ Sec x—-% dx
Cas[x——) [ ]

4

Sec[:c~£]+?"an(x—£]
4 4

:’n +C

Put

Cos % Sinx + Sin% Cosx

dx dx

Il
ey

Sinx Cos£+Casx SiwE Sin .1c+E
3 3 3
= _[Casec[x+%] dx

Cosec[x+£)—(,‘af(x+£]
3 3
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" INTERGRATION

Examy. -« of 3.4
Egin If’ inx dx
Inx) x* dx
] 6
AT L
¢ x 6
L5
1
]L ——I x* dx
6 6
S
{ A - e 1)
& 6 6
x*
P ——+C
36
Examp!: _ J'\J9 +25x%° dx
fo— = = Y
;”_"}2 +{5.r.)£ dx
1942557 +§b:(5x+d9+25x3)+c
"i.ﬁ'mula )
Ly g & = J 45: +92—!n(r+\/a +x° )+
m _ ssExercise 3.4
1. y Sinxdx—x( Cosx) Jll C‘ast)dr (Sargodha 2010,11)
Cosx + _[Cosxdx=—xCasx+ Sinx +¢
|
ii. dx'h . d-t‘—'l X= |l—.xd
{la‘.\’l nx.x _f_x_ ¥ dx (Sargodha 2009)
= xinx < i_hﬁ:.xfnx=x+c
i, [ tnxdw = me pav=pees (X o
2 x*x 2
2 _3
= —frw--;--l xdr=5~1nx—l.L+é
_ -3 2 .33
T '. 'I.x: st - S A v i ....__-‘-'-..._ PR
= __i. ﬂ-%— v
x? 1 x°?
iv, [ x Inxdx = I!nt .x Ydx = Inx, — - [~ —dx
3 * 3
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COLLEGE MATHEMATICS-| 162 INTERGRATION
X ¢, x’ P
=—lmx—— |x dx=—Inx —.—+
3 iy [P =l g e
xl 3
=—Inx——+c¢c
3 9
I Y Inxdx = Ilnx x dx = Inx. i— i3 idl dh
V. x~ in = : = p = (Sargodha 2008)
4 4 4
=x—!nx——l—fx3dt=x—lnx—-1—.-x—-+c
4 4 4 44
x-i 4
=—inx—=—4%c
4 16
vi. I Inxdx = _"Inx x dx = Inx —_—- I— —d
b 5
=x—1nx~ljx‘aﬁc =—~Im:——.x—+c
5 5 5 5 5
‘,5 ]
=—InK——4+c
S
vil. _[Tﬂ" ‘xdx = J-Ta"l X . ’lfdx (Sargodha 2011)
—-xTan_'l 2x _dv=xTan'x— In|1+x |+c
1+x°

wi [ Sinds = 5 (-Cosx)= | 2x(-Cosr) ds
=—x'Cosx+2 .}'.Cf?s xdx
= —x*Cosx+2 [x Sinx - i .Sinxa!x]
= —x2Cosx + 2x Sinx — ZI Sinxdx

= —x’Cosx +2xSinx +2Cosx +¢

x3

1+ 3

ix. jx’Tan xdx = ITan x.x 2 xdx =Tan® x—— j

_ x'Tan'x x’
3 I+x

!
3
3 -1
_xTan x_l(x_ x:]“ﬁ'
3 3 1+ x

[
J
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COLLEGE MATHEMATICSII TR
iM_l[ frds = }
3 ]+.1:
3
o5 B x———ln]l+x“ +c
3 312 2
e =
o 2l x-—l(x’—.’n|1+x2‘)+c
3 6
X. IxTa.-:"’.tst ITan x.dx=Tan LT_I T
+.r
XTan'x 1 X
< - dx
2 Il-u-x’
1
¥ +1dx
-x' 4]
|
'Tan™'x 3 J\(l_ | =
2 2 1+x?
x?“ai’_x__l' J- ld\'-( 1 by
2 2 14472
" -1
=X L x—l(x—l'an"x)+c
2
Xi. Ix Tan 'x dx = I?’an xx de=Tun x«——IH J:—
x*
XTan'x
4 x? -+-l
.tz-i-l\(x_‘
—-x*+?

_.xz

Fx ¥l
+ 1

4 ~I
:x—T'in_x__l x:_.]+ ! de
s 4 I+x°

=£T;:";{__[J‘ ¥y j'uwj'ﬂ er

*Tan'x 1% .
S ——x+Tan x |+
4 43
xii. I.t’ Cos dx = x* Siux—_[ 3x* Sinxdx
1 I

2o, P
www.igbalkalmati.blogspot.com: u_’/;u':u’-@ii..d;g &7
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x
dx (Sargodha 2009)

(Sgd 2008)
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= x'Sinx -3 f:.;’ Sin dx = x’ Sinx B[x’ (~Cosx)— I 2x(—Cosx) dx]
= x'Sine +3x*Cosx - 6 x Cosx dx

= x'Sinx +3x'Cosx — 6[:,‘;mx — I_I Sinxdz)

= x' Sinx + 3x*Cosx — 6x Sinx+ GI Sinxdy

= ¥’Siny +3x*Cosx — 6x Sinx —6Cosx + ¢

[sin™ xdx = jSin;'x. 1dx (Sargodha 2010)

Xiii.
2, 1 el x
= Simx II..\"— I -‘J]—_—'—? xSinx II—I-J'-T-:—-X—:dI

=12

-~ x.‘i‘im"x—;lj- j (I ~x’) 2xdx

=112+l 142
T+27 o 1-%2
= xSinc'x —i(——)—'+ o= 'J‘rS!m-”*r—i(—-)—q.(
: 2 1
-] ==
2 2
=xSimx'x-J1-x" +¢
2 3
: = = -1 Lot Xiop A X
Xiv. jxsm xdx = IS’"; x..:dx- Sin " x 2 I r“_—l—x‘ 3

“Sin'x 1 x x*Sin''x
3 Sz EI‘/I—.T"&: 2 i
%% -1
VR S

\jl—x2

b

| -x

A Lk
2 IJ] -2
O8im'x 14 1-47 1

"2 Jl_—x’ﬁ\fl—x’
d 1
_""L7=I—-xz drjjl

x2Sin'x 1
2 2

]‘k

28n'x 1 [
2 2

o S
_X Sin x+lle—x’dt—lS:'n"x+c
2 2 2
P _2
SASin x+l JLS:‘H"x+—x =¥ —lSin"x+c
2 2( 2 2 2
2g;, - ot
el Jr+l..‘ﬁfil'1 PPe.. =¥ —lSin 'x+¢
4 2
e it
L x+len"x——l-an"x+x e fe
B 2 4 2 -4
x*Sin'x [l l] o oxl=x
| ——— |Sin"'x+ +
2 4 2 4
2t S
_X Sin x__l_S,_n_,x+x l-x e
2 4
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xv.

Xvi.

xvii.

I'= [ e Sinx Cintede S5 e a8ink. Compdn e m ot L e LT
- %f ex Sink de= ; [Sin2:* x. ¢t dv :é[.'i‘iﬂi!xz’-— [ 2cos2xe | (1)

I T -
= S:m.x-——x 2| e Cos2x dx
ERA

u--

‘_1!;' Sin2i - r'"mz.u —J- (-28in2x) e .:n]

! =%e Sin2x—¢* Cas..x—zj & Sin2xdx (2)
Form (1)1 -% &'Sin2xy = 21 =I e*Sin2xdx putin (2)
J= %e"Sian —e"Cos2x—2(21)

{= %e‘Sjan—e'Cost~4!

I3l = ;e'Smll. ="' Cox2x

F e i s L) L r *

51 = -ie Sin2y—e¢'Cos2x =¢' l 5 SinZx—Cox2x

1 .1 A
=—¢ L—.S‘:'n_‘lx —('o.s_?xJ+c
5 2

+

le‘LlSmZx I-2‘5m r)j+¢
5 2
le’(;Smh—H.‘ZSm x]+c
4 &' .S'mZ.HZSmx I)+c
5 2

j' Sinx Cosx dx=%f X 28inx Cosx dx

b . _1| [=Cos2x\ —Cas2x
_SI.}'Su;Zxdx-z[.t( 5 J j l.[ 5 ]aﬁt}

v —-.t'C'o.\'Z.t_!_iJ Cos2ids —xCos2x " 1 Sm2x+
4 4 4 4 4
—xCus2x  Sin2x
= ———————t — j g
¥ 4 B
¥(1+Cos*)
I Cosx® xdx = _[ (A

| | L J
= EJ' (.r +xCus 2 jox _EI xils -.-EI :rrLa:s;Exdt
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COLLEGE MATH TICS-| 166

l[x xSin2x J- l.SJan dx)
2 2 2
xSin2x
4
xSian 1 [—CoﬂxJ
- te
4 2

[ +x Sin2x + o;2xJ +¢

xviil. Ixan xdx = Jl [@] dx

I

[
|u“,,_|b<”ml--
+.

0|5,
+
|

—% | sin2x

4

a.|-— 3

.1t'+1ctC'az:'.s'z.u.')a!'ar:lII'm‘:c—l xCos2x dx
2 24 0w

1
==

1 x__l(xsmz:_I 1 Sin2x dx]
2'2 21 2 ’

= xSm2t+ ISI Dxds

w..»m

xSin2x l [—Cos?..t]

- +c
4 a4l 2

x* _ xSin2x 1 Cos2x

4 4 4 2

l[x —x Sin2x-— mzx}w

4 2

xix. I (lm:)' dx = I(Mx)’ Jdx

= ()’ x- | YUy~ ¢ d
.. 1

= x(Inx)' =2 fl Inx dx
LB}

= x(Inx)’ —ZI:J-!m:.x - I_—l-# dr]
=x(Inx)’ ~2x Inx+2 [ 1dx
= x(Inx)’ —2x Inx + 2x + ¢

XX, I In (Tanx) Sec’x dx

Put Tanx =1 Sec* xdx + di
= [ in(t)de= [1.int dt= [int.) d

'
=lnt.t - jl.+dr=:lm—j 1 dt
f

=t Int -t + ¢ = Tanx In(Tanx) - Tanx + ¢
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c MATICS - | 167 | INTERGRATION
" Sin™
XXi. X% dx
I J1-2x
Put Sin'x=t = dx=dt
- x*
Or x=8int

= J' Sint.1 dt - _[:.Sfu dt
f | i
= I an.ldr—j:.S:;wdl

=t(~Cost)- [ 1(~Cost) at
=—1Cost + Sint + ¢
==Sinx\1-x +x4¢
Where =-Sint=x
=Cos’t =1-Sin’t
=Cos’t =1-x*
=Cos’t = \/l_—-?
2. i I Tan'xdx = I Tan*x. Tan’ x
= Tan'x(Sec’s ~1)de= _[ (Tan'x Sec’x—Tan’x) dx
= [ Tan'x Sec*xdx - [ (Sec’x~1) ax
= J' ( Tan)’ Sec® dx ~ J' Sec’ xdx + J' 1dx

_Tan'x

~Tanx+x+c¢
I Sec'x dy = J Sec’ x Sec’ xdy
= I (I + ?'an’x) Sec'x dx = (Sec’x +Tan’x Sec’x ) dx
= I Sec*xdx +( i’]:;.-:.x)1 Sec’x dx
:—?bri.\'+&’i£+¢:
3
iii. [ e* Sin2x Cosx dx = % [ e 28im2.x Cosxax
= %_[ e[ Sin(2x+x)+ Sin(2x + x) | dx
-.-%j' ¢ (Sin3x + Sinx) dx
1

=5“ & S:;J::x dy+ j & Sm:c dx] m

1, [ e".Sin 3xdx = Sin3xe" — [ 3Cas3x & ax
' '

ol i, o
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= o Sinbx -3 o Sin 3adk = Sindxe* ~3[ Cosxe” - [ (~3Sin3xe’ x|
i !
Use 2 SinaCos f = Sin{a + B)+ Sin{a - B)
I, = ¢ Sindx Cox3x =9 | " Sindxdx
= &' Sindy - 3¢*Cos3x -9,
1,491 = ¢* (Sin3x —3Cos3x)
101, = e* (Sin3x—3Cos3x)
Now /= [ ¢Sincdy=Sin xe' - [Cosx.e* d
= Sinxe* —[ Cosx ¢ — I (—anx)e‘_dx]
I, = &' Sinx~e'Cosx~ | e"Sinxax
1, = &* (Sinx — Cosx)— 1,
21, =e" (Sinx—Cosx)
I, =%(S£nx—Casx]
Put {, and 1, in (1) we get so

I ' Sin2xCosxdx *—-% [% (Sin3x - 3Cos3x) +e—;(S!n3x —Cosx )}
= %[%Sifﬂx --:—CosSx+ Sim:~Cosx]+c
iv. I Tan’ x Secxdx = I Tan'x . Tanx Secxdx
= | (Sec'x—1) Seex Tany ds
= [ Sec’x (SecxTuns) ds - [ Secs Tans dr

iy
= SL_‘_' — —Secx ¢
5 “deh\-.eﬁr .3 zg'.‘rd
V. !"T"u =% S_J .t—-s—r
_x c--_ _,' II:‘,:'L“]
5 sLA T w
_1_ ol = ; |
sxte ol [ 2k
= 5
=y sx-_ SXE -.-—9*- vedy
25 25 |
o 3 6 xe
= 2 _2X'e e xe _Jlde\
25 25 S 5
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=xXe
25 25
‘(} L L 3x:£h 6x£ _ S| P
25 25
T ; 3 3x, bx 6 )
=g X i —— ¥id
L 25 125 625 J

at. f*.fg:-%l;u Srdkae [—C‘oﬂx] J-( s [ Cosxlx)dx

:ig“_rzihij ‘;*c:?_a Ok

2
_e Cm‘2{_ _!:‘_‘. Sin2x I et Sin2x &
2 21", T 2 2
_—e¢Cos2x ¢ Sinlx_i e Sindxds
2 4 4
_—e¢ (C,mszian)_lI
2 52 ) 4
peli_= (Custsmsz
i 1‘; ?
Y s,
1[1+1J= . (@;2 S"”'Z‘J
4 2
;[f_] o€ _((,wh&n2:)
B 2\
1= T o S""*]
2 24
I'= "ze-'[ca 2 )
2 2
vii. 1= [e*Cos3xad . . (Sargodha2011)
1 f;ﬂ".!l‘ B g SURIE
= e ——= | ¢, —— dx
3' \ 3
< S BIRE -—Ej & 5in Sadh
3 3 I u )
_f’:cSinGx_ 2fa h-::u.r'Bx _ ',,e,,[—Cmﬁx .
3 3[3 4'[ al J _.[ A 3 }dx
=2 'S;’P—X—-r—z- Jt'(‘.*:J.:B.r——-‘[ ' Cos3x d
/ ri—[ n3x + 2—("031\'1-5}
3\ 3

#

ol i, o
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COLLEGE MATHEMATICS-II 170 INTERGRATION
1 [I +i] = £ [S:‘n3x +}—Ca.t-3x]
9 3 3

1
1[5 ="—(an3x -+36w3x)
9) 3 3

3} 2x
= 9— %= [S:’n]x +3Cos3x)
3 3 3

{

1= ix e {Sin3x+zCos{!x]+c
13 3

viil. I= I Cosec’ xdx = ICosechasec' xdx
A 1

= Cosecx (~Cotx) - _[ (—Cosecx Corx)(~Corx) dx
= —Cosecx Cotx— j Cosecx Cot’x dx
= —Cosecx Cotx— I Cosecx (Cosec’x— 1) dx
I = —Cosecx Cotx — _[ Cosec’ xdx + _[ Cosecxdx
I =-Cosecx Cotx— [ + ln]Cosecx - Col.xi $¢
1+ =—Cosecx Cotx +In|Cosecx — Cotx|+ ¢
21 =—Caosecx Cotx +In|Coseex — Cotx| + ¢
_ —Coseex Cotx

|=—— 1a‘J".'|Co.:sf:¢:.\:~C‘(:u'.vc| e
2 2

1

.= Ie‘“ Sinbx dx— ™ (=Cosbx) L jae‘“ (~Cosbx) &
o b >

3, j' e Sinbx dx =

&“ Sin [b.\:—- Tan™ E]—b c
a

= L{.mbx_+£ €™ Cosbx dx
b b ! "

—ae" Cosbx | E[e‘" Sinbx I o Sinbx de

T b bl" b b
_—ae"Cosbx _uae"Coshx _ a’
b b b*

L [ —Cosbx  aSinbx ] a@
[=¢ + I
b b* b

, a N [aCnsbx bSinbx )
hed = O e
b b b

J' "™ Sinbxdx

f(l* b = Z—}(aCasbx—b(.‘mbx)

1 2 4ak
/ [ 2 t‘? ] = —E—r( aCosbx —bCoshx)

www.igbalkalmati.blogspot.com: ;.,_’,f_w'u}(ﬂi[_ag;/{'/



www.iqbalkalmati.blogspot.com
www.iqbalkalmati.blogspot.com

www.igbalkalmati.blogspot.com

COLLEGE MATHEMATICS-| 171 INTERGRATION
I= —i—x i(aCos&x— bCashx)
a +b
l= 1"+ e (aCosbx - bCoybx) M

Put a=rCos@ & b=rSinf
a’+b =r'Cos’0+r*Sin‘e = r’ (C‘a.t'ﬂ+.§'fr:’9)= ri(l)=r?

reJd =200 a _ oo0-b = G=Ta2

'FCGSQ b a a
(1) become
1= 5 (r Cos@ Sinbx - rSing Cosbx)
a
= a,i_ 5 r(Sinbx Cos@ — Cosbx Sing)

re®
= m;Sm(bx —9)

f E 3
= - =lea Sm[bx Tan™ b]
Vel +8* xJat b a
= —I—Te""an [bx ~Tan™ -!—{)
+ b

al, a

Hence Proved

4 1=[Va'-Fac= [ (a* -x')“’. 1dx Note
1

I 2

= a )" X J' (a -x 2(—i‘x).x dx Standard Subsitution

. —I—J;Lhz-dt V&t —x* x = aSing
=xVJa' - —‘I a% =a Vja'—.t:,.\.'=aTan()
v J—

=_t\}a1—r’—‘[j;—xdr+j\/___dt @ -x°,x=aSecl

Ja* —x° et —x? 3 |
I T o dv+a '[—__Ja’——_\-z dx

I=xva* —x* -I Ja' —x* dv+ & Sin' =

I+l=xJa -3 + & Sin "=

=xva —x°

a

) 10d
I=xva' =x* -1+ S =
a

-2 e T S
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c ATICSI 172 INTERGRATION
2 =xa -x* +a* Sin =
a
wa -

2
a o X
= +—-Sin' =+e

2 2 a
i, 1= [Va'-x'dx Put x=a Secf  dx = aSecO Tan8d0
= [ Va'Sec0—a* aSect Tand do
= [ Ja*(Sec0 1) aSeco Tand do
= [ Ja'Sec'0 aSect Tand df = [ aTand . aSect) Tand d6
=a | Tand) . Sec Tan0d0
=a*[Tan0 . Sec0— [ Sec’d . Sect do]
=a' TandSecO~-a’ [ Sec0d0-a’ [ Tan'0 Sec0dd

r 3
=d Jx—,— 1.5 @ In|Sect + Tanb| - I
a
l+!1=4d 1/1 ——a’!n’SecG +ySec?0 -1 |1c

g

2
2/ =a° ——a'ln f—ﬂ’—’%d +c
<+ a \a
fe wx'-a® a |x~.)x oA
I |

i g=[Jacseax= ,/ (2) - (V3x) (Sargodha 2011)

= 2
We know that jJa=_fd,=‘_‘4“* +_‘;_3,-,,-|_{+c
a

2

Jz)—_ Js_xxJ4 5x° =0 +c
2

Sx x4 —5x 5%
——-2—*28 —+e
iv. r=jJ4-4x‘¢r
’ 2 > 2
We know that _[ Ja? —x’dx=u+a—5‘m 22 e

2 2 a

[ a-axiax=(V3) - (2.:)’¢r_-2ﬁ-"3—i— 35: _’Jg e
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COLLEGE MATHEMATICS-II E INTERGRATION

V. 1= Jx? +4dx _ (Sargodha 2008)
Pur x=2Tanl) = dx=28ec’0d0

= j JaTan6 + 4 2 Sec*0do
— ]‘ f4(1+ran*9 .28ec*0d0

= [ Vasec'0.25ec’0d0 = [ 25ech 2Sec*0d0
=4[ Sect (1+Tan0)de = 4 [ SecO Tan'0d9
=4 In|Sect + Tand|+2(21) 4}
1= [ SecOTan'0d0 = [SectTand . [TanGde
= Tand Sec — [ Sec’0 . Sec0d0

= Tan0 SecO - [ (1+ Tan*0) Sec0d0

= Tand) SecO— [ SecO dO - [ Tan'0 SecO d

I = Tan@ Sect —In|Sect + Tand)| !
2/ = TanQ SecO - In|SecO + Tand)|

Put velue of 21 in (1)
= 4in|SecO + TanG|+2Tand Secl —2in |Sed + Tand|+c

= 2Tan SecO + 2Un|Secl + Tanb|+ ¢

= 2TanON1+ Tan'@ +2In |Jl +Tan*0 + Tan0| +0

2 1
=x‘/]-4-i +2In 1‘l+-x— 3
4 4 2

i) I fa
_x 44+x +2In x x2+4+§1+c

+C

=

2
f g |
_x 41+x +2n X+ ; +4 e

Alternate of (V)

= [Vt 4 de= [ +(2) &

We know that

= I Vxi+a dr=%‘[ va© +x* +a—_:—!n(x+v'a1 +x° )-l-c
So =_[Jx3+4 dl:z—;J\}xiwii-‘:—fn(x«!-\}.t:-Hl)%-c

or  =[JF+a a:%jdx’u +2fn(x+dx=+4)+c
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COLLEGE MATHEMATICS-I 174

vi.

5. i'

Here

Here

Here

Here
Use

I.t'e"d.t x* le—dt
2 2

a a“t

Rule | Ie'(j(x)+f'(x))dr=c’f(x)+c
Rule Ii Ie"(cgf(x)+f'(x])dc=e“'f(x)+c
I e* ( +fn.r]dx I e [rnx+ l)dt (Sargodha 2011)

fx)=inx &f’(x)=; So

=e'lnx+c

[ € (Cosx + Sinx)dx = [ * (Sinx+Coxx) ax (Sargodha 2012)
f(x)=Sinx & f’(x)=Cosx

=¢' Sinx+c
It" [ﬂ“‘lx*-x.:ﬁ] dx
i 9 l
f(x)=S8e & = So
( ) c X f(.'l') Im

=" Sec'x+c| e (af (x)+ £'(x)) de =™/ (x)
3+ [ 38inx — Cosx _ 38inx Cosx
I‘ (WJ‘&_I‘ [.S?nt Shlx]dx

S:m: Sinx ~ Sinx

= I ¢ (3Cosecx + Cosecx Cotx) dx
S{x)=Cosecx & f'(x)=~Cosecx Cotx
I e (af(.t)+f'(.r]) de =e" f(x)+c

= ¢ Cosecx+ ¢
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V.

Here

Use

vi.

Here

Use

vil.

Use

wiii.

Put

[ € (~Sinx + 2€osx)dx (sargodha 2010,11)

= [ e’ (2Cosx — Sinx)dx
f(x)=Cosx & f'(x)=-Sinx
I e (af (x)+ f'(x)) dx =e™ f(x)+¢c

= e’ * Cosx + ¢
xe* T1+x-1
—dv= [ e dx
I(l+x) Ie [(l+x)’]

I e - T | i o (] N ! M
I [(l+xi (“x),}n& I [(1+x) (l+x)z]a&
5 o n f'(x)=(- +x’=;l—o
1)~y o S (=04 = s

[ e (af (x)+ 1'(x)) de=e*f(x)+c
“"el(l:—x}i—c

| & *(Cosx - sinx)ax (Sargodha 2009,10)
- I e * (=Sinx + Cosx) dx

- I e’ ((—l)Sinx+Cm) dx

[ & (ar(x)+1'(x)) dt=e"f(x)+::'

=¢" Sinx+¢

¢" Tan'x
'[ (l-tr.:ur’)z

de=dt

=Tan 'x=1 =
l+x

=Ie’.dt=e‘+c

Tan™'x

=" "4¢

2x
I 1+ Sinx
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COLLEGE MATHEMATICS-II 176 INTERGRATION

J- 2x
1(m
28in* —| =~
in 2{2 J

& = [xCose2] Z-E%
IW“‘"E“’? 5-3)«
m

1]

2)

1
-Cm[f’—"-) fo,[z_f]
B N ) Y i A
-1 -1
2 | 2

T X n x
= —_—— W ——— | dx
2300’[ ) I 0!(4 2]

Cm‘[:: ~;)
Ny e (R
4

2
1Cm(£——§]
-2xCor[ J+4I dx
x

=2xCut[—ﬁ—~£}—4fn
a4 2

e (l+x)
s
_ g(+x+1-1)
I (2+x)
J- € (2+x l)

F2+x)

Cfef2ex :}t
:(2+x) (2+x)
g 1

=Ie ‘2+x-—————(2+x)2de

= [ (f(x)+1(x) de = ()

f

= | e )i—ce‘f(x)

\2+x
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xi. j’c'[ )
! 253:::-—(2’&:—
=j'¢' 22 |4
25m
\ 2
1 2Sm Cau—
=j’¢- -
25 E  28mE

o (o o ol R
—_[e‘ —Cotz-rzcm 2]{:
( X .
=I¢' —-Cot-—)i-c’
\ 2
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COLLEGE MATHEMATICS-II 178 INTERGRATION
Exercise 3.5
3x+1 3x+1
1. = de= [————— 4k Sargodha 2010
I X =3x+2x-6 (Sarg )

_J 3.r+l J- 3x+]

x(x*3)+2(x-3) (x-3) x+2)
.En'up‘,':.*o.seJﬂ—:i P-—B—- 7

(x-3)(x+2) x-3 =x+2

'X" both sides by (x~3)(x+2) we get
3x+1=A(x+2)+B(x-3) 1
Put x+2=0 — x=-2inll
3(-2)+1=4A(-2+2)+b(2-3) = -6+1=0-88 = -5=-58B =
Put x-3=0 = x=3in [l

3(341)=4(3+2)+5(3-3) = 10=54+10 =

Put valuesin |

3x+1 2 |

= — dx

J-(x JJ('lf‘i'z) J.(.r-3+xl+2J
—2_[ ~ 3dt+j dt-ln;r—3|4!n\.x+'a‘|+¢

S5x+8

2. eifet— Sargodha 2008,11
ey T e 4]
5x+8 A B

S =
AREZES I(x+3)(3x—l) .l.‘+3+2.t—] :
"X both sides by (x+3)(2x~1) we ger
Sx+8=A(2x~1)+B(x+3) i
Put x+3=0 = x==3in il
S(-3)+8=A(2(-3)-1)+56(-3+3)= ~-15+8=A(-6-1)+0 = -7=-74
::»]A=?l
Put 2Zx=1=0 = Zx=1] x=%in Il
5[1J+8=zi(0j-l-8(i+3] = §-+3-—U{1} = £=ZB
2) 2 2 2 2 2
=82 2L o  [G=3

> ¥

Put valuesin |

Sx+8 __l'*'j—:j 5x+8 ab::J( 1,3 de
(x+3)(2x-1) x+3 2x-1 (x+3)(2x-1) x+3 2x-1
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COLLEGE MATHEMATICS-II 179
Sx+8 | I 3¢ 2
dx+3 dre =1 = |—
I{.1+'i)(2x I)dJlr P S e "leshzjzx—ldr

=In|x+ 3| +—fnf2x-l]+c

J'x +3x— 34
X +2x- 15

= J(] *_TJK‘LJ dy
X" +2x-15

|
4 2x+ 5V  +3x-34
-x*+2xF15
x-19

x=19
= 1+ | ¥4 5x—3x-15

Znf x-19 g sl x-19
x(x+5)- 3[x+5] (x+5)(.r 3

=x+1 (D

x—19

+5)(x- 3]

x-19 A B
(x+3)(x-3) x+5 x-3
‘X" both sides by (x+5)(x-3) we get
x19 = A(x-3)+B(x+5) (3)

Put x-3=0 = x=3in(3)
3-19=A(3-3)+5(3+5)= -16=0488 =

Put x+5=0 = x=-5in(3)
—5-19=A4(-5-3)+B(-5+5) = -24=-84+0 =

=19 3 -2
(x45)(x-3) x+5 x-3

Now = J' (x

Suppose (2)

Putin(2)

x=19 3 2 — _ x=19 c&=]{3——£—de

(.r+5}(x—3)_x+5+.r—3 (x+5)(x-3) x+5 x-3

'—JI;:‘;-dt Zf—dr =3 In[x+5|-2In|x-3|+c
(a b)_\'

S oy L
(a—b)x 4 B
(x—a)(x-b) x-a x-b

Suppose

-2 e T S
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' X" bothsideby (x— a)(x—b)we gel
(a=b)x= Alx—b) + B(x—a) I
Put x—a=10 =5 x=0in I

(a—b)a=A(a—b)+B(a-a) = (a—b)a=A4(a-b)+0

(H)a =
A= (11—1‘3-) = L_i_— d

Put x—b=0 = x=binll

L _(=—5)b
(a-b)b=A(b-b)+B(b-a) = (a-b)b=0-B(a-b) = B= )
=
Put valuesin |

(a-b)x b, e (ab)xdxj.(a_b)a&

(x—a)(x— b) x—a x-b Hx—a)(x—b) x—a x-b

[ g @b pee=alnla-d-binfs—bi+c

I-x 3-x
5. = dx S

J (1—-3x)+2x(1 3::) 4 ('I—3x)(l+2x)

3-x A B

hY = + ] ‘X'b{1-3x)(1+2
PP ax)(1+2x) 1-3x  I+2x Arol= S (B 28)
3—x=A(l+2x)+B(I—3x) u
Pur 1+2x=0 = Jn:=_'?I in 11

1 1 3
3—( ) A(O)+B[1 3[ —] = 3+—=B(1+—)

2 2
1=B[£J o=y B=1R£=Z == .Eis1
2 2 SR 5
Put 1-3x=0 = x=% in Il
3—-1—=A[I+2(—D+B[0) = E=A(l-|»—]

3 3

B 5 8
—-..:A— = A-_—— —— = A="'
3R 35
Put value is |
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&g 17
3—-x S
1+2x)(1-3x) 1-3x 1+2x
(1+2x)(1-3x)
8 I 7 1
J(|+zx)(| 3r) J‘1 375 Tazx

50 3 1-3x S5\2/7 1+2x

= T_'i tn]l —3x]+-7—fn [l+2x|+¢

6. [ j(x ‘)(x“) (Sargodha 2011)
Suppose s — + £ I
(x-a)(x+a) x-a x+a
"X by(x —a)(x+a) both side we get
2x=A(x+a)+B(x-a) i
Put x+a=0 = x=-a in I
2a=A(x+a)+B(0) - 2a=24 =
Put x—a=0 = x=a in ll
2a=A(a+a)+B(0) = 2a=24 = |A=a
Put valuesin |

(x—aiz‘xd-a):xfa*-x-‘:a 2 J(xfa+x:a)dx_
=a[J' x—adu--[ s ]=a[fn[x+a[+ln[x+a[]+c

=an(x—a)(x+ a)+c=a!n[x’ —a‘)-n-c

[ 1 1 1 1
7. = dx= dx= dx
6x' ~5x-4 6x" +8x—3x—4 Iu(Sx+4)—l(3x+4) I(3x+4)(2.t-l)
1 A B
Su = + I Sargodha 2012
ppase(3x+4)(2x-—1) 3x+4 2x-1 SR :

' X 'both sides by(3x+4)(2x~1) we get
I=A(2x-1)+B(3x+4) 11
Put  2x-1=0 = xzéin i

Put

!=A(0)+B 3(—1-]+4 = 1=B(2+4) = lzub‘ = B=3
2 2 | 2 11

-2 e T S
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3x+4=0 =5 x=?r’n I

Ao = ) =

=3 2
1 Sl ha i
(3x+4)(2x-1) 3x+4 2x-1

1 3¢ 1 2 1
dx=— |——dx+—
I(3x+4)(2x-1) 11'[3x+4 +11-[ 2x-1
1 3 1 2

dx+—
117 3x+4 117 2x-1

=—ifn|3x+4|+L.'n|2x—1[+c
11 11

—

|
= —ﬁ[!nllr— 1| —!n‘3x + 4|] +c

2x -1
=——In
11 (3x+4

1 1 26’ =3x% —x -7
8. P dx = dx
I J 6x’ +8x-3x—4 I 2x* =3x-2

= (I*‘zx;?de
2x" —3x-2
2% —3x-242%* —3x* —x -7

2x* F3x’F2x
x-=7

L )

2x2 4x+lx 2

=I ( 2)+1(x 2) I2x —4x+1x 2
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x-7 A B
Y P P S v @
"X by(x—2)(2x+1) we get
x=7=A4(2x+1)+B(x-2) (3)
Put x-2=0 = x=2in(3)

2-7=4(2(2)+1)+B(0) = -5=4(4+1) > -5=54 =
Put 2x+1=0 = x:—%m@)

i
—l—7=A(O)+B(:1—2) => ;5=B[—_§] = B:ix—% = |B=3
2 2 2 5
(2) becomes

x=7 _ =l . 3
(r—2)(2x+1) x—=2 2x+1

I(x 2)(2x+1) Ix 2dx 3 x+1

]
=—Ix“2dr+*2- 2x+1
=—fﬂ!x-—2[+—§-fn'2x+1|+c
I 3x’ -12x 411 5
(x-1)(x-2)(x-3)
3x* —12x+11 A B C
3 (x-l)(x«Z)(x—?:)=x-l+x—2+x—3 ®
"X by(x-1)(x—2)(x-3) we ger
3x2—]2x+l1=A(x—2)(x—3)+B(x—I)(x—3)+C'(x—!)(x—3) (2)
Put x—1=0 = x=1lin (2)
3(1) -12(1) +114(1-2)(1-3) + B(0) +C(0)
3-12411=A4(-1)(=2) = 2=24 =
Put x=2=0 = x=2in(2)
3(2)" -12(2)+114(0) + B(2-1)(2-3)+C(0)

-2 e T S
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3(4)-28+11=B(1)(-1) = 12=24+11 = -1=-B =
put x-3=0 = x=3in(2)

3(3) -12(3) +114(0)+ B(0)+ C(3-1)(3-2)
3(9)-36+11=C(2)(1) = 27=36+11=2C = 2=2C =

3 -12x+11 1 1 1
(x-1)(x-2)(x-3) x-1 Y52 x-3

3x° —12x+11 I 1 1
j(x 1)(x- 2)(x 3) I( - .r—2+x—3]dx

1

(1) becomes

— ——dx+ —dx+ dx
x—1 x—2 x—3
=!n|x+1|+n|x—2|+!n|x—3]
=In(x—l)(x—2)(x—3)+c
10 I 2x-1
' x(x—1)(x- 3)
2x—1 A B C
Let S S—— e T

x(x-1)(x-3) x x-1 x-3 @ |

X" byx(x—1)(x—3) we get
2x—1= A(x—1)(x=3)+Bx(x—3)+Cx(x-1) (2)
Put x=0in(2)

1= A4(0-1)(0-3) = -1=34 = A=:3-1

Put x-1=0 = x=1in(2)

2(1)-1=4(0)+B(1)(1-3) = 2-1=B(-2) = 1=2B = |B=—

Put x—-3=0 = x=3in(2)
2(3)-1=4(3-1)(3-3)+B3(3-3)+C3(3-1)

6-1=0+0+3¢c(2) = 5=6c = ¢=%
-1 1S
- 2x-1 Fhyest Lank
1) ecamsx(xhl)(x_” ey 3
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2x -1 -1 ¢l
=) ~dx-— —a!r £
Ix(x—l)(x~3) 3 Ix x—3

=—llnlxl—-—b:'x—l‘+—fﬂ|x—3l+c
3 2 6

= J- 5x*+9x+6 u—f 5x24+9x+6 -
C (1) (2x43) T Y (x-1)(x+1) (22 + 3)
et 5x* +9x+6 A B C M

(x—l)(x+l)(2x+3)=x—l+x+l+2x+3
‘X' byx(x—1)(x+1)(2x+3) we get
=A(x+1)(21+3)+B(x—l)(2x+3)+C(x—l)(x+l) (2)
Pt x-1=0 — - x=1in(2)
5()+9(1)+6=A(1+1)(2(1)+3)+0+0 = 5+9+6=4(2)(5)
20=104 = [4=2
Put x+1=0 = x=-1in(2)
5(-1)"+9(1)+6 = 4(0)+ B(-1-1)(-2+3)+0
5-9+6=0+B(-2)(1)+0 = 2=-28 =

Put 2x+3=0 = x=%lin (2)

s(2) +9(2)rs=at0)+aioye( 21201

5(;}_2_27 . C[ 5][—_1) o BESSHRR T i:ix.:_:c = [c=3

2 A 4

4

(1) becomes
S5x" +9x46 _ 2 -1 3
(x=1)(x+1)(2x+3) x—1 x+1 @ 2x+3
5% +9x+6 1
-[(r—l)(x+l)(2x+'%)drh2I;Tldr_1mdx+3 2x+3
2
2x+3

dx

=20n |x-1|- 1nfx+1[+—j

=2n |x ~I[—1n|x+l|+%-h1|.?.x+3|+c
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iz .[ 4+ 7% R
(x-1)'(2x+3x)
4+ 7x A B C
Let = + + (1)

(x-1)7(2x+3x) (x+1) (1+x)° (2+3%)
'X'" both sidesby(x+ l)2 (2x+3) we ger

4+7x=A(1+x)(2+3x)+ B(2+3x)+C(1+x) ()
Put l1+x=0 = x=-1in(2)

4+7(-1)=4(0) + B(2+3(-1))+C(0) = 4-7=B(2-3) = -3=-B =

Put 2+3x=0 = x=_T2:‘n (2)

s7(Z)-a@ @) c(1-2) = 4R = 225

3 3 9
::»C'z-:ig-x‘}’ = -C=—6
Rearranging (2)
4+7x=A(Z+3x+2x+3x’]+28+3Bx+C+2Cx+C\-’
4+Tx=2A++5Ax+34x° +2B+3Bx+C +2Cx+Cx’
4+7x=(34+C)x* +(54+3B+2C)x+(2B+C)

Comparing Co-efficient
x30=34+C = 0=34-6 = 6=34 = [4=2]

(1) becomes
4+7x 2 1 -6
3 w e g
(1+x) (2+3x) I+x (1+x) 2+3x
e s cdr+ 6 [——dx
(1+x) (2+3x) 1+x (1.,. ¥ 2+3x
=2 Latwj‘(lu) dc-2 [— —d
I+x 2+3x

-2+
= ZIHII + x[ + Q%-— 21!:{2 +3x| +¢

=2In|l+x|- —2In|2+3x|+¢

(l+x)
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dx (Sargodha 2009)

f—
(x—l)!(x-i-l)
2x* A B C

- = + - —
(x-1) (x+1) x=1 (x-1)' x+1
‘X' both .s'r'aca"e.rrt')}-f(:f—l)2 (x+1) we get
2x* = A(x=1)(x+1)+B(x+1)+C(x-1) )
Put l-x=0 = x=1in(2)

2(1)" = 4(0)+ B(1+1)+C(0) = 2=2B =
Put 1+x=0 =5 x=-11in(2)

2(1) = 4(0)+ B(1+1)+C(0) = 2=2B =

M

Let

2(-1)" = 4(0)+B(0)+C(-1-1) = 2(1)=C(-2)’ = 2=4C = |C=1

Rearranging (2)
2x* = Ax* — A+ Bx+ B+Cx* = 2Cx+C
2x* =(A4+C)x" +(B-2¢)x+(-4+B+C)

Comparing Co-efficient

Il

| w

X2=A+C = 2=A+% = A=2—% = |4

(1) becomes
3 1
2x° =2 1 2
(.1'—1)3(.r+l) x=1 (x=1) x+

2x° 3¢ 1
= fereay =ik

-1
= 2 !nix—1|+(i:—l—)—+—l—fnlx +l| =§£n|x—][——l—-
2 -1 2 2 (-

1

14 | : ~ dy
(x -l)(.\:-i—l i
| A B C

DGy a1 Gy

Let

-2 e T S
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X ?:ry(.wr—l)(.vr+l)2 we gel
1= A(x+1) +B(x-1)(x+1)+C(x-1) 1
Put l-x=0 = x=1linlIl

1=A(1+1)’ +B(0)+C(0) = 1=4(2) = 1=44 =

Put 1+x=0 =3 x==1inll

INTERGRATION

A=—

S

=A4(0)+B(0)+C(-1-1) = 1=2C = 1=44 = |C=—

-1

2

Rearranging Il

= Ax" 245" + A+ B’ —B+Cx~C = 1=(4+B)x* +(24+C)x+(4-B-C)

x’ ; Comparing Co-efficient

0=A+B = 0=-=]-=+B = B—_--l_
4 4

R

I become ST SR

(x 1)(r+l) Tx-1 x4l (x41)

I(r =1)(x+1)’ :_Ix+1 _—‘[(x-!—l

= E”"‘-""ll_zh’l"“’*EI (x+1) "dx

! 1 1 (x+1)""
=—In|x—1|—=1 e, i/ OAES

2 n|r | 2 n|x+1| e +c

I 1 1 (x+1)"
=Zt'n|.1'-l|—zhr’x+l|—-2-(—-l—)—+c

! 1 I
=—Injx—-1|—=In|x+1|+—= +

4 =1 4 A2 2(x+1) -+

x+4 X
15, I‘F_V—Sxi:‘—‘-i\: x=—1x+1=0

By synthetic division so -1 1 -3 0 4
v =327 +4 = (x+1)(x* - 4x+4) -1 4" 4
=(x+1)(x-2) 1 4 a4 Jo
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x+4 ]
o J’x“—3x2+4dx:j(x+1)(:c—2)% &
Let : 2=A+3+C2 M
(x+1)(x-2) =x+1 x-2 (5-2)
"X t’:ry(.vm-l)(;tr—Z)2 we gel
2x? =A(x—2)z+B(x+1)(x—2)+C(x+l) (2)

Put 14+x=0 — x=-1in(2)

1=A(-1-2)" +B(0)+C(0) = 1=4(-3)" = 1=94 = |d=

o | —

Put x-2=0 => x=2in(2)

1=4(0)+B(0)+C(2+1) = 1=1=3C = |C==

Rearranging (2)

1= Ax* —4Ax+4A+ Bx" +2Bx + Bx—2B +Cx+C
or 1= Ax* =4 4x+4A4+ Bx’ +2Bx+ Bx—2B+Cx+C

1=(A4+B)x*+(-44-2B+B+C)x+(44-2B+C)

Comparing Coefficient

¥ 0=4A+8B = 0=%+B = B=——

9
Put values in (1)
1 = 1
: =9 9 3
(\’-tﬁl)(x+2)E x+1 x-2 (x—?,)"
.[ ! — X = — {if'f'J' dx-pl'[(‘_z)-d\
(x+1)(x+2) 9 x4l ok 3
=
- Ti:"'”|-" = ‘I"%’”lx - 2|+ é(" _?) c
:L [n ‘+1| g 1 +C’
9 x—2|] 3(x-2)
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16 f .tl —6.\:1 425 e
. (x+l)l'(x—2)! -
x —6x* 425 A B C D
Let = tl)

: == + + + _
(x+1)'=(x-2)" x+1 (x+1)' (x-2) (x-2)’
' X" both sides by(x+ l)2 (x—-2)3 we gel
¥ =6x" +25=A(x+1)(x-2) + B(x-2)" +C(x+1)" + D(x+1)" (2)

Put l+x=0 = x==1in(2)

(=1) +6(-1) +25= 4(0)+ B(-1-2)’ +C(0)+ D(0)
Put x-2=0 = 2=21in(2)

(—1) =6(-1)" +25= 4(0)+ B(-1-2)" + C(0) + D(0)

-1-6+25=B(-3)) = 18=9B = [B=2
Put x—2=0 = x=2in(2)

(2) -6(2)" +25=A4(0)+ B(0)+C(0)+ D(2+1)°
8-24+25=D(3) = 9=9D =
Rearranging (2)
¥ =6 +25= A(x+1)(x* —dx-+4)+ B(x* —4x+4) +C( + 2041) (x—2) £ D(¥* 42x+1)

X —6x% +25= Ax’ —4Ax® + 4ot + AY — 4 A + 44+ B —4Br+4B +ox’ + ex’
+ex—2ex —4ex —=2C + Dy’ +2Dx+ D
X' =6x +25=(A4+C)x +(—4A+ A+ B+ D) x* +(—4B+C~4C + 2D) x+(44+4B-2C+ D)

Comparing Coefficient

i 1=4+C (3)

x*: ~6=—dA+ A+B+D = —6=-34+B+D
Putvaluesof B& D -6=-3A+2+1

= —-6=-34 = -9=-34 = A=3

Put in (3) 1=3+C = C=-2

(i) become
I 3 2 -2 I

(r+1) (x-1) x+1 (1) x-2 " (x-2)
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‘ ) dx=3.[ﬁ1dr+2f(x+ 1)":&—2[;1—2-c&+ [(x-2)7 ax

'[tx+l)1('x-l i

-1 a9
=3nx+1|+2 (x+11) -2In[.r‘—2[+(i——12-)—+c

I_x’ +22x% +14x-17
(x=3)(x+2)’
X +22x% +14x 17__ 4 B C D
(=3)-(+2f x3" 312" (Ge2) (se2)
X" bothsides by(x-3)(x+2) we get x* +22x? +14x 17

= A(x+2) 4 B(x-3)(x+2) +C (s 3)(x+2)+D(x-3) (2)
x-3=0 = x=3in(2)

(3)° +22(3)2+14(3)—17=A(3+2)’+3(0)’+c(o)+o(0)
27422(9)+42-17=A(5)' = 27+198+42-17=1254

-50=1254 =

x+2=0 = x==2in(2)
(-2)"‘+22(—2)’+14(—2')—17=A(o)+s(o)+c(o)+n(-2—3)
~8+22(4)-28-17=-5D = 35=-5D —

Rearranging (2)
x’+22x;+l4x-—17=A(x3+6x1+12x+8)+3(x-—3)( X +4x+4)+
(x +2x-3x- 6)+D(x -3)

X 42252 +14x =17 = A + 6 4Ax" +12Ax+ 84+ Bx’ +4Bv> + 4 By — 3Bx” —128x
-12B+Cx* =Cx - 6C+Dx-3D

(1)

Comparing Coefficient

¥, 1=4+B = 1=24B =

X' 22=64+4B-3B+C = 2=644+B+C (3)
14=124-8B-C+D

¥, 14=124+4B-12B-C+D = 14=12(2)-8(-1)-C-7
= M=2448-7-C > 14=25-C = 14-25-C =

Put valuesin (1)

Aol e w oy
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¥ +22x° +14t+l7 2 4 —1 11 o=F
T )
(x—3)(x+2) x—3 x+2 (x -i-2)2 (x+2)

3 2
Ix +22x +14x-t17 '2.( Jo2i dt+11J- \:-}—2) dx = 7_[(:-.—._ dx
(x=3)(x+2)

=2In|x—31—ln|:c+2}+11(I+?) -7(”22)
7 1

- +C
(x+2) 2 (:c~|-2)2

=2 In|x=3|-in|x +2|-

18.
I(x+l)(x +l)
x-2 A Bx+C
L = - 1
. (x+l)(xz+l) :c+1+ xt+1 ®
‘X ' both sides J’:oy(:c-i-l)(x2 +l)3 We get
.t—2=A(x3+1)+(Bx+C‘)(x+l) (2) .
Pt x+1=0 = x=-1in (2)

~1-2=A((=1)' +1)+(Bx+C)(0) = -3=24 = |4

Rearranging (2)
x=2=AC+ A+ B¢ + Bx+Cx+C = x-2=(A+B)x' +(B+C)x+(4+C)

Comparing Coefficient

x:0=4+8B = 0=1+B = B=2 2
2 2 (95
i
2, 3 3 [=1 3
¥ 1=44B = 1==+C = C=l-—=— = |[B=7
2 2 {2 2
S B U a
=2 o %75 3

Put values in (1 ] u
ul vaiues in () (x+l)(x2+l) 41 x2+1 e |

x—2 -_:_3- _l_ ]_ -1 .
E I(x-l—l)(xl +1)dx— 2 It+‘.dx+2I 2 =

=_—31n]x+1]+lf r+— Br=lop
2 x+1 x* +l
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19,

Now

Put

2x
x 41
= jln|x+1[+2!n|xz + l[—lTan'ix'!-C
2 4 K

-3 3 l |
——?Jﬂ,x'fll-l*z‘[ dx—g J-l—+;3-dx

|

x
J. (x—l)-(x’ +l)dx
x A  Bx+C
(:Jr—l)(.x2 +1) Tx1 24
Multiply both sides by (x—1)(x*+1) we get
x=A(x2+l)+(Bx+C)(x—l) II

x=1=0 = x=1linll = 1=A(12+1)+0

= 1=24 = |4 =% Re-arrange ||

INTERGRATION

¥= A"+ A+Bx' ~Bx+Cx—C = x=(A4+B)x> +(=B+C)x+(4-C)

Comparing co-efficient

x0=4+8B I
x:l=-B+C v
Constant ; 0=A-C V
Put value of Ain Il
0=—1~+B = B=—l

2 2
Put value of Ain V
0=-1-—C = C=l

2 2
| become

| -1 1
f X _1.2..2%%3
(.r—l)(x’+|) x-1  x*+l]

-2 e T S
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COLLEGE MATHEMATICS-II 194 INTERGRATION
1 1 p 25 =2
=—Inlx=1|—— dx
2 | ‘ 4I x*+1
1 1 ¢ 2x g =9
.-_—{ x—1|-— dx—— d:
npe=4) —.‘x e Il+x"’

1
l+x

=%!n|t—l|——~fn|1‘ +ll I

2

=-!-!n|x-—l|——1n|l +x‘|+—Tan 'x+c¢
2

Oy -7

s dx I
0 '[(.r+3) (x*+1)
Ox—7 A4  Bx+C
Now = e
(x+3)(x*+1) x+3  x'+1
X' by (x+3)(x* +1) I

9x =7 = A(x* +1)+(Bx+C)(x+3)
Putx+3=0 = x=-3inll

9(-3)-7=A((-3)' +1)+(Bx+C)(0)
-27-7=A4(10)+0

-34=104 = A:‘—:{

Re-arrange Il
9x—7 = Ax* + A+ Bx* +3Bx+Cx+3C

or  9x=T=(A+B)x*+(3B+C)x+(4+3C)
Comparing co-efficient
x;0=A+B il
x;9=3B+C v
Constant ; -7 = A+3C Vv
Put value of Ain Ill

0—%+B = B=-l—Z

Put valueof AinV

0= —£+3C = 3C ——?+E
5 5

www.igbalkalmati.blogspot.com: u_’/r_nj,u%?i f_ag,:/{;z



www.iqbalkalmati.blogspot.com
www.iqbalkalmati.blogspot.com

www.igbalkalmati.blogspot.com

COLLEGE MATHEMATICS-II 195 INTERGRATION
A os35H1T_-18
5
C=~—_—6 Put in |
5
e Ui 17x 6
=7 & =T ¢
| 9x 2 eSS |a
(x+3)(x*+1) x+3  x'+]

=:1~7!n[x+3|+—
5

=_—”!n|x+3|+—]—? 22x dx+£[-l—zJI 12
5 107x° +1 10,10 14+ x

=£1n|x+3|+£!nll+x’f——6~Tan"x+C
5 10 5
J- 1+4x o

(x-3)(x*+4)

1+4x A Bx+C

= “+

(:r—3)(x2+4) x-3 x*+4
X" both sides by (x-3)(x* +4) we get
l+4x=A(x* +4)+(Bx+C)(x-3) 2)
Putx-3=0 = x=3in(2)
1+4((3)" +4)+(Bx+C)(0) = 13=4(13) = A=

21.

(1

Let

=14=1

Rearranging 1+4x=Ax* +44+ Bx’ =3By +Cx-3C
I+4x=(A4+B)x* +(-3B+C)x+(44-3C)

Comparing co-efficient

x'; 0=4A+B = 0=14B =
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COLLEGE MATHEMATICS-II 196 INTERGRATION
v, 4=-3B+C = 4=-3(-1)+C+4=3+C =
; - |

Put in (1) l+4.:. _ 1 2 1(,x)+
(r—?)(x‘+4) x-3  x +4
J- 1+4x _J- —l}x+ldx
(x- 3 x +4 x'+4
e i -f < de
2x
= In|x=3|-= e TR
e =3l 2'[ .t1+4dx+'[ .1c1+(2)2 4

=In |x - 3]— %!nlxg 4 4| + %—T:m '%+ ¢

12 12
| 2 de=[ —"—ax
Sl b i b
=J' 12 dx
(x+2)(x* —2x+4)
12 A Bx+C
Let = i = h— 1
(x+2)(x* ~2x+4) x+2 x"-2x+4
'X' both sides by (x+2)(x"" —2x+4) we get
'I2=A(.\:’—2.t+4)+(Bx+C)(x+2) i}
1+4x 1 =1(x)+1
2 == + 2
(x—3)(x"+4) x=3 x'+4
Put x+2=0 = x=-2 we get
12=4((-2) -2(-2)+4)+0 =12=4(4+4+4) > 12=124 = [4=1]
Rearrange Il

12= Ax* ~2Ax + 44+ Bx* +2Bx+Cx+2C or
12 = (A+B)x1 +(—2A+2B+C)x+(4A+2C)

Comparing co-efficient

¥ 0=A+B = 0=148B >

x; 0=-24+2b+C = 0=—2(1)+2(—1)+C
0=-2-24C = 0=-4+C =

| become

Put in (1)
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COLLEGE MATHEMATICS—II 197 | INTERGRATION
12 1 2 —x+4
(.\:+2)(x2—2x+4) x+2 x'-2x+4
12
dx= = 4 ‘—d‘
- j (x+2)’(x3—2x+4) Tt J-.rl—2x+4”+ I L e e
=ln]x+2]——l-J. 2 tb:+4_[ -—-—-—-—ci\:
2 -2x+4 x'—2x+4
=1n|x+2|~lf wdx-i-‘ij 2—1—:1&'
27 x*-2x+4 x"=2x+4
=In!x+2|-—lj —de——l—x%l[ 5 l cix+4I——1——
29 x*-2x+4 2 x =2x+4 X 4+2x+4

1

= o sl
2 =2x+1+3
1

—h1|r+2|-—h1|a —2x+4]+3j

=!n|x+2[—:1n]x‘ —2x+4|+ 3[ . — dx
& (x-1) +(~ﬁ)
=!nlx+2|—%!n|x3—2-x+4|+3r% an”' xﬁ1+C
=1n]x-i--2]—%!n|x”—2x+4’+\f3_'Tan"xT;l+C
9x+6 9%+6
23. l =
Pocstl ey
9.r+6
_I (x-z)(x3+2x+4)dt I
Ox +6 A Bx+C
Now =

— = -+ —
(x=2)(x*+2x+4) x-2 x*+2x+4

X'by (x-2)(x* +2x+4)
9x+6=A(x1'+2x+4)+(Bx+C)(x-2) Il
Put x—=2=0 = x=2
9(2)+6=4(2"+2(2)+4)+0

24=4(12) = [4=2

Rearrange Il

Ox+6=Ax" +2Ax+48A4+ Bx* =2Bx+Cx-2C
Ox+6=(A+B)x’ +(24-2B+C)x+(44-2C)
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Comparing co-efficient
¥ 0=A+B 111
X 9=24-2B v

Constant ; 6 =4A-2C v
Put value of Aiin lll

0=2+B = B=2

Put value of Aiin IV

'6=2(4)—2C = 6=8-2C
-2=-2C = C=1

| become

I9.:+6dr=j( 2 % ;?.x+l de
x -8 x—2 x"+2x+4

:2‘[ 1 dx:jkl*z__zdx

x-2 x2+2x+4
2x+2 -3
=2Jn|xf-2|—_[ mdx—! Y 42x+d

1

¥ 4+2x+1+3

=2£n]x—2]-1‘nlx’+2x+4l+3_‘- 1 dx

(::r+l)2-|-(\5)2

=2n|x~2|~In|x* +2x+4|+3 [

1 x+1
—=Tan " ——+C.
3 NE]

= 2Infx - 2‘ ~1n|x2 +2x+ 4] s/gTan“' 2z,

=40
NG

=2In|x—2|~In|x* +2x+4|+3.

J- 2x’-|;5x+3 i

(x~1) (.r’+4)

2x*+5x+3 4 +_B  Cx+D
(x—l)z'(x2+4) x=1 (x=1)" x*+4
X' by (x—-2)(x" +2x+4)
2x3+5x+3=A(x—l)({rz+4)+B(:c2+4)+(63c+£))(.r—1]2 11
Put x-1=0 = x=-1inll

2(1) +5(1)+3=0+B(1+4)+0 = 2+5+3=58 = 10=5B8 =
Rearrange Il

Let
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COLLEGE MATHEMATICS-II INTERGRATION
2x* +5x+3= A(x’ +4x—x° —4) fif(lr2 +4)+(Cx+ D)(x’ —2x—l)

22" +5x+3= A¢’ +44x— Ax 44+ BY +4B+C¥ —2Cx* +Cx+ D> =2Dx+ D
2x* +5x+3=(4+C)x’ +(—A+B 2C+ D)x* +4A4+(-2D)x+(—44+4B+D)

Comparing co-efficient

x; 0=A+C I11

|

x’; 2=—-A4+B-2C+D v
x; 5=44+C-2D A
Constant ; 3=-4A+4B+D VI

From Il C=-A VI
IV become  2=—A+B-2(-4)+D
2==A+2+24+D

2-2=4+4+D
0=A+D VIl
Put B=2 in VI
3=—44+4(2)+D = 3=—444+8+D
3-8=-4A4+D = —S=—44A+D VII
Solve VI & VII ~5=-444+D
—0=—A+D
—5=-54 = |A=1
From 111 0=1+C =
From VII 0=1+D ==
(1) become
2x +5x43 1l 2 o |

(x=1)(¥7+4) x—1(x-1) Y

= J’x dr+2j (x=1)" dx— = *4dr-_|'r:1+4

(x—l)k (xl +4)

—h7|x l|+2(x 1) —l~_[ 2 dr—J'M—l——;dr
-1 27 x*+4 2 +(2)

dx

=br|x—l]+ ‘—llnlxz +4|—l—?'un"£+£'
2 2

2
(x-1)
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2x* = x="7
| 2 dx I
(x+2) (.1‘1 + x+l)
2xt=x—7 A  Bx+C Cx+D

Now

2 2 = + 1'+ 2
(x+2) (¥ +x+1) x+2 (x+4)° " +x+l]
Multiply by (x+ 2)2 (.\;‘2 +X+ 1)
2x% —x=7=A(x+2)(x" +x+1)+ B(x" +x+1)+(Cx+ D)(x+2)’ Il
Put x+2=0 = x=-2inll
2(-2) ~(-2)~7=0+B((-2) ~2+1)+0
8+2-7=B(3) = 3=38 =

Rearrange Il
2x  —x—=T=Ax"+ Ax* + Ax+2Ax* + 2Ax+2A+ Bx* + Bx + B+ Cx* +4Cx*
+4Cx+ Dx* +4Dx+ 4D

Comparing co-efficient

¥y 0=A4+C 111

x’; 2=A+2A+B+4C+D v
X ~1=A4+2A4+ B+4C +4D A%
Constant ; -7=2A+B+4D VI

V-1V

2=34+B+4C+D
~1=-3AxB+4C 4D

3=-3 = [D=-1

Put value of B and D.in VI
~7=2A4-3+4(-1)

—7=24-3 = -4=24 =[4=-2
Put value of Aiin 11l

0=-2+C =5 A=-2

| become
2x2=x-7 -2 1 2x—1
37 d-: = 7 2 i
’[ (.".' 1-2)‘ (1’2+.r+]) g ‘f .\'+2+(x+2)'+x"+x+l i
1 = 2x—1+1+1
= ) —_——
2[ x+2dx+j (x+_) dx+j T dx
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COLLEGE MATHEMATICS-I| 201 INTERGRATION
24l
:*yﬂx-q+(”0 of 2 ey | < L
=2+1 4+ x+1 Pasiae)
=—2In|x~21+ 1 +fn!f+x+l|-2j : cbr-a—_l- = x
(x+2) X +x+] TR
Ty
| 3 |
==2In|x+2{— +inlx” +x+11-2 —dx
] l (.T+2) l I j- (x+l]1+ ﬁ 2
2 2
1 X 4 !
=—2fﬂ|.‘l’+21 ( +2)-$Fn|r’i.tllj 2‘ITan'f|C
2 2
1 2 2x+1 2
= nlx+2|-——+n|x* +x+1|-2x—=Tan™ x—J+(
I ! (x+2) | | Ji 2 ﬁ
1 4 2x 41
==2n|x+2|— +mnlx® +x+1|—-—Tan™ C
! I (.1'-!-2) l : \/5
3x+1
26. ' dx
I(4x1+1)(.\:1-x+1)
3x+1 Ax+B Cx+D

= =(4x3+.1)(lex+1)= Bl

'X' by (d’nr2 -rl)(:c2 ~x+1) we get
3x+1=(Ax+ B)(JrE —x+1)+(Cx+D)(4x? +l)

or Ix+1=Ax* + Ax* + Ax+ Bx' — Bx+ B+4Cx* + Cx+4Dx* + D
or  3x+1=(A+4C)x" +(-A+B+4D)x* + (A4~ B+C)x+(B+ D)
Comparing Co-efficient

X,  0=A+4C : I
X 0=-A+B+4D I
X 3=A-B+D v
Constant ; 1=8+D V
Adding Il & TV O=—A+H+4D
3=A-—H+C

3 = (‘ + 4D = S=30"41240 vi
From Il A=-4C put in IV
3=—4C+B+C = 3=-B-3C VII
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Add V & VIl 1=B+D
3=-B -3C
4=-3C+Dp VI
Put Add VI & VIlI 9=3C+12D
4=-3C+ D
13=13D = (b

FromVIll4=-3C+1
= -3C=4-1=3 =

FromV 1=B+1 = [B=0|FromV 0=A+4(-1)

= 0=A-4[4=4]

| become
Ix+1 =4x+0+ -x+1
(4x2+1)(xz—x+l) 4x 41 xP—x+1
3x+1 _rdx . o x 1
J‘(4.1:2+l)(.1rz~.1|:+l)lﬂ_'|'4.1r2+1d]r sz—x+lir+-[x3~.t+ldr
o 1 2% 1
- j4J|r +1 "-’ x+1¢r+'|'x’+x+ldx -
3 1 2x—1+1 1
—2ln|4 ll '[‘l' —x+1i +jx2~x+1d1
:-]—In|4x3+l|——j—;£—_l—dx . ——1—-dx+ ;dt
2 29y  —x+1 2 x—x+1 x —x+1
=%lnl4x2+l’——;~|x"—x+1]+-l-Jf : ]1 ld.r
X -'.\"i"z'i'l—z L
| 3 1 ] 1
:§1ﬂ|4x +I|—5|.t2—x+1|+5 J-'[Tl’b.
x—— | +=
2 4
2x—1
=!—|n|4:c:+l|——l~|.t"—x+!|+|—LT.m Fz—
2 2 23 V3
2 2
- ginfo 12 el 2 paw [2-;‘,(%)+c-
-——ln‘4'€ +I]——| r+l|+ﬁ!(m 23;1—(’
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COLLEGE MATHEMATICS-II 203
4x+1
2 = dx
(x*+4)(x " +4x+5)

Or

4x+1 =A.r+B+ Cx+D
(x! +4)(x* +4x+5) x*+4 x'4+4x+5
Multiply by (x° +4)(x* +4x+5)
4x 41 = (Ax + B)(x* + 4x+5) + (Cx + D)(x" +4)

INTERGRATION

dx+1= A+ 4Ax* +5Ax+ Bx* +4Bx+ 5B+ Cx’ +4Cx+ Dx* +4D
Ax+1=(A+C)x +(44+ B+ D)x* +(SA+4B+4C)x + (5B+4D) y

Comparing co-efficient
x: 0=A+C I
¥} 0=44+B+D HI
x; 4=54+4B+4D IV
dx Il -V
0=164+4B+4D
—1=  +5B+4D
-1=164-B
= b=1+164 Vil
Fromll , C=—A4 Vi
Put VILVI in IV
4=54+4(1+164)-4A
4=54+4+164-44
4-4=174=[0=4]
Put in I1 0=0+C = [C=0]
Put in VI B=1+16(0) =
PutinV ,1=5(1)+4D = 1-5=4D = -4=4D = [D=—1]

Vi

I Become I

(x" +4)x" +4x+5) ¥ +4 ¥ +4x+5

J.,;zd.’(— J-,;dx
X +(2) " +4x+441

=lTan"£— ;,
2 2 Y(x+2) +1

1 ¢ :
=—Tan™ ~~Tan™ (x+2)+C
2 2
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6a’
28. dx
'[ (x’ -i—c:r‘)(.\-1 +4a‘)
6a’ Ax+8B Cx+D
Now - = + [

(x* +a:)(x3 +4a3) +a Ptd

X' both sides by (x* qraz)(x2 +4a*)

6a’ =(Ax+ B)(.w:2 +4a‘)+(Cx+D)(x3+a’)

Rearranging

6a’ = Ax" +4a’Ax+ Bx’ +4a’B+Cx’ + Ca’x + Dx* + Da’
6a’ =(A4+C)x" +4a’ A+a’x+(B+ D)x* +4a*B+ Da?
Cemparing co-efficient '

£ 0=A4+C I
X2 0=8+D ' 1M
X 0=4a’4+Ca’ vV
Constant ; 64’ =44’B+ Da’ Vv

‘X' IV by a’ and solve with Il
O=da’+€«” = [4=0
m e s SRS
0=-34a”
X' IV by a® and solve with V
6a® = -4Ba* +-Da’

—6a’ = -3Ba’
= B-—r=2
— o
Put of valueof Bin Tl 0=2+D =
| become
6a’ _0x+2  0x-2

(.acl-H.-*)(.t"-l-«h:‘.")—ch+4:':2 x +4a’

|

:2.—.?'0?1‘]i—%’.LT(HI'Ii-.FC
a a Za - 2a

o et e o, | o X
==Tan'—==Tan '-—+
a & a 2a
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COLLEGE MATHEMATICS-I| 205 INTERGRATION

2x' -2
29. ——dx
I x“+x’+l

X — e
"'I X d":j : 2x2 2 v
x4t +l+3. -5 x 20" +l—-x"

il 2_
_J- 2'[ 2 dt=J- _ 2x" =2 de
( ) (x‘+1+x)(x3+1—.t)
2x? —2 . Ax+ B Cx+ D
(x"+x+])(x?—-x+l) x4+l xt-x+1
X' both sides by (x’ +x+l)(x3 —x+1)we get
2’ —2=(Ax+B)(x3 —x+I)+(Cx+D)(x’ +x+l)
Rearranging
2x° —2=Ax’ —Ax* + Ax+ Bx* = Bx+ B+Cx’ +Cx* +Cx+ Dx* +Dx+ D
or 27 -2=(A4+C)X’ +(-4+B+C+D)x* +(A=B+C+D)x+(B+D)

Comparing co-efficient

Suppose

x; 0= A4+C 1l PutVinll _
x*32=-A+B+C+D Il —2=-4+C+B+C
x:0=4-B+C+D IV 2=-A4+C+(=2)
Constant; - 2=8+ D v 2=—44C =2
242=—A+C

-A+C=0 VI
Solve Il and VI
0=A4+C Fromll 0=4+0
0=-4+C
Put Ilin IV 0=A+C-B+D
>  0=0-B+D VI
Solve V & VII 2=H+D

0=—8+D

2=, 2D =
FromV-2=B-1
=5 B=-24]1=-
| become
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) 0.x-1 0.x—1
{ 2 = 2 + 2
(.r*+x+l)(x'—x+1) x4+x+l x—x+1
2x* -2 -1 —1
= s | il | ——
'll(x3+x+l)(x3—x+l) jx‘+x+1 '(x'—x-!-l
:_J- 1 i -1
x +x+1 x* —x+1
=-| 1 dx~ | =l dx
WL ol EE Sy e
' 4 4 4
1 1
=" de—
I( e
A s i |
4) 4 2) 4
=-I zl 5 dx — 21 = dx
(21’-!—1] (3 2x—-l] VB
2 4 2 4
2x+1 2x -1
1 1
e Tan 2 Tan -2 s
F T E
2 2 2 2
__LTM,ExH %—i'f'a a2x+l 2
NE] 2 3 3 2
1 2x+1 2 2x—1
=——Tan" ——Tan <
3 2 3 NG
30, « faaatT 8 dx 1
(x —x+2)(x +x+2)
3x—-8 Ax+ B Cx+ D
Now

(xI —.‘t+2)(.\‘] +x+2) T ¥ —x+2 * X +x+2
Multiply by (x* —x+2)(x* +x+2)
3x—8=(Ax+B)(x" +x+2)+(Cx+D)(x* -x+2)

3x—8=Ax + Ax* + 24x + Bx" + Bx + 2B+ Cx’ =Cx* + 2Cx+ Dx* = Dx + 2D
3x—8=(A+C)x"+(4+ B+C+D)x* +(24+B+2C-D)x+(2B+2D)
Comparing co-efficient :
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¥;  0=A%C i
x*;  0=4+B-C+D I
X 3=24+B+2C-D v
Constant ; ~8=28+2D

+ by 2 ~4=B+D
From (Il

0=A4+B-C+D

or

0=4-C+B+D
PutV B+D=-4
0=A4-C-4
= A-C=4 A%
I+Vi
A+€=0
A+€E=4

24=4 = IA=U|
V+ Vil
B+D=-4

B+H =4

Bl = (B
2

Put value of Ain Il
0=2+C = €
Put value of B in VII

= -p=3
2

I
[
)

D31
2

pall
2

Now from IV
3=24+2C+B-D
3=2(,4+C)+B—D

PUutA+C=0
3=2(0)+B-D
B-D=3 Vi

| become
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3x-8 " 2
I(xz—x+2)(x3+.t+2)dr—j %42 Bl e

2x—1+l+% 2x+1-14+—
= 3 = dx— 5
X" =x+2 X +x+2
_l 7
=I 2x-1 dr+J- 2 er- 2x+1 2 -
X —x+2 > 11, .1'2+r+2 1
X=X — xz+r+——-+2
4 4 4
=!n|x1~—x+2|+lj ;zdx+!n|x2+x+2|+-—‘l‘ ;,d\‘
et o ena) ]
x= + X+—| +—
2 2 4
:In{r’—x+2{+%1 ’] 1dx+fn|x"+x+24+§‘|' o ~dx
% (2.:—1]'+ ﬁ 27 (y241 2+ V7
2 4 2 4
5 2x-1 2x+1
=1n|x2—:r+2|+%.—g-fan'] ﬁ; +Im-‘x2 +.\:+2‘+%.——vj;iTcrm‘t _\ﬁL +C
2 R
—J'n|:(z r+"|+1 2Tan*'{2x_1x2]+ln}xz+'x+ﬂ+5 ZT Shea el C
= =Xk e = ——=lan" ——x—+
2'\7 Lz V7 27 2 7
=!n|x1-—x+2|+J—I§~Tan"2x—%l+ln|x3+x+2|+7_?7‘m T+1+C
v
3P +4x* +9x+5
[~ . dx )
(x +x+l)(x +2x+3)
3 2 ~
Consider 3x"+4x" +9x+5  Ax+B Cx+D

(5% +x+1)(x" +2x+3) [#2 +x+l)+ (¥* +2x+3)
Multiplying both sides of (7)(x” +x+1)(x + 2 + 3)we have

3 +4x7 +9x+5=(Ax + B)(x* +2x43)+(Cx+ F)(x* + x+1)

= A(x* +2x° 4—3.7:)1-,8(.1«2 + 2,1:-1-3)+C‘(x3 +x% +x)+ D(x* +x+1)
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3x" +4x* +9x+5=(A+C)x’ +(24+B+C+D)x* +(34+C + D)x+3B+D ...(ii)
Equating Coefficients of x*, x*, x and constant terms of (ii) we have

A+C=3 (a)
2A+B+C+D=4 (b)
3A+2B+C+ D=9 (c)

3B+D=5 (d)
PutC=3—Ain (b) and (c) we get
2A+B+3-A+D=4 = A+B+D=1 ... (¢)
3A4+2B+3-A+D=9 = 2442B+D=6 O 4]
Multiplying (e) by 2 and subtract from (f)
2A4+2B+ D=6
2A+2B+2D=2

D=4 _,

Since 3B+D=5 = 3B-4=5 = 3B=9 =
Putting values of B and D in (e) we have

A+3-4=1 = A-1=1 = [4=2]

Also C=3-4=3-2=1 = [C=1

Hence (I) can be written as

dx

j 3x* +4x* +9x+5 '_I 2x+3 "] x—4
(x’+x+1)(x’+2x+3) - (x2+x+l) X +2x+3

_I 2x+1

2x+3 1
x4l _I S-[ I T

x’ +2x+3 X*+¥2x+3
1

2ol +2

P s 2'[ X 4+x+l

={n(x2+x+1 +2I : 3

dx+=In(x* +2x+ 3)-5{
x2+x+z+z 2 g

sde-5 | = Lt

[H 1 H% ] (x+1)°+(V2)

=ln(x* +x+1)+ln(x* +2x+3) " +2

. X+—
=!n(x2+x+l)(x: +2x+.3)“‘ + 2pc—e Taart” 2 |_ 3 Tun ‘(E‘_I_J

—=Tan
V3
=fﬂ|:(x2 +x+1)Vx? +2x+3:|+-j—§?'an“'[2xl]h 3 Tean [f_ﬂ]
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? | 2 2
1, [ + e = [P+ Ild.\
I |
={—} +|x ] :—[{ )’ (1)1 _—l]—— 8—1]+1
=l lyg it 18
3 3
1 | Y !
2: _[(.t"’ +1)dx = I.r’"dx+ J.lit
| =1 =i

1 1

et st | 2

. 3 A

3r. 4 4 )
;EP” —pq}J +[1-(=D)]= P—(l)*]+p+u
:ip—q+2=o+2=2

4

3. ‘!"(2\1—1)0‘?— I(Za—l) rL\-—_I(Z.\ —1)2dx (Sargodha 2010,11)

fexey ] afee=n?] a1 T
2| =2+l ], 2 ~1 5 2| 2x=1) ],
| T —i__l[L_ I }

2 7UD~1 2 20@)~LJ 20-1 —4-1
AT ( j 1[ 1] 1fq+1

— — —]— = = —— —-1-{——_— = ——— =

2 ) 2 5 21 §
_1[4]_2

|- § =5
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4 2 - 2
& [V3=xax = j'(s—x)’iixz—](s—x)%m
-5 = —6
2 2
S _ah -
= (31;) - % =_3[(3_2)% -(3—(-6))}“]
: 3
=t +] =
2 L. 2

=—§[(1)% —(3+6)3’5] = —%[1—(9)*”@

3] A 1e 50

16
T e — —8 —
St
> .[ (Zf—l)’dr;[(zr—l)’“}im
1 1 JS
v ’ 5 788
= [e-va== [@-1yt2a=<| ZD :
; - = %+1
B J5
5_/
_H@-nz 1 2 5
2| 3 —;;[(E(J_) 1Y% —(2(1)-1) ]
F "2 4
7 =
-~ @(5-1)" (1)/] .[(z,f i ]
_D_

6. JJ'Ju:\f.!u:’ ~1dx = ‘T(.\:’ — 1)-'i.tdx
2 2

(5
1% Y 1| =1
== [ =1y 2l =
2 2 1
2 —+1
2 2
45
- E 5
I (.\'- '_])/: I %’V ¥ !; b ) }/}
=—f22 2| —— =R =1~ (2?12
e > 55 -7 -(@ -
S
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-] -1 —(4—1)-"5} 0k —(3)"”-"]
[2"”’* -33% ] [ =33 = [s -3V3]

2
X 2x
P dx =— dx Sargodha 2008,09

;[x’+2 2;|-x‘+2 e )

= Maletaall <[ (2)* +2{-In(1)* +2
SLnje+2{ | =[In2)?+2]

2
=l[ln6—ln3]=l[lnﬁ ] Ly
2 2 3F 2

3 1 3
8. j[x—lJ dx = [[x*+—1;-z*ijdx
2 X 2 X -
) ; 2 3 il 3
= [¥dx+ [Fdx-2 [ldx = -2[x
jx Hjx ; [ ]+[ M] [«]
l

’il T-z[a—z]
%[27—3]—[%}3—2(1)— =(19)~ (T%J -2

= 1¢
1 _[2 3) 2_2_[_11 Nt A
6 3 06 36 6

:5[(3)’ ~(2)’j+[

. j[ e N

|

= J'(xz +x+1)%(x&%]dx=%_];(xz +x+l)y52(x+—%-}ix

19
3
27 9
6 2

1] (2 +x+1)"
2 —1+1
2 :

=%j(x1+x+1)"’?(2x+1)dx=
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I
1| (P +x+1)2 [ ; ]
=— =—x—|(x"+x+1)?
2 3 A J_.
2 =

10.

5 18

12

1 2 B v iof 3
ug[m) + M+ — (1) +( I)+1>2]

=§[(1 +14+1)2 —(1-1 +1)-*"5]

3L 4 12
L %
' . g . TE
fCust dt = [S mt] = Sin —3— — Sin < (Sargodha 2009,10,11)
73 J;i
_V3 1 V31
2 2 2

2

Here f(x)= x«l—%:hen fx)=1+(-x? =1 ——LSa
x

2

Al s i) -3{[2@}%-[1—;]1

3 g 2

2

+1

L% ]

sVl 2[5V . 5] 2[5v5-4x2
‘sz 2 J_3[2J§ 2"5]—3[—2\5—]
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_2[5/5-8]_s5/5-8
o v

111: 1
13. Ilnxdlelnxdx— I .Mldx
0

=[lnx. r J'—%dx [xlnx Jldx

=(2h12—lln1)—[.\']l=(21n2—1>c0)—(2—1)
=2In2-0-1=2In2-1
: x/ x/ 2 x/ 2 .V'
14. _[(e-” —e'/’)dx=.[e“dt~ Jle' 2dx
0 0

0
2 2

—2[ -e%}r.?l: } Z[e ]+2e —e)

1 2 2
=2(e=D+2| —=1|=2e+——2=2¢——-4
e e e

445

2. I Cos0+ Sm@

¢ 1+ Cos 29
x/
( (J\H+.§H‘J9 o Sin@
j Lf) Loel i | g
;  1Cos*@ 2 i\ Cos™0 Cos 0

_I_ ( SmH |
2

1 —“-‘4 :
df =— | (SecO + SecTan0)d0
CosO Cos0 Cosﬂ) 2 5'-( 2 SERncy

Secl dO +— j SecOTan0d0

lu[-—-

J‘
5]

]—[In }39:.9 + hm@[} +—[.5eca]
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Ser:£
4

e o

Cos L
4

Now

L
1
V2

V2

-

B = B | = B = 1 | e D
I r I T

L

16.

Vs

(]

[ —

Sin'6
3

int _,;_[
By
3[5] —(0)

17. Cos’8Cot’0d0

A4
jc*os!e((?a sec’ @—1)d0 =

"/ I

f

b

www.igbalkalmati.blogspot.com: u_’/r_nj,d(ﬂi f_ag,;/,g'/

Sin’@)Cos0 = jCosf?dﬁ

."6

J = (Sinf-— SinO)—[
; 6
AL
2

ln(;SecIJr ?’anz] In(SecO-i—TanO)] (Secz—éec()J
:ln(J'E +1)—In(1 +0)]+%(J5 ~1)
Pln(ﬁ+1)—ln(l)]+%(\f§——l)

I ' _1 1 5.
m(ﬁ+1)-0)]+5(\f5~:)_ Z[In(\/iu)]«fz ~2-1)
[In(V2 +1)+(2-1)]

7 < B
cisgae 05 0L%°

j Sin*6Cos0d6

0

Sin® n:’é _Sin’0
3 3

|

1 1

o)5(5)-

e
I(C‘oszﬂt'u sec’ @—Cos 0)d0

T/
L6

S0~ I(u.s 0o
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% v R
= fc‘oﬁodo— J’Mda
; 2
Y% %
b/ ‘;'/
= [(Cosec’ 0- 1)d0—— [ 1+ Cos26)d0
g 25
% 1%
J'(cosec 0do — jld ——_[(”arzﬁdﬂ
% % %

=[- Corﬂ] % [g]% |:Sn;20:lx4

%
=-CotZ+caZ-|Z-Z L1 Sin2 = — Sin-—
4 6 \4 6) 2 + 6
i, ~«3
=Sy fa -2 S ot e
J_ [ 6) 4[ ZJ
o B3E 3 1 V3
4—2-4 4 8
_-8+8/3- 3:r+2:r 2443 _93-7-10
8 8
t x 5-’ 2
18. fCos‘rda= _f (Cos* — 1) dit = I[MJ dt
1] 0 0 2
')i = . 7
b Jl+2(_o.s~21+(,as 2t o 14 Cos2t = 2Cos™t
% 4
=l l+2Co.s-2!+(M] di 1+ Cos4t =2Cos* 2t
43 2
V7
_l I2+4C0¢2!+1+C0s4!d
4 . 2
1%
§ I(3+4C0521+C0.s4f)dr
a
1 4Sin21  Sindt |
=—|3t+ +
2 4 |,
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T
SinZ -~ Sina”~ y :
=l 3% 44 4 4 ~3(0)- 48in2(0) b Sind(0)
8 4 2 4 2 4
= | 3"EJrneir[i}r9~~()—2+— =1[3—’£+2
8| 4 2) 4 2 4] 8\ 4
=l(3x+8J;3x+8
g8\ 4

32
%
— ICos’G(—Sinﬂ)dG

19, ans’HSinGdﬂ =
/]

" -
Cos*0 |* | " A 1[,, sn
= —[ 3 :L — —*B—[COS 6]03 = '———3'[(,-03‘ E—COSiO:l

Y4

20. f (1+Cos*8)Tan*0dO
L]

l;;;

% o
j(Tan’G-!-Cos!B?hn!f?)dg = I(SEL'JQ-—I-% Cosi0 x S!HZO )a’ﬂ
o 0 Loz

n

% e o
[ Sec’do- [1a0+ J‘['“%?ﬁ)dg
o 0

0

n/
7/ &/ Si 74
- [rano (oL + 0~
b g
Sin2 — ;
=7'¢m£—?'an6'—(£—0)+-l— E__4_,0+%(.92
4 4 2| 4 2 2

=l—0(£}+—l(£—l—0+0J-_—'I-—£+E-—-—I—
4)72\3 2 48 4

_8-2nr+m-2 6-n
8 8
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21. j s Sebd (sargodha 2009,10)
7 Sin6+ Cost
A "5
r f Sec’o d BT Sec’@
J SinB(Sinf+Cos0)  § | (Sin0+ Cosb)
CosO
i Sect0 VA
= j———dﬂ-: [In|?'an0+ l|]”*
¢ (Tan@ +1 .

=In [Tan%-&- l)-— In(Tunt +1)

=In(l+D)=In(0+1)=In(2)-In(1)=In2-0
=In(2)

5
22.  [|x—3lax
=1

= ]_(x_s)dﬁ ](x—s)dx
1 =1

P (L 5]

(%+3{3) (( i ]+3) )J+%~3(s)—3;+3(3)

I

T +94+— l +3+§-13—2+*)
2 2 2 2

_—9+18+1+6+25-30-9+18 20 _
[ 2 s

o M by
23. I[A % z]dx= J(x'5+2°x e (sargodha 2008)
%

1 /3
KL X

]
b ]2
& %

, %Y
=% ((1)P3+2)—[[%] 34—2]
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4 3
sy W
=la+2)-|[=| +2]|=[3-|=+2
2 2
3
=27_(§] _py 125 _216-125 91

- 8 8 8

3 .2
x" =2
24, j‘“ dx
; x+1

3 1
- ;(x_l-_]a
x+1
1

xedx — jux mdx

] <] ~[infs 1

12 }—(3—1)—(1n(3+1)—ln(1+1))

1l 1l
G e

e ST
M|“,f, )

9 1
5- 5—2(]n4~1n2)
91 44
=——2(In2°=-In2)=—-2(2In2-In2
5 ( n2) Y ( )
=4-2-In2=2-In2
T 3 —2x+l
25, I
Tx— 1)(x B
3x" —2x 41 A Bx+C
Le = +

(x=I(x*+1) x-1 x*+1
'X' both sides by (x =1)(x* +1) we get

3" —2x+l= A + D+ (Bx+C)(x— I)
Put x-1=0=>x=1Lini
3(1)? = 2(1) + 1= A((1)? +1)+(Bx +¢)(0)
3-1+1=A2)+0=2=2A >
Rearranging | _
3x* =2x+1=Ax* +A+Bx* -Bx+Cx~C
Comparing co-efficient

www.igbalkalmati.blogspot.com: u_’/r_nj,u%?i f_ag,;/,g'/



www.iqbalkalmati.blogspot.com
www.iqbalkalmati.blogspot.com

www.igbalkalmati.blogspot.com

COLLEGE E Il 220 INTERGRATION

x¥'; 3=A4+8 = 3=1+8 =[B=2

X, —2=-B+C =-2=24C = C=-2+42=0{C=0
3x-2x+1 1 L2540

G-DE+1) x=1 »*+H

3 2 i

J-3x -2x+1 1, 2 )dx

7 (x—1)(x? +1) x=1 x'+1

] —IJI-'.IY +1

3
=[ln|x—l|] +[lnlx +l|:|2
]'31' +2x+l
${x (x’
-tn:.—ln(l)+in10-ln5
=In2-0+In10-In$s

f. =In(3-1)-In(2- 1)+ In(3* +1)=In(2* +1)

=24 InT0= 15 =l
: 1
=In =In4
e j*Smx:-l < £ Smx 1 ) 2
Cos’x e Cosx Cosx Cos’x
‘?

_[Secr Tanxdc— | See’x dv

1]
= [Secx] 4 ——[Tanx]:i = [Sec%— Ser:O] —[Tan% - TanOJ
—f—l-(l—O) V2-1-1=+2-2

x//
S I e "1 - Sinx s ji( Sinx J i
s 1+ Sinx Cos’ x Cos’x Cos’x
% % %
I( Sec® — TanxSecx)dx = J' Sec’xdx = JiSechcmrdx -
0 0

= [Tar:x];‘ —[Secx];" = Tanh-— TanO[Sec-j——SecO)
=i —0(ﬁ—1)=l—ﬁ+ll=2~ﬁ
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]
28.
J'\/4 3x ,;[J
4-3x— 4 . - 3x
—nd +4
Jf 3x IJ‘I- 3x I\H 3x
T rﬁt Ixxvd- 3xdx+4f(4«3x)_’l5dr
J4-3x -

]

= (‘—1] }(4—3::))’1(—3)(1”4(—1\ fea-30)(-3)ax
\ 3 0 3) ]

= 1 =

1 @-30/" | 4] @-30%"
3 -]—+l 3 —I+1
L. 2 o 2 Jo
r | 1

1| (430" | 4| @-30"
3 3 3 1

SRt 0 2 o

=~;—x§[(4—3X}%] —%x [(4 -3x) ]L
[(4 -3 ~(4-30) ]"2'[(4— 3(1)2 - (4-3(0)) 5]

I
(05 I 1 (N6 IRV B [ 0 TN Y S TN & | S
i 1

(4-3)2 - (4- 0)}3] *2[(4—3)5"’ ~(4-0)" ‘
o - |0 -@*]

Bty
L 3
2p-9-Egg-2en-Sen
-14 814424 _10
9 i3 g 9
".f___Cosx
2 Sinx(2+ Sinx)

29, (Sargodha 2011)

Put  Sinx =1 = Cosx dx= dt
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When x=£thenr=Sr'n£=l
2 i K

When x=2 thent= Sin£=—1-
6 6 2
5 7 Cosxdx 'I
% Sinx(2 + Sinx) ,V (2+1)
1 A B

t =—+
12+ 1 2+t
‘X’ both sides by t (2+t) we get
1=AQ2+1)+ Bt
Put t=0

1=A42+4+0)+0=21=24 = |4=

B | —

Put 241=0 =2t=-2inll

1=A4(0)+ B(-2) = B:—El-

| become

Il

i

o-lnl—:n3+1n3]
2 2

1, %
% n(l)—[ln%—ln(?-ﬂ)—ln [2 %m
o .

(In()-In2)-In3+In5-m2] ~

=E[—ln(l)+-lﬂ—2-—ln3+1n5--!m%]
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_1

[ %]
M
W

[0+1n5 In3]= —tnE

=/

I Sinx

s (1+ Cosx)(2 + Cosx)

Put Cosx=1 = Sinx dx=dt
When x=0then t=Cos{=1

When x =£rhen t --Cas£ =0
2 2

=‘j- -dt ¢

; A+0Q2+1) aene+n

_‘] tdt g | _A B
42+ (A+0)Q2+1) 14t 2+t

X" be (1+0)(2+1) we get 1= A(2+t)+ B(1+1)
Put 2+1=0 = t=-2 then 1= A(0)+(1-2)
Put 1+1=0=t=-1then
1=AQ-1)+0=>[1=4] So

1 1 -l

= +
(I+)(2+1) 14+t 2+t
1

1 1
j'—— J(—-—}l I—l—d:- Lo
s (1+6)(2+1) 1+t 2+t Shkt,” 3247

=[nft+], ~[n[2+1[];
=In(1+1)=In(14+0)—(In(2+1)-In(2+0))
=In2-Inl1-In3=2In2-In3

=1n22-ln3=h14—1113=1n§
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1. y=x'+1 x=1t x=2 (Sargodha 2007,09,10,11,12)
x 0 i 1 | 2

Area = ]’(fn)dx
= jx dx + jm&: [—J (]

-

8 1 8§-1+3 10

v

———]= =
g 3 3 3
2. p=5-x', x=-1lto x=2
X 1 | 0 ‘ 1 | 2

Area = ]'(5 —x)dx = ]'Sdr - ]'x"dx
= 2 -1

2 2 32

= S.n[ldr —Jx’dx = 5['—"3—]_’

=52~ (-1))- [23 —Eﬁ)

=5(2+1)- (8 (3I)J 5(3)( ;J

=]5- (sglJ—i)—{%]=lS—3=123q unit

www.igbalkalmati.blogspot.com: ;.,_’,f_nj,d-(ﬂi[_ag,?/{'/



www.iqbalkalmati.blogspot.com
www.iqbalkalmati.blogspot.com

www.igbalkalmati.blogspot.com

COLLEGE MATHEMATICS-II 225 INTERGRATION
3 y=3Jx, x=1,x=4 (Sargodha 2008,10,11)

x|0‘1l2|3}4[5

RN RAEIEIRAE:

=2[8-1]
4. y=Cosx (Sargodha 2008,09)
xI -90° | 60° | -30° | o l 30° | 60° | 90°

y| 0 |+o.5

+o.s| 1 ‘o.s{o.5| 0

- b3
X=—i0 X=—
2

x=-90"tox=90°

o
Area = f Cosxdx = [Smx]f/;;
%

- Sin’—zr--sm[lz’f-)ﬂ—('—l)-:nl

=2 8q units :
-90° -60° -30°
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226 INTERGRATION
2
5. y=dx—-x
Put y=0=4x-x"=0 = x(4-x)=0

x=00rd4-x=0=x=00r x=4

e 5 3

[2(4) (4)’] [2(0) (O)J

=[2(16)-—r]-—(0—0)

= '32—&— 963 2t =3—Sq units

](4::_ *)dx { 4x _ﬁ]‘
/] 0

6. y=x'+2x-3 (Sargodha 2011)

Put y=0=> x*+2x-3=0

X' 43x—x-3=0= x(x+3)-1(x+3)=0

(x4+3)(x-1)=0 = x+3=00r x-1=0
x==3o0rx=1
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Area = ](f +2x=3)dx = I_I‘x"dt +2 ]‘xcb: -3 ]'ldx
3 = |

HEARS 4 PO

1 (=3) (1 (=37
= +2 - =3(1-(-
7 3 [2 2o e
I (=27) (1 9
EUS flor/2 8 (LB T Y
3[3]+[2 2)‘“'- :
o D g et g s TR =0
3773 373 3
=§§—Squni;‘s
&~
7. y=x'+1, x=2

Put y=0=>x"+1=0
4P =00r (x+)(x*-x+1)=0

x#1=00r x*—x+1=0

~(=1)£J(=1)* —4(1)(1)
2(1)

11— 1+45i

Bl e

x==1& x=2line)

x==lor x=

Area = i[(x’ +1)dx= :)[xsdx+ ]Idx
-1 I

e S et e ﬁ*1
_[4L+[.a]_, [4 = J 2-(=)= 4+2 +1

E_l %—16_|+]2—2?S "
i oA 2 = q uniis
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8. y=x’-4x
Put y=x(x*-4) put y=0=
x(x*-4)=00r x=00r x’-4=0
x=0orx'=4= x=12
x=-2,0,2

Area = ]‘(x’ —4x)dx— ]:[(x3 —4x)dx

-2

2_ v

=—4+8—4+8=85q units

9.0 y=x(x-1_(x+1)
' Put y=0= x(x-1)(x+1)=0
x=0o0r x-1=00r x+1=0
x=0,1-1

y=x(x-DE+)=x(x"-1)=x"-x
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0 1
Now Arca= I(x’ — X )dx — J-(x" —x)dx
1 o

1ix4 i :|° |:x4 ¥ =51
4 2 = 4 2 Jo

=0_0_[(—1)‘ _(—l)‘]_((l)‘ _y }_0_0
4 2 2 2

< +l__l_+l—_l+2_1+2ﬁ3—-1—5‘qumrs
I 4 2 4 4 2
_.19’.”_{‘}‘=3—x:>y=~}3-x
x==ltox=2
x| K 1 0 ‘ 1 I 2 ' 3
..v|2}1.7|1.4|—1|0

2 2 ,
Area = IJB —xdx = I(3 - .\')',{z dx
-1

2 5 : ,
== [-2/ - G- =+.%)1_(3+1)h):_%(1_4%)
-1

! 2
=_-§-(1 —2+% ==30-2) =—%(—7)=%Sq Py
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X
11. y=Cos—, X=-wlonm

xl -90° | -60° ‘-30“

0 30° | 60° | 90°

}'| 0.70 |0.ss |u.9s| 1 |o.9s|o.s|o.7

T
Area = J-Casid):=
S 2

=| S £_ i ;7:_ = - - =
2—-[-5”12 Sin 2] 2(1=(=1)=21(1+1)

=4 Sq units
s T
12 y =Sin2x, x=0to 3
x | 0 l 30° | 60° | 90°
Jf’ 0 |0.86'0.86’
L 74 '.'/_:,
/3 y
Area = j Sin2dx =[ Cor2x ]
0 0

= -—l[(l'asz—’r - CosO)
2 3
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A
Put y=0=>+2ax—x*=0= 2ax-x* =0

x(2a-x)=0=x=00r 2a-x=0
x=0o0r x=2a

la la
Area = IdZax+xzdx= J'JZax—x’ —a* +atdx
3 b

2a Qa
= [J-(-2ax+x* +a*)dv= [—~(a® +x* —2ax)dx
0 0
1a
= I a’ ~=(x—a)'dx Put x—a=aSin@ dx=aCos8d6
o .
-

When = 0'then 0—a= aSind = Sinf=~1=> 8=S8in"'(=1) -=

When x =2a then 2a=aSin@ = Sinf=1= 0=_S8in"'(-1)==

2
= _[ Va* - a*Sin*8aCos0d6 = I\Ia (1-sin® ) aCos0d0
-5
% % %
= IJa’Cm’O aCos0dl = | aCosO. aCosOdO = J 1(30326:!9

=/ wZ A
7

i ]

L
I

d0=—I|0

r ir (1+Cos20 +Cas20 a .S‘sz
A 2

2 . ot 2
4|z Sinm x Sin(-x)| _alx . % o
2 2o 2

=—3 E =££ Sq. units
Pl i
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From (i) ex=1+y=c= I+y
x
So ﬁz i = .rﬁ=1+)*
: X dx
(i) y+y=c——=c-x"
X

Taking derivative

dy I'j)" 2
2y—=—+—=0-(=Dx"
Yt (=Dx

dy 1
2y 4+1)= =
(y+)‘:

=

= .1'3(2_y - l)ﬁ =1
dx

1 Ib/'
= x(2y+D)—-1=0
(2y+1) e
(il =€ +2x+1
Taking derivative

(iv) y = cex’
Taking derivative
dy 7

— =g, ¢ (2x)

dx

From! ce™ = yso
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v)

dy 1 dy
=== ——==2
dx 2 X dy g
:blﬂ—ily:(}
x dx

y=Tan(e* +c¢)
% = Sec’ (e +c)%(e’ +¢)

=(14Tan’(e* +c))(e")
Use |
=(1+y%)e*
Q = y2
i dx e

% =-y > dy=-ydx

= Lldy=—ar

y
Taking integral both sides

= fias

In|y| =—x+In|c|

In|y|=—In|e| =—x

InZ=—x
¢
:>Z=e D y=ce
é
ydx =xdy=0
= ydx =—xdy
1 -1
—dx=—1dy
X y
Taking integral
1
fras--[Lo
% ¥y

In‘x|=—ln|y‘+lnc

www.igbalkalmati.blogspot.com: u_’/r_nj,d(;?i f_ag,;/,g'/
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lnlx| +ln!y| =Inc
In(xy)=Ine
= xy=c

- Ay _1-x
A i

= ydy=(1—x)dx

Taking integral

[ydy = [A-x)ax

2
- !{z[x—g}ﬂ:,

Xby2

Yy =2x—-x*+ 2¢, 2¢,

I
2]

=y =2x—x*+¢
V¥ =x@2-x)+c

Iidy = ‘[xzdx

dy

6 Siny Cosecex—=1
dx

= S:'ny—.l—-ajz =dx
Sinx

www.igbalkalmati.blogspot.com: V_’/_njw’-(;?i La/;,.?/,:'/

(Sargodha 2008,09)

INTERGRATION


www.iqbalkalmati.blogspot.com
www.iqbalkalmati.blogspot.com

.igbalkalmati.blogspot.com y
WWW.ig gsp )'L 5_2)_
COLLEGE MATHEMATICS—I INTERGRATION

Sinydy = Sinx dx
Taking integral
J-any dy = _[Sinx dx
~Cosy =—Cosx—C, = Cosy=Cosx +C,
7. xdy + y(x=1)dx=0

xdy =—y(x—1)dx
y x
s
¥ X

Taking integral
1 1
—dy=—|ldx+ |—dx
[Lay=—fuaer !
Iny=-=x+Inx+Inc
Iny—-Inx-Inc=-x

1ﬂ;—=—# ::’l:e":by:cxe““
cxX cx
- x’+l_£dy
i y+1  ypdx
2
X +1=ldx=—l-dy
v+l x
x*+1
X+ Sl y+1 dy
X y

Taking integral
(5o
X x y
J(l-flk‘.': J.[x.l.l dx
4 X

y+iny -‘-—‘2— +Inx+Ine

2
Ine”. ) =£2—+lnc:x

-2 e T S
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INTERGRATION

2

, X
Inye! —Inex=—
2 2

2

¥ ¥ ;
n=-% = Eﬂ——-e‘% = ye’ =r:xex%
cx 2 cx
‘ 1 dx
o 1= _lgiy
“’ aj_: 2
1 1
= =—xdx
(1+yzjdy 2
Taking integral
dy= dx
th) I
1 x°
Tan™ =—, —4C
gy
x x
Tan'y="—+cor y=Tan| —+c¢
y=preor yot e

10. 2.\:2)?E =x'-1
dy

2
a@r;qﬁ
X

2ydy = (1—x°)dx

Taking integral

2 [yey= [(1-x")ax

o B Ee

G dy 2y+1
dy 2%
d 2y+1
dy Zgp+x—2p
de 2y+1
dv _ x
dr 2y+1
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(Zy+1)dy = xdx
Taking integral

[@y+Ddy= [xax

2 2
WX,
2 2
2+ —x—2+c
D SR 4 5

2
X

y(y+l):?+c
12.  ix' —yx‘)ﬂ+y’ +x' =0
dx
(x’ —.wr’)%=—(y1+xy2)
x’(l—_v)% ==y (1+x)

(I ﬁzy)‘b’: —(]tx)(h'
y #

Taking integral
,"2 l —_ 2 _!_
I} dy+ !yabf : Ix‘dﬁ— det
1 |
—)—l+1n|yi=f—l+ln|x|+c

:&ln_v-rl: --l+1nx+c
y X

13.  Sec’xTanydx+ Sec’ yTanxdy =0 (Sargodha 2011)
Sec’ yTanxdy = ~TanySec” xddx
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14.

Secty G —Sec’x e

Tany Tanx
Taking integral

Sec’y Sec’ X

'[ = I Tam'
ln(Tany) =—In(Tanx) +Inc
In(Tany) = —In(Tanx) =Ine¢
In7anxTany =Inc

= TanxTany =Inc

xZoaf P
y xdx—l(_; +de

y=(1-2y)=(x+2)—=—

1 o1
[.wz]d'_y(l*z;f)“"
A B

=—+
»1-2y) y 1-2y
= 1= A(1-2y)+ By

Solve =

Put y=0=>1= A(1-0)+0 = [4=1]

Putl=2y=0 :,_v=%

1=A(0)+B%:>|B=2|So

( 1 ] :
s dt: e b | .
-\x+2) (y l—2y]dv

Taking integral

——dv: I—afwr I

X+2

dydy
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15,

16.

| I ~2dy
dv= [—dy— [
'[x+2 -[yd}, 1-2y
Infx+2|=Iny-In|l-2y|-In

Ine+In(x+2)=In y—In(1-2y)

I +2)=In
ne(x+2) 2y
Y ”
c(x+2)=——
(x+2)= =2y
o dy
1+ CosxTany—=0
sx Tany o
Cosx Tan_vﬂ =—]
dx
Tany dy =— dx
¥ Cosx
L AP 5
Cosy C'o.s:x
J—Si@ I
Cosy Co.s:x
In|Cosy|= [Secx

In|Cosy| = In|Secx + Tanx|+Inc
In |C o.s'y[ = Inc(Secx + Tanx)
= Cosy = e(Secx + Tanx)

dy dy

—Xx—=31+x—=
y=—x ; [ +x [ J (Sargodha 2012)
ﬁ =3+3x ﬁ

E Y&
PEs dy +3x§fy~

y=x

134.1:@

-2 e T S
www.igbalkalmati.blogspot.com: u_’/r_w'u}(g T L& ey
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Taking Integral

E d=4 j;I_—3 o

Ine+In|x|=41n|y-3|

Inex = In(y—3)°

(y-3)'=cx = y-3 =(c.r)*l/"‘

y= 3¢y 4= 3¢.-|x-t"f
17. Secx+ Tm% =0

"Ybnyjdy— =—Secx
dx

Tany dy =—Secx dx
Taking integral

=Siny o _
ICo.sy dy = ISecx dx .
In|Cosy| = In|Seex + Tanx| +Inc

In(Cosy) = Inc(Secx + Tanx)
= Cosy = ¢(Secx + Tanx)

dy

18. e +e ) —=¢" —¢*
( )dx

dy=[ex_e;]dx
e +e

Taking integral

yzj{exde:xjdlen
e +e

=x+x)° =x(1+")

e +e’|+c

(=]

19.

B[S B|&
>'<
i
&

1

0N
+

Jomse

=

aking integral
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1
o= b

x!

Tan'y="—+¢
A 2

Put y=& x=0

Tan™'(1)=0+¢c = |==c¢

| become

2
Tan"y = [-J;— - %] (particular Sol)

20. —df=2x::1dx=z¢_r
dt X
Taking integral
|
[~a&=21a
X
Inx=2¢+Ine
Inx—Ine=%
nZ=2r = X_g¥
c c
x=ce’ put x=4&t=0

4=ce":-

x = 4e*
21. é +2st=0
dt

é=-2.s‘t = lds=—2;'¢:z’r
5

dt
Taking integral
1
_[—ds: —2J'ra?
s
pr)
Ins=2—+Ine
2
Ins=lnc=-¢
= 2 Lut
C c
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s=ce"
Put S=4e & t=0
4e =ce' :>

S=de.e" =4
§=4¢""

22, Letpbemurbeasafhdmiaﬂ:m%ﬂqm(mrdingtoﬂmgivenwnditiou)
ldp=1:a?
P
Taking integral
J'ldpzk [1et
4
Inp=kt+Inc

nf=k =L=c
c e

= p=ce”

Put p=200, t =0 (ConditionI)

200 =ce” =| ¢ =200

| become p = 200e"
Condition I = p =400 when t =2

So 400=200e = 390 _
200

e =2 = Ine** =n2

=2k In2 = 2k(1)=In2

k =%ln2 I become

p=200¢"" =200¢/2""

p=200e"" =200.2"

Put t =4 then
4/ _ p=200x4=800
p=2002"72 = p=200.2"
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23.

INTERGRATION

Let v is velocity & g is acceleration of gravity then we know that

av .
— = acceleration
di

dv
e, :}dv:_
78 gt

= Idv=~gfdr = v=—gt+c
Put v=2450 & t =0 then
2450=0+¢, = ¢, =2450
v=—gt+2450
v=-980r+2450
g =9.8meter =980cm so
lv = —980r + 2450)
Let h be the height

dh

v =— =-980r + 2450
dt

dh = (~980¢ -+ 2450)dt
J' dh =—980 J'rd: +2450 _[1d:

h=-980. %+2450r e,

h=—4901* +24501 +c,

Put h=0,t=0

0=0+0+¢c, =¢, =0

|l = 24500 —290/%|

From max height v=0 then 0=-980t+2450 from I
2450 5

980 2

9807 +2450 =1 =

Put in I

= 2450[§] s 490[§]
2 4

=6125-3062.5
h=3062.5
So max height =3062.5cm  +by 100 to convert int meters

=30.62m
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TEST YOUR SKILLS Marks 100
OBJECTIVE
Q.No.1 Given below are a few possible answers to each statement of which one is correct,
identify the correct one, (20)
1. The inverse process of differentiation is called
(a) anti-derivative uﬂsf integration
(c) Both(a)&(b) (d) None of these
2. ¢/ (x) = fix), then $(x) is called an
(a) derivative (b) integral
(c) differential coefficient (d) None of these
3. I(ax+b}"d.r= if n# -1 then
r+b)"
(a) (ax+b6)" +c (b) (—u-}-
a(n+1)
I n+l ‘[ ]
() (ax + b) A, (d) (ax +b)"
a a(n -+ I)
4. JSec’(a.t +b)dx =
(a) Tanfax+b)+c : . (b) lCas(mr +h)+¢
a
(c) lTan(m‘ th)+e (d) - -;-Tan(cu +b)
a
5. JCoscc(a.t +b)Cot{ux + b)dxy =
1
(@) —Sec(ax+b)+tc (b) LCnl(u.:ur+6}
a a
|
(c) ——Cosec(ax+b)+c¢ (d) =1 Cot(ax +b) +¢
&l a
6. JS ecx dx=
(a) In|Secx+Colx|+c (b) In|Tanx+Cosecx|+c
(¢) In|Secx+ Tanx|+¢ (d) In[Sinx+ Cotx|+c
7. J Cosec x dx =
(a) In|Cosecx+ Cotx| (b) In|[Cosecx—Tanx|+¢
(c) In|Sinx—-Cotx|+c (d) In|Cosecx—Cotx|+c
8. Jt' Py =
(a) = (b) —I~€‘""' +¢
a
I m+h l ar-h
(c) —&""+e (d) —e""+¢
b a
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9. [l _ino
ax” + 2bx +c¢
(a) (ax®+2bx+c) (b) %ln |ax® +2bx +¢|+¢,
(€) Injax®+2bx+c|+ (d) (“—"'*zL“)
10. J.a‘= xidx =
@ & 1 WL
Ina 2lna
(©) o +c (d) 24° +c
11. ]r 2 - -1 o=
(1+x")Tan" x
(a) In|l+x*|+c (b) (4x*)V+¢
(¢) Tan'x+¢ (d) In|Tan'x|+c
12, [f(x)g'(x)dx=
(a) flxlglx) - (b) flglx) — [ f (x)dx +c
() fixlglx) + [g(x)f (x)dx+e (d) None of these
13. Ilu xdx=
(a) xInx+c (b) xlnx-x+c
(c) xInx+x+c (d) Inx+x+c
14, Ie" (Sinx - Cos x)dx =
(a) e"Cosx+c (b) -e“Cosx+c
() e*Sinx+c (d) —e*Sinx+c
b
15. Wa<c<h, [f(x)dx=_____
@ [f(dx (b)  [fCx)ds
c b S b
() [fexdy-[f(x)dx (d)  [fdx+ [fxax
16. ] f(x)dx=
4 I 3 5
(@) [/t [f(x)ax (b)  [f()dxt [fx)dx
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COLLEGE MATHEMATICS—I| 246 INTERGRATION
(€ [f(xax (d) [/ (de+ [rix)ax
] 0 |
17. 1f [f(x)dx=5 then 3 [£xyax=
(@)* 7 (b) 10
() 4 (d) 15
=/3
18. ISee.r Tan x dx =
(a -1 (b) ©
(€ 1 (d) 2
Ve d“
8. ;!I xr
n HY
(a) 5 (b) 2
T T
(c) = (d) =

20. The solution of x% =1+yis

(@) y=cx (b) y=cx+1

() y=ecx-1 (d) None of these
SE N |
SUBJECTIVE

Attempt any 25 (twenty five) short question from Question 2,3 and 4, at least 12 short questions
from question 2, 12 short question from question 3 and 13 short question from question 4. All

question carry equal marks. (25x2=50)

Q.Neo. 2 .

I What do you mean by the word “Integration”?

i Give a function y = f(x) then distinguish between dy and dy

iil. Using differential find % xR = xy

ax

iv, Find the approximate increase into the volume of a cube if the length of its each
edge changes from 5 to 5.02.

V. Find the approximate increase in the area of a circular disc of its diameter is
ir reased from 44 cm to 44.4 cm.

vi.  Buluate [(2x+3)% a

vii Ev iluate J———L
: Jx+a +w/;

Aol g w oy
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viii. Evaluate JCosecxdt
ix. Evaluate ISecxdr
X. Evaluate I . dx
xinx
xi. Evaluate J-—l_l—d‘(
(1+x")Tan™ x
5 C
Xii. Evaluate _[ - 05'?_
SinxInSinx
Q.No. 3
i. Evaluate |xCos xdx
ii. Evaluate jxe"d.’x
fil. Evaluate _l'Sin_I xdx
. il
iv. Evaluate Ie —+Inx &
x
V. Evaluate je‘(CostrSinx)afx
vi. Evaluate je *(Cosx—Sin x)dx
vii. Evaluate [e**(—Sinx+ 2Cosx)dx
viii. Evaluate Ie‘" [aSec"x+=—l’—Jdr
xxi =1
C
ix. Evaluate I Ot&dx
Jx
X. Evaluate Ia‘;xcir
Xi. Evaluate _[e Te dx
e
=
xii. Evaluate I’(x’ +3x%)dx
=}
Q.No. 4
3 -
i Evaluate |—
Sx H9 '
- Y
ii. Evaluate |——dx
X" +2
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COLLEGE MATHEMATICS-II 248 INTERGRATION
iii. Evaluate I(x+ | x )dx

-+

iv. Evaluate jsm(a + b)xdx
dy

V. Solve x—=1+y
dx <
1 dy
i ————2y=0
v x dx Y
vii. ydx+ xdy =0
viii, 2_1=x
dx y

ix. (e* +‘e")-@=e’ —e"
dx

X. 1+CosxTanx£=0
dx
xi. Define differential equation and define order of differential equation..

xii. Evaluate Ia‘dr
1

2
xiii.  Evaluate ‘I-(xz + 1)dx
I

Attempt any 3 (three) questions. (3x10=30)
Q.No.5

= x* =1 by differential equations

3 dy
(a) Solve 2x"y
Y

(b) Using differentials find i when £ — Inx=Inc
x
Q.No.6
(a) Using differentials to approximate the value of cos29"”
(b) Find the area between the x-axis and the curve y=+/2ax—x> when a >0.
Q.No.7

(a) Evaluate the indefinite integrals I—-wgdy, (y>0)
Y

s

(b) Evaluate the definite integrals I; £oox

» SInX(2+sinx)
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COLLEGE MATHEMATICS-I 249 INTERGRATION
Q.No.8
(a) Solve d—yzg—x: +x=3,if y=0whenx=2
dx 4
(b) Evaluate Icos“ x+/sin x dx, (sin x > 0)
Q.No.9
(a) Evaluate Jel’ [—sinx - 2cosx]dr

(b) Evaluate I(x-f- | x|)elx
-1

Previous Board Questions

dh
1. Use differentials to find the value of d_y if X' + 2y’ =16. (Lhr—2008)
5
2. Find dy fory =x’, x = 2, dx = 0.01. (Lhr — 2005)
X
3. Evaluate [——adx . (Lhr — 2005)
X+2
a. Evaluate I(Si" X —cos x)dx. (Grw — 2005)
5 Evaluate oo (x>0) (Mirpur - 2009)
V2x + x?
2
X = -
6. Evaluate I 5 dx (x>1). (Multan - 20089)
(x=1)
2
i Evaluate J'——J— dx (Faisalabad —2009)
SINX +COS X
8. Evaluate JCOS ecx dx (Faisalabad — 2009)
9. Evaluate J.\laz - x* dx, (Lahore — 2009)

10.  Evaluate JJ1 -~ cos2x dx.
(Lhr — 2009, 2009, Faisalabad — 2009, Mirpur — 2009, Multan — 2009)

i

11.  Evaluate J’sin3 X COS XdX. (Multan — 2009)
]

12. Find the area bounded by the curve y = x* + 3x” and the x—axis.

{Mirpur — 2009)

13.  Evaluate | (In x)2dx. (Lahore — 2010) Group - |
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14. Evaluate I—a)(x’_ dx (a>b) (Lahore — 2010) Group -1
15. Integrate | (2x + 3)1/2 dx (Lahore - 2010) Group — Il
1
16. Evaluate [/nx . dx (Lahore — 2010) Group — I
17.  Find the area bounded by the curve y = cos x from x = — %to X= %
(Gujranwala — 2010)
dy 3, :
18. Solvey =7x“+x—3ify=0wherex=2, {Gujranwala — 2010)

ESRBESERBERE RS

ol e
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Introduction to Analytic

Geometry

Definitions:

Co-ordinate system:
Draw the plane two mutually perpendicular lines intersect at0 origin divides plane in
four equal parts. These lines are called axes and system is called co-ordinate system.
. Translation:
Let xy-co-ordinate system be given and O'(h, k) is any point in plane. Through 0’
draw new perpendicular lines O'x and O’y parallel to Ox and Oy. New axes O'x and
O’y are called translation of Ox and Oy.
3. Slop or Gradient:
The measure of steepness (ratio of rise to run) is termed as slope or gradiant
denoted by m = Tanu
4. Trapezium:
A guadrilaterals having two parallel and two non-parallel sides.
5. Homogeneous Equation:
Equation f(x, v) =0 iscalled homogeneous equation

~ Important Formulas

1. Distance = d=y/(x, = %) +(33 =)’ (point to point) (Sargodha 2010)
S .,kl.\u +h,x, ko, +ky )
2 Ratio (divide internally) = BB Sd BB L i
Ky k+k
: "-kx) —k'u-\- k Vs _k~ { ;
3. Ration (Divide externally) = l —172 27 172 Vi
kt —k, k, —k,
(X +X W+),
4.  Mid Point = l s 4 (R l
2 2

ax, +bx, +ex. ay, + by, +ep. )
Centroid =[ ! = x 2N TEA T80 |

L

a+b+c a+h+c )
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COLLEGE MATHEMATICS-I 252 INTRODUCTION TO ANLYTIC GEOMETRY

o

X=x-h
Equation of Translation _
Y=y-k

X =xCos0 + ySinf
7. tyuationof Rotation - -
Y = yCos@ - xSin0

8. Slepe= m=Tanca

9, m= P B 4 (if two points are given)

-a
10. m=—Iifline (ax+by+c=0)isgiven

11, Two lines are parallel if |m, = m, | also |ab, —a,b =0

12. Two lines are perpendicular |m,.m, = -1

13. Collinear; slope of AB = slope of AC
14. Slope intercept from y=mx+c
XX
15, Two intercept from —+ ; =1
a

16. Equation of Line (y—y,) =m(x—x,)

X—x -
17. Symmetric from —L = P b A
Cosax  Sina

18. Normal from xCose + ySina = p

ax, +by, + ¢
19. Distance = d (from one point to line)= w
Ja® +b?

6 » 1
20.  Areaof Triangle A = 5 Ly 1
X ¥ |
21, Tang=2tr"
L+m,m,
—2h
22. my+my= &m’m2 =
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COLLEUE MATHEMATICS - 253 INTRODUCTION TO ANLYTIC GEOMETRY
. 2JW —ab
23. Tanfl =—————
a+b

24. 1’ —ab =0 then lines are coincident
25. a-+b=0 then 6=90"

26. Joint equation ax” + 2hxy+hy’ =0

X Objective Type:
(i) x > () the right half plane (x > 0 mean x Positive)
{ii) (x>0and y > 0) first quadrant (Because both x and y positive in 1" quadrant)
(iil) x=0The y—axis (Because x is zero on x — axis)
(iv) y =10 The x— axis (Because y is zero on x— axis)
(v) r < (0and y 2 0the second quadrant (Because x negative and y positive in
/I quadrant).
(vi) x = y point in the first and third quadrant.

(Forexample (1,1),(2,2),(-3,-3),(—4.-4)
(vii) x| =|y|first and third quadrant or second and fourth quadrant

(Because [(l.l),{—l,—l),ﬁ:r I and I and (1,-1),(=1.1) for Il and H-"]

(wviii) [a.l >3 (on x — axis less than equal to —3 and greater than equal to 3)

(Because |\| >3 +x>23 . x23 and —x23.x2 3 and x £-3)

(ix) x> 2 and y = 2(in first quadrant x greater than Z and y = 2).

(x) v and y have opposite sign (The /I and IV quadrant) Example
(2,-2) or (=2,2)

2. (a) A(3,1),8B(-2,-4) . (Sargodha 2008, 10)

d =|AB|= J(=2-3)? + (~4=1)* =25+25 =50 =52

== Fy AW S A
MMpmmOfAB;[3+"X'+‘{j:f3 ‘f 4}=[
2 2 L\ 2’ 2 :
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(b)  A(-8,3),B(2,-1)
d =|AB|=J(2 - (=8))" +(~1-3)" =[(2+8)" +(=1-3)?

Mid point of E=(_8+2. 3+(HI)] =(:§-,E]= (-3.1)
2 2 22

(c) A (—Jg, - %J A B(—S-Jg, 5) (Sargodha 2009, 11)

d =|AB| =‘J(-3\/§ (5 +(5 - [-%D

=J<-3J3+J§)Z+[5+§]’ :J(_z\'ﬁ)u[g

=J4x5=g§§=\/20+255:J130+256

9 9

_ [436 24109
9 = 3

l
T5| 2B+ T3
2 ?

Mid pointof 48 =

2
" 4y 7
_[=¥5-35 3| (45 w1
2 X2 I
) \
|:'r@l‘j f 7
=
=] -2/5,— {
\ | Vs 3]/; '
3. (3) Suppose O(0, 0) and Given A(N176,7)

Then [04] = (V176 —0) +(7-0)" = 176+ 49 =225 =15
Thus  A(~/176, 7)is at 15 unit from origin.
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(b) Suppose origin 0(0, 0) and 4(10,-10)

Then [04] = /(10-0) +(=10-0)* = V100+100 = v200 = 10v2
A(10,-10) is NOT at 15 unit from origin.
(c) Suppose origin 0(0, 0) and A(1, 15)
Then |04]=/(1-0)* +(15-0)* = JI+225 =~/226
A(l, 15)is NOT at 15 unit from origin.

(d) A (%,12—5-) and O (0, 0) then (Sargodha 2010)
2 2
Then |04] = [1—5-—0) (E—O) =J225+225=\/450
2 2 4 4 4
2 2

Ais NOT at 15 unit distance from origin.
a (i) A(0,2), B(3,-1),C(0,-2) (Lahore 2010)

4B =(B-0)"+(-1-2 =3+9 =12

[BC = (0-v3) +(-2—(-1))" = (—/B) +(=2+1)’

=B3+1=V4=2

4] =(0-0 +(-2-2)°
=J0+(-4 =Vi6=4

Now [ABf" +|BCf' =(V12)* +(2)* =12+4=16=(4)" =|AC]

PYTHAGORAS theorem satisfied So ABC is right trlangle
(ii) A(3,1), B (-2,-3),C (2,2)

| 4B =J(-2-3) +(-3=1) =\[(-5) +(4) =\/25+16 =4I
[BC=@~2) +@2+3) =@ +(57 =V16+25 =Va1

: =J(2-@2)+2~(-3))

A=\B-2P+(1-2) =) + (=17 =1+1=+2

Since lA.Bl = [BC| So ABC is isosceles triangle.

A B
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(i) A (5,2), B (-2, 3), C (-3, -4), D@, =5)
4B = (257 +B =2 = (=77 + (1) =49 +1=4/50
1BC = ((3—(2)F +(4-3) =y/(-3+2) +(=7)’ =/1+49 =50
1CD = J(4—(3) +(-5~(-4)) =/(4+3) +(=5+4) =(7)" +(=1)° =1/50
D= (54 + @2~ (=5))" =(1)’ +(7)* =\1+49 =50
|4B|=|CD| and |BC|=|AD| so ABCD is a parallelogram.

Now for Square Check diagonals D &
4= (3= +(-4-2)" = (-8 +(-67 N;
=64 +36 =y/100=10 /iy

|BD) = /(84 —(<2))* +(=5-3)" =+/(4+2)* +(8)° =/36+64 =100 =10
Since IAC‘] :lBD{ So ABCD is also a Square.
5. Suppose vertices are A(x,,),), B(x,,yl), C(x,,y,)and given mid points are
D(1,-1), E(-4,-3), F(-1,1)
X £l Y+ Vs
2
=x+x5,=2 I & y+y=-2 U

D is mid Point of ABso 1=

e X, +Xx + ¥
E is mid Point of BCso —4= o= 3&}‘1 -3

2 2
=x,+xn=-—S8 [l & y,+y,=—6 [V

— X
F is mid Point of AC so —1=-

+x3 &I=y1+y3 ==3
2 2

s

=x+x=-2V & y+yu=2 VI A(x,, )
Solving [ & III /

| =9
we D(1,-1) F(-11)

foms  SAth =i / ‘j
X, —x; =10—(a) /
Solving IV & V

B(x,¥:)  E(-4,-3)

C(x3505)
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X, +},/ =-2 |
V+V b A0
2x, =8
x, =4
Put X, =4 inl
X, =2~-x=2-4=-2
x, ==2
put x, =4inV
x,=-2-x,=2-4=-6|x;=-6
Solving I &IV
n-mw

J’|+)4='2

_)41'3"3 =76

N=y=4-(b)
Solving b& IV
b+1V
y|+){ =4
¥ +){=2
2y,=6
»n=3
Put y,=3Inl¥
Put y,=-2—-y,=-2-3
'yz —
Put y,=3in VI

y3=2~-y=-2+3
yi=1
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4 6. AR3,-1), B(0,2),Ch,-2)
|48 = J(0-3) +2—(-)) =y(—3)* +(2+1) =379 =+I2
|BC| = J(h=0)* + (=2—2)* = \JI¥ +(—4)* =¥ +16
|AC| = (VB - ) +(-1-(-2))’
=3=213 + B+ (~1+2)

=B —2Bh+3+1 =1 —2Bh+4

Now According to the given Condition
|4B[" +|Ac]|" =|BC] s0 B

(12)? + (VA —2Bh+4) = (Ni? +16)

1247 -23h+4 =R +16 > +16-12—-#* +23h-4=0

2Bh+16-16=0=23h=0 =[h=0]

7. h=?7 A(-1,h), B(3,2), C(7,3)are Collinear
Given points are collinear if

x 1 -1 A 1
x » =0 =13 21
X, ¥y | 7 3 1

Or -1(2-3)-hAG3-T)+1(9-14)=0
Or —1(=1)—h(—4)+1(=5)=0 =1+44-5=0

dh—4=0 = 4h=4 = |h=1
8.  Suppose centre is 0 and 0 is mid point of diameter so

Centre 0=[‘5+5‘:E‘_4J__4[9_,:§]
2 2 2. 2.
I oo
(=5,2)4 B(5,-4)
2/

=(0,-3)
Radius =[04|= JS—0) 42— (-3) = J=5) #(-243)
=J25+1=+26
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9. A(h, 1), B2,7), C(—6,-7)
According to the given Condition

|48|" +|ac| =|BC[ ————1

Now [|AB|=J(2—h) +(T-1)} =J4—4h+ 1 +36 = 40— 4h+ 1’
|BC| = (=627 +(=7-7)" =(-8)" +(~14)" = J/64+196 =260
|AC| = J(=6 =Y +(=T=1)* =36 +12h+ i* +64 =/I* +12h+100

Putin [

(V40— 8k + B + (VK +12R+100)* = (§260)

40 —4h+ I +h +12h+100 = 260 = 24* +8h+40+100-260=0
2h* +8h—120=0 +by 2, i* +4h—60=0

W +10h—6h-60=0 = h(h+10)—=6(h+10)=0
(h+10)h—-6)=0 =h+10=0 or hKh-6=0

h_z—lOurhzﬁ
10. A@9.3), B(7,7), C(=3,-7), DG,-5) D - C
Mid point of AB is E [_7 ) :’ﬁ]
“ 2 H F
2 10
=FE|—,— |=E(, 5
[2 2) ,5)
—T4(-3) 7+( 7 - :
Mid point of BC is F[ J i E B
‘L[ e 37 7) F( -10 OJ £ (=5, 0)
L)
M:dpountofCDlsG[ = ?+(H5)) (F(—z-,;z_—SJ=G[E,——I2]=G(I, 6)
2 2’ 2 52 9
MsdPomtofADlsH[ ) 3 5] [%‘—72]=H(7,—!)

Now for parallelogram

|EF| = J(=5=1)* +(0—5)* = {J(=6)* +(-5)* = V36+25 =61
[FG| = J1=(=5)" +(=6-0)" =/(1+5)" +(~6)" =36+36 =+/72
GH| = J(7 =1 +(=1+6)* = J(6)* +(5) =/36+25 =61
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\HE| = J1=7) +(=5—(=11))} =J(-6) +(5+1)" =36+36 =72

|EF|=|GH| and |FG|=|IIE| so

EFGH is parallelogram ' D =%
1. A(-3,0), B(1,-2), C(5,0), D(1,h)

| 4B = JA=(=3)) +(-2-2) =J(1+3)’ +(=2)’ )

=J@ + (-2 =+16+4 =20 A
CD|=J(1=5) +(h=0)" = (=)} + I* =\I* +16
Given that ABCD is parallelogram so |AB] = ](.'Dl

or V20 = A +16 = K +16=20 = ¥ =20-16=4 = [h=2]

To check square

14C| = 5= (=3)) +(0-0) =\[(5+3)* +0 =/64'=8
1BC|=J(1=1) +(h=(=2)) =J(1=1) +(2+2) =J0+(4)* =4
|AC] = |BD| So ABCD is not square

B

12. Suppose third vertexis C (x, y), Given triangle is equilateral so
|48 =|4c|=|BC]|

11 C

|AB|=|AC] I & |AC|=|BC|

I =33 +(0-0) =Jx+3) + (-0
S0 V36 +0 =49+ 6x+x° +

x4+ +6x+9=36 = x'+y +6x+9-36=0

P4y +6x—27=0——1I 4 X B
From I l4C|=|BC|
Jx=(3) +(y—0)* =(x~3)* +(y—-0)’

\/9 Fox+x"+y =-J97—6x+x1 +y° ¢
Squaring both sides

42 +6x+9=2"+3"—6x+9

6x+9+6x-9=0=12x=0 = x=0

Putin IIT (0 + 3> +6(0)~27=0 = y* =27 = y=+27
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y=13s/3

So two triangle are possible with

Vertex C(0,33) & C(0, =34/3)

13. Suppose points C(x,, y,) & D(x,, y,) trisect line AB {Guj 2010)
C divide AR in ration 1:2

[

So co-ordinates are A(—i.4) c ;) 81(6.21
LMo +2-1)_6-2 _4 '

: 1+2 3 3

(2)+2
Som (2)+2(4) _2+8 10 C[iﬁ]
142 3 3 33

Now IXx,, y,)divide ABinratio2 : 1 2 I
So co-ordinates are
. 2(6) +1(=1) 12-1 _E A(=1,4) D B(6,2)

2 ) 3 3

2(2)+

y, = ZENENH 478 08, ok el

3 241 3 3 RESY

14, Suppose C(x,y)is required point which divides AB in ratio.
Three fifth (3 : 2)
So co-ordinates are
) 3 1
x_3(5)+2(—5)_15—]0_£_] | i z i
352 T Fyiisn A(-5,8) Cx.y) 3(5,3)
v__3(3)+2(8) 9416 __2_5“_5
342 5 5

C(1, 5)is required point.

15. Suppose p(x, y)is required point which lies (Sargodha 2011)
(i) Onsame side

B become mid point so ; t . { .
s ltx . d+y 40,4) B(5.6) plx, »)
2’ 2
=  10=l+x 12=4+y
x=9 y=8

So p(9, 8) is required point.
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(ii) On opposite side F f {

Now A divides pB inratio2 : 1 px,y) AL , 6(5,5)

| = 2(5) +1(x) - 10+x — IG:—x =]l =210+x=3=2>x=7

2+1 3
200100 2y J2HY jatip w20
241 3

So p(=7, 0) is required point.

16, Suppose P(x, y)is point equidistance from A,B and C then A(5,3)
\PA|=|PB|&|PB|=|PC|
Now |PA4| =|P8]|
Jx-52 +(r-3) =/(x - (-2))*+| (y-2)}
By taking square B(=2,2) C(4,2)

= (x=57 +(y—-3)* = (x 42 +(»—2)°
X =10x+25+ )" =6y +9=x" +4x+4+y -4y +4
or x* +4x+y° -4y +8-x" +10x-25-3y* +6y-9=0
14x+2y=26=0 or Tx+y-13=0——1
Now |PB|=|PC]|
By squaring
JE=(=2) +(y=2) = J(x=4) +(¥=2) = (x+2)* +(»=2) =(x=4)" + (y-2)
N dx+4+y =4y +4=x"=8x+16+y* -4y +4
or X +dx+4+) +4y—x" +8x-16-y* +4y-4=0
12x-12=0 =12x=12 = x=1
wind  TW+y-13=0 = y—6=0 = y=6
So required pointis P(1, 6)
Now radius =|PA|=+/(1-5) + (6-3)* = /(-4)’ +(3)}

=16+9 =4/25=5 c(x,¥)

17. A4, -2), B(-2, 4), C(5,5) R a C
Suppose centre is C(x, )

|4B|=c=(-2-4)" +(4+2)° =~36+36 =12 =62
|BC|=a=\5-(=2) +(5-4)* = J49+1=/50 =52
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[4C|=b={(5-4Y +(5-(=2) = JAY +(5+2)’ =1+49 = 50 =542
_ax +bx, +cx, = 5\/5(4) + 5\5(~2)+6\5(5)

Now x
a+b+ec V2 +5V2 4642
L 20V2-102430v2 40,8 5
16v2 16,8 2
ay, +by, + ¢y,
Pl
a+b+e
_SV2(=2)+5vV2(4) +6V2(5)  —10v2 +2042 + 3042
52 +52 +6v2 16+/2
402 5 S ( 5 5)
= =—So required in centeris =| —,—
1642 2 372
18. | | I (Sargodha 2012)
Alx, ) € D E B(x,,5,)

Case /:Suppose C divides

3 3
b
ABinration1:3then A(x.,y) C B(x,.%,)
(_.(3.\', + Xy 3y;+_L-'3J=C 3x, +x, 3}!,4—,1--'3}
1+3 7 1+3 4 ' 4
Case /I:
Now 1) divides AB in ratio 2 : 2 so mid point
2 2
YHX, WY, £ _
D[ X, ': X, ) Y - Ya ] A(x,,3,) D B(x5, 1)
Case [/l
Now £ divides ABinratio 3 :1
3 1
]
A(x, ) D B(X5, ¥5)
o E[I' +3x, g +3y, ) _ E[x, +3x, 2 +3y2]
1+3 1+3 4 4
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Exercise 4,2 :
For Translation For Rotation Vv
Y y : x

o'(h, x) X ¥y

LS

0(0,0) : !

A~

B
r'):

Relation between x)’ & xy co —ordinates ¥
X=x-hY=y—-k and X =xCos8 + ySind

Y = yCosf = xSinf
For translation and rotation respectively.

Lo £(3,2), 001, 3) (Lhr 2010, Sgd 2010)
Here x=3,y=2, h= I,K-=3
X=x-h=3-1=2&Y=y-k=2-3=-]

Answer is P(2, —1)in XY co-ordination
(i) P(-2,6), 0'(-3,2)
x==2, y=6,h=-3, k=2
X=x-h=-2-(-3)=-2+3=1
Y=y-k=6-2=4
P(1, 4) In XY co-ordination
(iif) P(=6, —8), 0'(-4, - 6) (Sargodha 2011)
X=x-h=-6+4=-2
Y=y-k=-8+6=-2
P(1, 4) in XY co-ordination

(iv) p(%gé); 0’[__]_‘2]
22 2 2

3 5 ] 7
Here x ==, y=— h=——, x=—
2.7 2 2 2
- 3 1Y 3.1 3+1 4
_,\ == :-——{‘—-—]:—-f--—-: - I:_:2
2\ 2522 2 2
, 5 7 _5-7 -2
};Jr— _————— :—:—I
2 2 2

Answer is P(2, —1)in XY co-ordination
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2, (i) change XY co-ordination into xy co-ordination into xy (8, 10); O3, 4)

Here x=8,y=10, h=3, k=4
x=X+h=843=11& y=V+k=104+4=14
Answeris P(11, 14)in xy co-ordination
(“} P(-sl -3)3 o'(_zv -6)
X==5Y¥Y==-3 h==2,k=-6
x=X+h=-5-2=-7
y=Y+k=-3-6=-9
P(=7, =9) inxy co-ordination

4 6 4’6

Here X=_3,y_"_7’h=l,;‘=“_1
6 4 6
x=X+;,=__+l="3'* s |
4 4 4 2
y=Y+rk=—- ——-l—:ﬁzj—
] 6. 6 3

7

6

: . -4, N
So answer is P| — -5— in xy co-ordination

<

2

(iv) P(4,-3),0'(-2,3)

' X=4,Y=-3, h=-2,k=3
x=X+h=4-2=2
y=Y+k=-3+3=0
P(2, 0) inxy co-ordination

3. (i) P(5,3); 8=45"
Here x =35,y =3, 0 =45"

(Sargodha 2011)

l Li 543 . 8, 4%2 \/—
‘Bl # B
I | _3=5 2 xdd B
N i S
So answer is P{4ﬁ,—\/§) in XY co-ordinate. ;

X =xCos0 + ySin0 = 5Cos45" +38in45° —S

Y = yCos0—xSin0 = 3Cos45" —=58in45" =3.—
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(i) P(3,-T7),0=30°,x=3, y==7
S 3N3-7
X = xCosO+ ySinl = 3Cos30° +(-7)Sin30" =3 :%—- Jise J;
I - —933-3
Y = yCosO —xSin0 =—-7Cos30" - 38in30° = —?.% - 3,:-2- = —J;—

33-7 -3 -3
o My

So P(X,Y)= P[ J in XY co-ordinate.

1 1
(iii) P(15.10), 8 =Tan"' ——= = Tanf—
( L ] )’ JE \/3
So Sinf = — C050=£
2
Now X = xCost + ySinf =15Cos6 +10Sin0 = 15(-\2—3}{-16(%] = l_g‘f:;_f_g

-~

Y = yCost — xSin0 = lOCos@—lSSim?:lo{?]_IS(%): __10’[3 - 15

1543 +10 103/3-15
=R

So P(x,y)= P[ ] in XY co-ordinate.

4 (i) P(-5,3):6=30°
Here X' =-5,Y =3

X = xCos@ + ySinf) = —5 = xCas30" —x8in30"

Or -5 =x.—-‘{’§—+y.-%— = —10=3x+y

e

!

Y = yCost—xSinf) = 3= yCos30" —xSin30" =3 = y.—\—/_}g—x.é =6= \E}'—x— .

~
Solve I & I 'X'by \/3 we get

633 =3 x5y -3x
or 633 =3y 3x———1li
Adding [ & Il
“10= y+F*

633 =3y —3»
6v3-10=4y
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643-10 _2(3/3-5)
4 4,

33~5

= y=

)?2

=

3J§—5J.
5 in

Put value of 3= [

3J§_5+\Ex

~10=
2

Or~10=£%2—=3\/§—J_+2J§x=?—20+5—3£=2\/:':.1'
15— 3[ 5xBx3-35

Or -15-3y3 =23x =
’ 23 23
- V3(-5{3-3) _-3-5J3
23 2
So P(x,y)=P= [ < _ZSJ:; 7 BJ';;_ g J in xy co-ordinate

(i)  P(-74/2,5J2),6 =45
X==7J2,Y=5V2

We know that X = xCos0 + ySin0 & Y = yCost — xSint!

732 = xCos45" + ySin4s" 5V2 = yCos45" — xSin43"
7\/_—T+$- 5V2 = \[- \/—
Multiply by v/2 Multiply by V2
-T2)=x+y 5(2)=y-xor
x+y=-14 I -x+y=10 I
Solve I & II ‘
x+y=—14
*+y=10
Putin x=2==14 = x=-12

P(—=12.-2) in xy co-ordinate system.

- -
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Note: 'm=slope=Tanaz = Y= Hh
X, =X,
- (i) (-2,4),(5,11)
Here x, =-2, y, =4, x, =5, y, =11
Ya=W _ 11-4 =]I—4=i=1
Xy=X, 2—(=2) 5+2 F
Now Tancc=m = Tanoc=1

Slope=m =

= a="Tan (1 =2
(1 .

o el T
So inclination = = —

A
X =7, W= —2, X, = 2. Yy= sy S
—4
Slope=m = Ya= N _ 7-(=2) 5 - .
742 9 ;
== = —= v (3.-2)
—| =1
*Now Tanaz=m = Tana =-9
a= = Tan(-9)=96"34
(iii) (4,6), (4, 8)
X, 24, W= 6, X -,:4, ¥, =8
oSS St (a.8)
Y=y _8-6_2 g
5|098=m: = = — =
n-x, 4-4 0 — & Tt} (4,6)
Now Tuna=m = Tana =cw — a
T — 2
a= Tan "' () == =90" ; | — |
2 L. 28" vod
2. Slope of sides
2= =
Sfope of ,»-lh’-_-“—ﬁz 4 =l
-4-8 -12 3
Slopeof BO=—2-2 02 -8 , F(24)
“2-(-4) 244 2 -
=(~ + 2
Slopeof CA = f’—(ﬁ = 6+6 :l_“ =E
8-(=2) 8+2 1 S 8146 —= T
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For medians

Mid point of BC is D [ —4+(=2) : 2+(-6) ) =
2 2
)

Mid point of AC is E[—2+3’—6+Aj=e(§‘9 =K
' 2 2 22

~r(38)
—F(z,z] F(2,4)

Mid point of AB is F[_4+8 %)

Slope of median A1)=—4_-—6=i;£
-3-8 11 11

Slope of median BE = s 0y
3—(-4) 3+4 7

Slopeofmedia_nCF=4_(*6)—4+6_]0

For Altitude
Altitude from A is perpendicular to side BC so

Slope of altitude from A= ——'— = l

-4 4
Altitude from B is _| are to side AC so
Slope of altitude from B = —l = —E

6 6

5
Altitude from Cis | are to side AB so
Slope of altitude from C = ——:- =-3

3

3. (a) Pts are A(-1,-3), B(1,5), C(2,9)
o
Slopaof df=2C2) 43 ¥
t=(-1)) f+1 3
5|0|.'JE of B(_“ - 9—_5 = 4 =4

251 b
Slop AB = Slope of BC
S0 A, B, Clies on a line or collinear.

Aal) g w oy
www.igbalkalmati.blogspot.com: L;,fgj,d-éféé_d,;,/ &7
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b) A(4,-5), B(7,5), C(16,15)

= 9 10

Slope of AB=—+S =—
7-4 3

Slope of o 30
10-7 3

Slop AB = Slope of BC
So A, B, C are collinear.
c) A(—4,6), B(3,8), C(10,10)

- 2

Slope of AB=8—E= =
3+4 7
Slope of BC = 10-8 = g
10-3 7

Slop AB = Slope of BC

So A, B, C are collinear.
d) A(a,2b), B(c,a+b), C(2c—a,2a)
a+b-2b a-b

Slope of AB =
c—=da =

Slope of B(ﬁ'=ga—a_b = a=b
2e—=a—¢ c¢c—a
Slop AB = Slope of BC
So A, B, C are collinear.
4. A(7,3), B(k,—6), C(—4,5),D(—6,4)

Slope of AR = SO =
k=7 k=7
Slope of CD .—.ﬁ; __;l
-6+4 -2 2

i) For parallel
Slope of AB = Slope of CD
o I s )
k-7 2
k=-18+7=|k=-11
i) For perpendicular
(Slc pe of AB) ( Slope of CD) = —1

-9 1 . = Q=] 2
(ﬁ)[i)’ 1= —9 = (~)@)k=7)

9=—2k+14 = 2k =-9-14=-23= [k =—
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5. A(6,1), B(2,7), C(-6,-7) (sargodha 2011) .
_ e
m, = Slope of AB = 1 =-6—=_i
2-6 —4 2
m, = Slope of BC = Si=l g e
: 6-2 -8 4

1-(-7) _1+47_8 2
6—(-6) 6+6 12 3

m, = Slope of CA =

-3 x’l
So = —=—1 B A
m‘ = iy —2—; 3
Two sides are perpendicular so ABC is right triangle.
6, Suppose fourth pointis D(x, y)then
D(x,y) C(1,4)
29— Le
Slope of AB == ol S e
—2-7 -9 -9 3 / /
=)
Slope of BC' = 42 2%
1-(=2) 1+2 3 A(T,-1) B(-2.2)
Slope of CD = ¥4
x —
Slope of AD = y=(D = yl
x=7 x=7

Given figure is parallelogram so
Slope of AB = Slope of CD & Slope of BC = Slope of AD

=1_y—4 g__ y+1
3 x=1 3 x-7
or =lx=D=3(y-4) & 2(x-7)=3(y+1)
-x+1=3y-12 & 2x-14=3y+3
or  x+3y—=1-12=0 & 2x-3y-14-3=0
x+3y-13=0171 & 2x-3y-17=010
Adding I & 1
x+3yp-13=0
2x-33p—17=0
3x-30=0
= 3x=30= [x=10]
Putin x+3y-13=0
1043y—13=0 = 3y-3=0
3y=3 =2y=1
So required fourth ptis 2(10,1)
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7. Suppose fourth vertex is D(x, y)then €(6,3)
-1-2 -3
Slope of AB = =—
341 4
+ 4
Slope of BC = % = 5
- 3 D(x,y) B(3.-1)
Slope of CD = B4
x—-6
Slope of L= =2
—1-x A(=1,2)

In rhombus opposite sides are parallel
So slope cf AB = Slope of CD & Slope of BC = Slope of DA
SO e LR
4 x-6 3 -1-x
= (-3(x=6)=4(y-3) & 4(-1-x)=3(2-y)
or =3x+18=4y-12 —-4-4x=6-3y
or 3x+4y-12-18=0 or4x-3y+6+4=0
or 3x+4y-30=0 /Il or 4x-3y+10=0
‘X'by3 & 'X'by4
Adding & 1
Ox+423-90=0
16x—423+40=0
25x-50=0
=25x=50 = [x=2]
Put value of x in 1]
3(2)+4y-30=0
6+4y-30=0
4y-24=0 = 4y=0

4y=24 = [y=6|

Fourthvertexis D(2,6)

Now Slope of diagonal' AC = 3-2 1 _1
6—-(-1) 6+1 7
Slope of diagonal BD = —_6; (_31) 0 ':1 =

(Slope of AC)(Slope cf BD) = lq_(—?—) =-—]

Hence diagonal AC & BD are L ar

www.igbalkalmati.blogspot.com: ;.,_’,f_nj,d-(ﬂi[_ag;/{'/



www.iqbalkalmati.blogspot.com
www.iqbalkalmati.blogspot.com

www.igbalkalmati.blogspot.com

COLLEGE MATHEMATICS-II 273 INTRODUCTION TO ANLYTIC GEOMETRY
8. (i) Give name A(—3,-4), B(6,2)and C(4,5), D(-2,-1)
= (=7
Slope of line 48 = e = 4+2 =6
2-1 1
Slope of line C'D=ﬂ= -
-8—4 -12

Slope of line AB # Slope of CD
So not parallel

And (Slope of line AB)(Slope of line CD) = 6(—%] = -1
So not perpendicular
So answer (iii) None

(ii) Give name A(1,-2),B(2,4)and C(4,1),D(-8,2)

smpeoﬂmeAB=£'2_4 =2
6-(-3) 9

Slope of lineC'D = L—S :—1-3 =2
2-4 -6

Slope of line AB #Slope of CD
So not parallel

And (Slope of line AB)(Slope of line CD) = 2[-—J #—]

So not perpendicular

9, (a) pt (7,-9) {Lahore 2010)
Equation of horizontal lineis y =y, = y=-9

(b) (=5,2)
Equation of vertical line is x=x, = x=-5

(c) Line bisecting first and third quadrant

Co-ordinates in first A(a,a)in third B(—a,-a)
A(a)a)
-a-a —2a

=—=]

-a—-a =2a
Now equation of line is (y—y,) = m(x-x,)
(y-a)=1l(x-a)
Through pt (a,a) &Slope1 or y—g=x-a

y-ﬁ+&=,t:>

Then m =

B(-a)—a)

Aol g w oy
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(d) Line bisecting second and fourth quadrant
Co-ordinates are A(—a,«)inthird B(a,-a)

—-d—a —a-a —2
Then m = = = ==] A(-a)a)
a—(—a) a+a 2er

Now equation of line is y—), =m(x—x,)
y—a=-1(x+a)
Throughpt (—a,a)& m=-1 y—a=-1(x—(~a))
y—a==1(x+a)

SIEE I

10. (a) pt A(x,,y,)=(-6,5), Slope=m=17
Equation of line is (y—y,) =m(x—x,)
y-5=T7(x-(-6)) = y-5=T7(x+6)
Or y-5=7x+42 = 7x+42-y+5=0
Tx-y+47=0
(b) pt Slope=m =0 put(x,y,)=(8,-3)
Equation of line is (y—y,) =m(x—x,) = y—(-3) =0(x-8)
= y+3=0
(c) pt (x,»,)=(-8,5),m=w

Bla)—a)

(y=»)=mx—x)= Y=N =x-x = 4-35 =x—(-8)
m o0

0=x+8 = x+8=0
(d) pt A(-5,-3),B(9,-1)
S1={=8) <443 .2 .1
9—(=5) 945 14 7

Slope

Equation of line through (x,, ;) = (-5,-3) & m = %

(y=y)=m(x-x)
y=(H=oG-(5) > y+3=T2

= 7(y+3)=x+5 =2 T7y+2l=x+5
or x+5-7y=21=0 =>x-7y-16=0
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(e)

()

()

i1.

12.

y-intercept mean x, = 0(x,, y,) = (0,-7)

y=y,=m(x—x,) & m=-5
y=-(=N=-5(x-0) > y+7=-5x
= 5x+y+7=0

x-intercept -9 mean y,.=0,(x,y,)=(-9%9,0) m=4

Y=y, =m(x-x)
y=-0=4x—(-9) = y=4(x+9)=4x+36
=4x—y+36=0

x-intercept =a@ =-3 & vy-intercept=5b=4

Equation of line having two intercept is

AR A (. T

a b =3 4

L} [} "- ‘3 dv
X'by—12 =12 - = |==]2
s [L_},}L( 1,27[4]

or 4x-3y=-12

C is mid point of AB (Lahore 2010)
So co-ordinates are C [ﬂ,ﬂ) = [6,1—3)

INTRODUCTION TO ANLYTIC GEOMETRY

2 2 2
Slope of line AB = E=3=-l A(3,3)
9-3 6 2

Slope of perpendicular bisector CD = -2
Equation of L ar bisector CD through C[G,g] and slope —2

=

y=y=mx-x)
Y- 1;3 =-2(x - 06)

'X'by2 2y-13=—4(x—-6)
2y=-13==4x+24 =5 4x+2y-13-24=0

B(9.8)

4x+2y-37=0 5
A(-3,2), B(5,4),C(3,-8)
4-2 2 1
Slope of side AB=——=—=—
543 8 4
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Slope of side BC =ﬂ = = =6
3-5 -2
Slope of side CA = —8-2 = __10 = “_5
3+3 6 3

Equation of side AB is (throu'gh pt A & Slope %]

y—2=%(1+3) =>4y-8=x+3

= x-4y-11=0

Equation of sides BC (through pt B)

(y=4)=6(x-5) = y-4=6x-30=6x-y-26=0
Equation of side AC through C is

(.v+8)='?5(x—3)

3y+24=-5x+15

= Sx+3y+9=0
Slope of BC =6 Since Altitude from A

is _L ar to side BC so Slope of altitude = —%
Equation of altitude from A is

(-2 =-2(+3) = 6 -2)=~(x+3)
6y-12==x=-3 = x+6y-9=0

-5
Slope of CA = = Slope of altitude from

B whichis L arto CA =§
Equation of altitude from B is

e =%(_x*5) = 5y-20=3x—15 = 3x~5y+5=0

1
Now Slope of AB = ) Slope of altitude from C =—4
Equation of altitude from C is
(y+8)=-4(x-3)= y+8=—4x+12
= 4x+y-4=0
D,E,F are mid point of AB, BC & CA

www.igbalkalmati.blogspot.com: ;.,_’,f_nj,d-(ﬂi[_ag;/{'/



www.iqbalkalmati.blogspot.com
www.iqbalkalmati.blogspot.com

www.igbalkalmati.blogspot.com

COLLEGE MATHEMATICS-II 277 INTRODUCTION TO ANLYTIC GEOMETRY

13,

_3+5'2_;4JD=(1’3)

So Co-ordinates of D(

So Co-ordinates of E(—s_,ﬁ ,?J E=(4,-2)

So co-ordinates of F{B—“E, =S4 2 ] F=(0,-3)
Medians are CD, AE, BF
P AL C(3,-8
3+8 11 s
Now Slope of CD = ——=—
1-3 =2
Equation of median CD through C is F(0,-3 . E(4,-2)
'+ 8 =-1—1(x—3)
A
= —2y-16=11x-33
=1lx+2y-17=0 A(-3,2)  D(,3) B(5,4)
Slope of AE = 552 = =8
4+3 7

Equation of median AE through A is

y—2=-%(x+3) = T7y-14=-4x-12

= 4x+7y—-14+12=0 = 4x+7y-2=0
-3-4 -7 17

Slopeof BF =———=—=—
0-5 -5 5

Equation of median BF through B is
y—4 =—%(x-5) = 5y—20=7x-35
= Ix=5y-35+20=0 = 7x-5y-15=0
pt (—4,-6)
Slope of given line = —%
Slope of required line= E
Equation of required line is

y+6=—§-(x+4) =3y+18=2x+8

= 2x=3y+18—18=0 = 2x-3y=10=0
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14, pt (11,-5)Slope = -24
Slope of required line which is parallel =-24

Equation of required line is
y=(-5)=-24(x=11) = y+5=-24+264

= y+5+24x-264=0 = 24x+y-259=0

15. As D and E are Mid points of ABand AC So
Co-ordinates of D( = 12+ S ,2—”) = [ g ]

2 32
Co-ordinates of E( =12 ﬂ) = [l,—l)
2 2 2

A(-1,2)

Now |BC|=/(2—6)" +(~4-3)’
=4 +(=7y
=65

2 2
!DE]:\/(%—%J +[—1—%J
_ =5 (=2=5Y B(6,3) C(2,-4)

A\ 2 2 1

2 4 4
65 IJ—
= |2 =65
4 2
|DE| =~ {5c
2
AlsoSlopeTz_.;B___?-_-l
2-6 -4 4
5 =2-5
i S i N 7 2 1
Sl == = =—— =
ope DE T 5 1.3 %x_4 -
20 2 2

Slope of BC = Slope of DE
So BC is parallel to DE.
Both result proved.
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16. Suppose / denoted liters and p denote price then
(,, p;) =(560,12.50),(/,, p,) =(700,12), p=12.25
p.—p_12.00-12.5 =05
l,—1,  700-560 140

m = slope =

= 2
m= ﬁx — Now equation of line through (560, 12.5) is

p—=p=m-1)
-5

—-12.50 =——(/ =560
p 1 40( )
By cross multiplication
140(p—12.50) = -0.5(1 - 560)
ﬂ(‘u— 12.50) =1-560
=5
=280(p—12.5)+560=/
[ =560-280(p—12.5)
is required equation
Now at p=12.25 _

140(12.25 -12.50) = —0.5(/ — 560)

= 140(-0.25) = 0.5(/ =560) = —35 = —-0.5(/ - 560)

= f—560=i55=?0 = [=70+560 =630

Hence at p = 12.25. He can sell 630 liters,

17. Let P = Population & t = Years

Then (p,,1,) =(60,1961). (p,.t,) =(95,1981)
t—1, 1981-1961 20 4
p,—p,  95-60 35 7
Equation of line has

Now m = slope =

(=t)=m(p—p) = —I96l)=—;-1-(p+60)

or %(1—1961)=p—60 = p=60+%(:—1961)

(a) When 1 =1947 then p-60+%(1947—l‘)ﬁl)::»[p:BS.SMfﬂfon|

(b) When 1 =1997 then p = 60+%(I'~J97 ~1961)=> [p = 123 Million]

www.igbalkalmati.blogspot.com: ;.,_’,f_w'u}(ﬂi[_ag;/{'/



www.iqbalkalmati.blogspot.com
www.iqbalkalmati.blogspot.com

www.igbalkalmati.blogspot.com

COLLEGE MATHEMATICS-II 280 INTRODUCTION TO ANLYTIC GEOMETRY

18. P denote price and t denote year
(p»1,) = (1,1980), (p;,1,) = (4,1996)

L-t _1996-1980 16

Py =Py a 4-1 N ?

Equation is

(t=t)=m(p-p,)

r—1980=§(p——t) = 3t-5940=16p-16
16p=31-59404+16=3r-5924

m=

= il —% is required equations
P16 16 '
At r=1990
2 3(1990) x 5924 " 5970 - 5924 =ﬁ — 5.8 Million
16 16 16 16

19. We know that
Freezing point of water = (0,32) = (C,, F})

Boiling point of Water= (100,212) — (C,, £)

C for Celsius and F for Fahrenheit s

Slope=212_32;!80;2 2404
100-0 100 5

Equation of line is
F—F =m(C-C,)

(100,312)

2007
160+
120

F-32= g (C-0) 80

= S5F-160=9 = 5F =9¢+160 40 4
1 T (0,32)
F=g(9£‘+160} § 1 1 L | »

20 40 o 80 100

Required equation of line.

20. Let xrepresent score and y year
(xl : yl ) == (5925 ] 998)9 (xg ’yl) = (564, 2002)
~2002-1998 B il 7

564-592 28 7
Equation of line
y=y =m(x—x)
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:y—1998=—%(x—592) '

= T7y—13986 = —x+592
=Ty-13986+x-592=0
x+7y—-14578=0
=S x=-Ty+14578
Required equations
Now at y = 2006
x=-7(2006) + 14578 =—14042 + 14578
x =536 Scare
21. (a) 2x—4y+11=0
(i) Slope intercept form
4y=2x+11

y-—Ex+~4— ..y—mx+c
=gy
(ii) Two intercept form
2x—4y+11=0
2x—4y=-11
+by =11
2x 4y
T P 1 _
x ) x
S Xy 2

2 4
(iii) Normal Form
2x—4y+11=0
2x—4y=-11

'+' both sides by /(2)° +(—4)’
J4+ 16 = \/_

—11 4 11
it Wi e

-2 4
Where Cosax = ——, Sinck=——and p=-
V20 V20 F

xCosa + ysina = p
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_4
T =t = N20
Cosa 2
V20
__4 N0
V20 -2

o =tan ' (=2)=-63.4"
11
Or xCosl116.5° + 38Sinl 16.5' =——
& 245

(b)
(i) dx+7y-2=0

Ty=-4x+2 = y=?x+%

is required slope intercept form.

(ii) 4x+T7y-2=0
4x+T7y=2
Divided by 2 °

4 7
—x+—y=1 or 2x+
2 2y =1

x . {
Or |— +l = || is two intercept form

N=2

2 7

(iii) 4x+T7y-2=0
Ordx+7y=2

Divide both side by v4* +7° = J65

4x 7v 2

J6s  J65 65
4 i e
Put Cosa—f& Sma—J_ J_

xCosa + ySina = p

Now Tana = ==
Cosa

I
Sina E T
4
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(c)
(i)

(i)

(iii)

a =Tan '(1.75) = 60.26"

So xC'os60.26” + ySin60.26" = E_
V63
Where p = o is normal form.
J65
15y-8x+3=0
15y-8x+3=0 or 15y=8x-3
= —E—I——‘J‘— or :i.x_.i
15 15 [ R
is required slope intercept form.
15y-8x+3=10
or 15y-8x=-3
-8 X y
—D-y+§x——l or ? tl—-l
8§ 5

is two intercept form.
15y -8x+3=0
or 15y—-8x=-3

Divide by \/(15)* +(-8)? =225+ 64 = /289

58 3
17 17 17
or '—sj ——-.]__.V—-+_‘} 'lej(—l)

17" 17° >
Put Cosa = -8— Sinr = _'_15

7
E

Tuna = ?;na =_1_::[_5_

Cose -5 8

| become
N e e e B
vCoe(298.757) + pSiai 298.75") = ——

17

~

Where pP= 2
17

is Normal form.

-2 e T S
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22. IRemumb¢r| Parallel m, = m,
Perpendicular mm, =—1|

and Slope =m=—

b
(a) 2x+y-3=0, 4x+2y+5=0
- -a -4
m, —-—a-———Z, m2=—ar-—=—
b 2

m, = m, Parallel

(b) 3y=2x+5 3x+2y-8=0

S -3
Ix—INE =0,
% 2T

nt, = (EJ(_—:;) =—| Perpendicular
OB 2y

(c) 4y +2x-1=0, x-2y-7=0
2x +4y—1=0, x=-2y-7=0
| -1 1

fﬂlz—-‘;— ==

2" P2 3

m, # m, Neither Parallel nor perpendicular

(d) dx—y+2=0, 12x-3p+1=0
-4 -12
m=—=4, m=—=
=1 e =3
m, = m, Parallel

(e) 12x+35y—-7=0, 105x-36y+11=0
12 -los

m, = R

= A%
35 1= 36 ’

mm, = (ﬁ][ﬁJ =1 Perpendicular
' A5 12
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23. (a)  [33x—-dy+3=0, (Lahore 2010)

[,:3x—4y+7=0

For /,,when x =0 then y:i—

For /,,put x =0 then y:%

When y =0then x =—1]

When 'v: Uthen x'—_T

50[0,%)&(4,0) on |,

;i J
L().EJ,(?.OJ on 3'2 s

Mid point of (—1,0) and

—a (=7 =L
and Slope =m=—(—,0].—_ __T

Slope of both given linem = —% :%
Equation of required midway

Lineis (y =y ) =m(x—x,)

Or y-0 =i(.\'+—;~) or 4y =3x+35

= [.‘\.\'—4_'.-' +5=0
Now Distance between / and /, = Jf'r' 8y, + Cl = J”.l—l_}_--ﬁ»(m i 71 :
S VAR J3Y +(=4)?
Where (x,, ) =(=1,0) pointof /,and /, =3x~4y+7
(b) [;12x+8y—-6=0
[ 12x+5y+13=0

| 4=

-2 e T S
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When x =0 then y=g
-13

When x = 0 then _1,1-—-L
1

When y = 0then xzz

When y = 0then x=£
12
For [, [(},E]&[l,())
5 2
For !_l (0’___‘[_:_;.).(:-]_3’0]
’ 5 12

Distance between / and /, from

’12[%}5(0)“3

J12)? +(5)

p(%.ﬂ)on land I, =12x+5y+13=

|ﬁ+|3| _!_9__
J169 13

Now Mid Point of [%, 0) and

113
[-—!3’0 _| 2 12’0+0 =[—_7'0)
12 2 2 24
-q =12
=Slope =—=—
o =Slope == =—2

Required equation of Mid way line through
[-_—?—,OJ and m =_—12-is

24 5
(v=y)=m(x-x)

-12 7 7
= (y=0)=—— = |= Sy==12%——
@=0 5 (x+24] x il

19

= l2x+5_}r+1=0 &ld=—
2 13
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(c) L x+2y-5=0
L;2x+4y=1

When x =0then y=

|

When x =0then y=
When y=0then x=

When y=0then x=
5
[0,5],(5,0)

1)(1
Pa)z)
d( from p(5,0)on land 1)
25)+40)-1] 9

J@@+@y? V20

d=—u|&|d =

9
V20 2J5

Mid point of (5,0) and [%,0)

B = g |

|
S5+— :
_|22 ox0 -[ﬂ,oJ
4

Required equation of line passing mid way is
(y=y)=m(x-x,)

| 11
p={)=—— e
(¥y=0) 2x(x 4] :
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24.  Pt(—4,7)

2x=Ty+4=0
- faiven linee— =2
m =Slope of given line = ? = ?
e 2
Slope of required line (Parallel) = =

Equation of line is
(y—¥)=m(x=x)

y=7 =%(x+4) = Ty—-49=2x+8

2x—Ty+49+8=0= 2x-7y+57=0
25. Pt(5,-8),A(-15,-8), B(10,7)
7-(8) 15 _3

Slope of AB ( given line) = = =
? (e ) 10+15 25 5

5
Slope of required line which is perpendicular to given = —3
Equation of required line is
5 v
_y+8=——j;-(.1‘—:u) =3y+24==5x+25

= 3y+24+45x-25=0
5x+3y—-1=0
26. Givenline 2x—y+3=10
Any line L ar to given is
x+2y+c=0
Note: Given line is
2x-y+3=0
e 3
To find xinterceptput y=0 = x=-¢
To find yinterceptput x=0 = 2x+c=0
—c

|
Slopeof Larline =—— = y=—
g TS

Now y = mx +c,

Given product = (c)(——ﬂ =3

4
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¥ :—%x-&-c] == L‘z =t = C=:t'\/g

2y =—x+2¢,
Putvalue ofcin 1
o
x+2y% J6=0
Or x+2y+\/g =0& x+2y—\/a=()
27. Suppose required three vertices are B(x,,y,),C(x,,¥,),D(x;,y;) then
Since E is mid point of AC so

2=l+.11'2 &]=4+y2
2 2
= d4=l+x,=2x,=3&2=4+y, = y,=-2 So (x,,),) =(3,-2)
-4
5‘°PEOfA'D_=l=y3 l=>x3—l=y3—r4:3x3—y3—l+4=0

Xy =
X=Y+3=0—>1
Slope of BC=I=iﬂ:> 3—x,=-2-y, = 2=y +x-3=0

- X
N=n=3=0—>1l
Slope of AB=—%zy‘—_?:»—(xl—l):—-?y,—%::—x, +1=Ty,—28
X =
=Ty —28+x-1=0=>x+7y-29=0— 1l
Slope of DC = -+ = 22791 s _(3_x,)=-14-Ty,
T 3=
=3+x,=—-14-Ty,
= x,+7y;,-3+14=0

Y +Ty+11=0— IV

Solve I & IV
V=1
% +7y, +11=0
_*FyE3=0
8y, +8=0
= 8y, =8
Putin /
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¥ =(=D4+3=0 = x, +1+3=0
x+4=0= Xy _:-_J

Solve 1 & i1l
*+7y,-29=0

_FHFHFI=0

8y, -24=0
w = =8y =24=
Putin /1
-3-5=0=x,-8=0
x =8

Hence required co-ordinates are
B(x,;,)=B(8.3),C(x,, y,)=C(3,-2), D(\],y,) D(—4,-1)
28. Above Line
IRemember] IF sign y in given equation & our answer is same.
Below Line
And  IF signs are different
(a) (5,8);2x-3p+6=0 {Sargodha 2008, 11)
Sign of co-efficient of vy = -3 = —ve
Now 2x—-3y+6=2(5)-3(8)+6=10-2446=-8=—v¢
So point is above the line
(b) (=7,6);4x+3y-9=0 {Sargodha 2008, 12)
Sign of co-efficient of v = +ve
Now 4x+3y—9=4(-T)+3(6)-9=-28418-9==19=—y¢
Signs are different so point is below the line.
29. (a) (0,0),(—4,7):5x-Tx+70=0
Co-efficient of y in equaticn has sign = —ve
Put Pt(0,0)s0 5x =7y +70=5(0)—T7(0)+ 70 = 70 = +ve
Pt is below line
Put pt(-4,7)s0 Sx =Ty +70=5(-4)=7(7)+70 = -20-49 + 70
==69+70=1++ve
Pt (=4, 7)is below line
Both are below sa both are n same side.
(b) (0,0),(—=4,7);5x - Tx+70=0
Co-efficient of y in equation has sign = —ve
Put Pt(0.0)s0 Sx— 73+ 70 =5(0)=7(D) + 70 = 70 = +ve
Pt is below line
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Put  pt(-4,7)s0 5x =Ty +70=5(=4)—7(7) + 70 = 20— 49 + 70
==69+70=1++ve J

Pt (—4,7)is below line

Both are below so both are n same side. 2
30. (6,~1),6x—4y+9=0

Here x, =6, y, =-—1

a=6,b=-4,¢=9

de |“—"| +by, + r.‘|

d=|6(6)—4(-l)+9[_[36+4+91__ 49 49 49

\/(6)1‘*(—4)1  V36+16 _\/5—2=J2x2xl3=2\/ﬁ

31. A(S5,3),B(-2,2),C(4,2)
Here x, =5, y, =3,x, = 2y, =2,%, = 4y, =2

% »n 1 1 >3
Area of triangle = 5 X ¥y | = =2 2 1]
X,y | 4 2 1

= %{5(2 =2)=32-4)+1(-4-8)]= : [5(0)=3(=6)+ I(~12)]

T
=%(()+18—I2)=%(6) = 3 Square unit

32, A(2,3), B(-1,1),C(4,-5)
Here x, =2, y=3,x, =-Ly, =Lx, =4,p, =-5
6 » | 2 3,1
Area of triangle =% % Ppard = o

-"'3 y; 1 . 4-5 1
2%[2(1—(—5))—3(4—4J+1(5~4)J=%l2ﬂ+5)“3(‘5)”‘”]

=_;_.[12+15+1] =%= 14 # 0 Square unit

So points are not collinear.

-7

-2 e T S
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Exercise 4.4
1. (i) x-2y+1=0 [ {Sargodha 2010)

Ix—p+2=0 I
Multiply [ by 2 and solve

dx—23+4=0
xF2p£l=0
3x+3=0

= 3x==-3=[x=-]
Putvalue of xin /

A-2y A =0=-2y=0=
(—1,0) is point of intersection.
(ii) Ix+y+12=01 (Sargodha 2009, 10)
x+2y=1=0 1
Multiply / by 2 and solve
6x+23+24=0

Put value of xin /]
*5+2_}-’—1=U:‘.‘*2J-’—6=D:} y=3

So(=5.3) is point of intersection.

(i)  x+4p—12=0 I (Sargodha 2012)
vr—3y+3=0 II
x+4y-—-12=0
_xF3y+l=0

7y—15=0
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X+ 9—0 —12=0
7
60 -84 24
X+ =0= |[x=—
7 _ 7

[24 15]_ . ] §
— .— |is point of intersection.
T nf

2. (@) 2x+5y-8=0 1 (Sargodha 2011)
3x—4y—-6=0 I
Multiply 7 by 3 & /I by 2 and solve
6% +15y-24=0
4xF8yF12=0
23y-12=0
12
XTes
Putin /

2x+5[£)—8=0
23

62
~ 23

b

. . o (62 12
So point of intersection is | —,— |Now slope of
23 23

(EEJ and (2,—9) is
2323
g 12 207-12
23 23 =219 23 219
" 5 62 46-62 ~ 23 16 16
T 23
219

Now equation of line through (2,-9) and m = s

219 219
(=) =—"(x—2 9=""T\(x-2
y—(-9) 16(\: )=+ lﬁtx )

16(p+9)=219%x-2) = 16y+144=219x-438
or 219x 16y =+144-438 = 219x~16y = +582
= 219x-16y-582=0

-2 e T S
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(b) x—y—-4=0& Tx+y+20=0
Solving thenx—y-4=0——>1
Multiply / by 3 & /I by 2 and solve

L i s LR SR, T
8x+16=0
-2-y-4=0
= y=-6
x=2& y=-6

Point of intersection is (—2,-6)
Given line is 6x+ y—14=0
(i) Slope of Given =—6 = m = Slope = -6
Slope of required line which is parallel to given =—6
Equation of line through (=2,-6) & m =6
y=(=6)=—6(x—(-2)) =>y+6=-6(x+2)
= y+6=—6x-12 = 6x+y+12+6=0
= 6x+ y+18 =0 (Required line)
(ii) Slope of Given = —6

“FL
Slape of required line which is L ar to given = =
Equation of line through (=2,-6) & m = —;—

Y= () =2 (x—(=2)) Sy +6=—(x+2)
6 6

= 6y+36=x+2 =>x-6y—-36+2=0
= x—6y—34=0
(c) Any line through intersection of
Given lines (x+2y+3)=0 and 3x+4y+7=0is
(x+24+3)+k(3x+4y+T)=0
or x+2y+3+3kx+4ky+Tk =0
ar x+3kx+2y+4ky+3+7k=0
Bk+Dx+(2+4k)y+3+7k=0
To find xinterceptput y=0 = (3k+1)x+3+7k=0
s T TE)
3k+1
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To find y intercept put x =0
~(3+7k)

= 2+4)y+3+Tk=0= y=
( L - 2+4k

Given both intercept are equal so
—{'_3+7k)=_(3+7k): 1 2—63-44k—}x |
3k+1 2+4k 3k+1 (2+4k) B+H
= 2+4k=3k+1) or 2+4k=-3k+1 '
ordk-3k=1-2= lk=-1

Put value of k in /

(x+2y4+3) +(-DGx+4y+7)=0

or x+2y+3-3x-4y-7=00r -2x-2y-4=0
or 2x+2y+4=0 +bhy 2 x+y+2=0

=53, First we will find Intersection of
16x—-10y—-33=0 7
12x+14y+20=0 /I
'A"" I by 14 and /I by 10 we get and add
224x - 1403--462=0
120x + 4483 +290=0
344x-172=0
_172 1

= 3dx =172 =x =|—
344 |2

Putin / Iﬁ(%)~l()y—33=0 =8-10y-33=0=>-10y-25=0

L

=25 -5
Wy=-2S5=y=— y=|—
: o TV

. . .k =5
Point of intersection is | —,—
o,

Now we will find intersection of x— y+4=0 /Il & x-Ty+2=0 1V
ur-mw
*-y+4 =0
_X*FTyx2=0
by+2=0

) |
— (:y=—2:>_}.-'=?h=—-
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1
Put value of v in IHx—(—%JM&:O = x+§+4=0

1412
X+

Slope through (l,_—s)and (:1—3,‘_—']
212 3.~ 3

\

_1_(3) 15 - =278
o 2 3 2 .6

-13 1~ -13 1 -26-3

3 2 2 2 6

-13
== x= T So point of intersection is

mef Dy 0 D

29 "6 29 29
6

' 1 -5
Equation of required line through (E' ?} and m = —-2—

[1‘-}-2] = —E[x—lj = 29[}%2] =—13(x-—lJ
S v 29 2 2 2

29_}"{-!—1_5:-—13_1‘4-1—23— => 29y }.]3:({,1;:5,_1_23:0

i SR I +?.9y+-%2-=0

13x+ 29y +

= [3x+29y+66=0

a. Yy=mx+c, y=mx+e,, y=nmx+c,
Arranging them mx—y+¢, =0, mx—y+¢, =0, Mx —y 46y = O they are

concurrent if

a, b ¢ m =1 ¢
a, b, ¢|=0 =m -1 o
a, b, ¢ m, =1 ¢

m(—¢; + ¢, ) =(=1)(me, =me, )+ ¢, (-=m;, +my) =0
m(¢; =¢y)+me, —me, —mc, +me, =0

m (¢, —¢;) tmy (e, —¢ ) +my(e,—c,)=0

Required condition.
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5. 2x-3y~-1=0,3x~y-5=0, 3x+ py+8=0they meet at a point or concurrent if

x » 1| 2 =3 =i
X ¥y =0 =3 =1 =5 (Sargodha 2008, 09)
x W 1 3 p 8

or 2(-8+5p)—(-3)(24+15)+(-1)3p+3)=0
or 10p=16+3(39)-(3p+3)=0=10p-16+117-3p-3=0

-98 '
or Tp+98=0 = p=—=-14 =|p=-14 vl 2
P P - P ‘ ‘r‘_‘__l?)’L Dahé*ﬁ&ﬂ/__)
6. 4x—-3y-8=0, 3x-4y—-6=0, x— y—2=0they meet ata point or concurrent if
a0 e

For Concurrency |@, b, ¢,[=0 s0
a b e
a b ¢| 4 -3 -8
a b, ¢|=3 -4 -6
a & o Il =1 =2
=4(8-6)—(=3)(-6+6) + (-8)(-3+4)=4(2)+3(0)-8(1) =8-8=0

So line are concurrent.

Convert given equation ingo slope intercept forms: !,
c‘“"&f JSS 4 J; e A :
3y=4x-8 = y=—x—-= m==
3 3 3 /
3 6 3
4y=3x—6 = y=—x—— m, =— -
4 A 4 4 ° 4 [ < >
y=x-2 = y=(0)x=2 m,=1 0 0
Now given condition prove if 0 = 0, Iy
O isangle [, 1o [; se
P 3 4=3
0, =Tan | 2271 | = Tun™! 4 = Tun| 24
14 mym, 141 3 4+3 .
- ! _f ”
4 b A e 3 s ©)
‘Ji’, A pe

o
4 i g !
=Tan™ % = Tan™ (ix%]:hm_if%] > Tar - f

4
), is angle from [, to [, so
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4 4 4-3

0, =Ta 4 s =Tan™'| =2 =Tan 1_3

+mm, 1+ 3+4

3 3
|
1 3 5]
=Tan™ % =Tan"' (EK;J =Tan I(;J

3

(i)

(ii)

0, = 0, Hence proved. Cfnf" .-'_,d : 7&' [P0 ol wahece Mt'o'fﬁh’d o_f
A(-2,3), B(-4,1),C(3,5) 25 . intersect  eoch ofher.
Centriod is points of intersection of medians so first we find equation of medians

then there meeting point (centroid). C i ;’; | 4 f/” 23
‘ADis medianso wid /20 I [

3-3
=0 -
_‘11_2 Q-
o)

Equation of medlan AD thourgh A(-2,3)is
l v"?y J{l)

¥y=3=0(x+2)

= y=3=0=>yp=3

Slope of AD =

£

=1
+4

. I
BE is median so slope = -l- *

B | =
1o | o w

Equation of median BE is

2 s
y=1 =3(x—(—-4}'] =3y-1)=2(x+4)= put y=3
33-1)=2x+8=6=2x+8= 6-8=2xr=> —-2=2¢ =[x =—]|

So centroid is / (-1.3)
Orthocentre The fint wheve w&ZﬂJdi

Orthrocentre is meeting _p_o_rrigf_ang]m\ecmrs SO

-

far? miecseed  €och elhey,

B ;
Slope of BC = =1 =— 4

3- (—4) 3+4 7
Slope of angle bisector AH "

Which is perpendicular toe BC =§
Equation of angle AHis £ 8

(v=-3)= —T—i—{x—(—2)) = 4(y-3)=-T(x+2)

sl Pugw ey
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4y-12=-7Tx-14 = Tx+4y-12+14=0
Tx+4y+2=0—-—1

5-3 _ 2 _
3—(=2) 3+2

Slope of AC = %

Slope of BK (L ar toAC) = _g

Equation of angle bisector BK is

y—l=?9x—(—4)) = 2(y-1)=-5%%+4)

2y—2=-5x—20=5x4+2y—-2+20=0
10x+4y+36=0 Il
-1
10x+43+36=0
Ixx45+2=0
3x+34=0
= 3x=-34

—34
X ===
3

34
Put value of x =— —3—

?(—-354-]-!-4_}%2:0

23
——3-§+4.}-‘+2= 0

=3 232
g=2a8 =0= 4y-—=0

-

)
or 4)*+2—%=0 = 4y+

58

232 232
dy=—- 2 y= X

1
3 '3 4 |3
So orthocenter is [_—34 ﬁ] o
3 i :
{iii) Circumcentre Jiz Pomf wheve {/){rﬂefd;c&r r{ b; oL ﬁ-r c‘[ ingtrsée l

Meeting point of right bisector is called circumcentre EHtpschotha
Slope of BC —u: i
3+4 7
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7
Slope of right bisector 0D = 2

Equation of QD is

7 [ 5
4(}'—3)=—'J'(x—t—%}::»4_1.:—12=~‘?x—E B4 Dz C.5)
..YlbothSidESbyz 3y-—24_—._14x_~7 =" l4x+8y_24+7=0
14x+8y-17=0 1

5-3 2
Siope of AC =——=—
2 3+2 5§
-5

Slope of OFE = =

Equation of OE is (Through pt E and Slope-?s)

-5 | |
| J— T — —— —4 e X——
(y-—4) > [x 2]:} 2(y—4) 5[ 2)

2y—8=5x+-';-=> 4y—16=—10x+5(X"by 2)

or 10x+4y-16-5=0=10+4y-21=0
'X'by 2 20x+8y—-42=0 I
-1
20x—-8y—-42=0
_14x+85F17=0
6x-25=0

25
R
6

Put value of x in / 7-&4—[%5-J-&-8y—17" or —I—;—S-—l7+8y=0

L]

5-5 3
3 3
124" ~31 _ [25 —31)
y= = y=—— Socircumcentreis | —,—
Ix#, 6 6 6

Now to check these points are collinear
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-1 3 1
x ¥ 1
X Il = i4 §—8- 1
2 N I 3 3 | A
5 Y 2_5. =31 ] .///h_...
6 6 o
=_1[§E+2J_3(—_3i_2_5]+, (ﬁ](ﬂ_‘]_[ﬁ [2_3_]
3 6 3 6 3 6 6 3
58 31 25 1054 1450
=4+t —t—
3 6 2 18 18
_ —348-93+612+225+1054-1450 _ 1891-1891 0
18 18 18
=

Hence centroid, orthocenter and circumcentre are collinear (Yes).
8. dx-3y-8=0,3x-4y-6=0, x—y-2=0
a b ¢| 4 -3 -8
a b, ¢|=3 -4 -6
a b ¢l I =1 =2
=4(8-6)—(-6+6)+(-3+4)=4(2)+3(0)-8(1)=8-8=0
S0 given lines are concurrent
Now for point where they meet
4x—3y—-8=0
x=y—=2=0
-.\' = 'p = ‘ ::,.i___f_=_]_=>x:_2’y20
6-8 -8+8 -4+43 -2 0 -l
Point of concurrency is (2,0)

9. x=2p-6=0,3x-y+3=0, 2x+y—-4=0
Solving I & 11 Solving 11 & 11 Solving I & 11
x—2y-—6=10 3x—ya3=0 x=2y-6=0
3x—»331=i0 2x+y-4=0 2x+y—-4=0
A A B o oowth B0
6-6 -18-6 —1+6[4-3 6+12 3+2(8+6 -12+4 1+4
e * ] SR
12 =g {i5K8 5 14 -8 5
e ] 7r=1.y=E padt o8
3 5 5 5 5 5
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14 -8 1 18 -12 -2l
rtices triang! A=|—— |, B|=.— |, C| —/——
So vertices triangies are (5 5 J (5 5) ( R ]

Q_[—_SJ 18+8 26

= = 3 5

m, =Slope of AB = 51 _lsq = 1_314 - —513 =?6x?1§:_2
5 5 5§ 5
-21 18 -39

m, =Slope of BC = _51,) ? - _513 =_:;’§ =3

> TS 5
5.2 13
mi, =Slopeof oy - 3 5l il
3 CA ]_i+1_2 2£ 7 326 >
S8 5

— — —_— —_— ( —
0, = Tan™ | V=L | = Tan™ e [—5] = Tan [ = ) =Tan™ (1) =45
1+, m, 1+(-2)(3) 1-6 5

i
|

3 1 \ py ( 3

0, =Tan '(M] =Tan™' 2 |_tan'| =2 |=Tan"| 2 |=Tan"'(1)=45"
L+ mam, 1 3.l 2+3 5
2 2 2
o my—m %_(_2) 1-E+ 2 %

O, =Tan™"'| —=— |= Tan™| =——— |=Tan"' =Tan™'| = |=Tan ‘(=) ="90"
1+ mym, l+—l~(-—2) = 0

10.  (a) 15 (2,7),(7,10) (Sargodha 2008)
“1; (1,1), (=5,3)

nh =Sfﬂp£‘ Gf !I 2%{:—2—, m, =Sf(;pe gf !_3 :3_.-1_ = 2 I

-5-1 -6 3
- 1 _-2 —ﬂ—g
[ A Angle = 0=(l1ol,) = Tan™ M\ = Tan™ —3 5 _|=Tan" 5
. ’ 1+ m,m, L)% I
et \ * 1+ —— || = I~
5 5
i~ . -
=Tan™' 115 :Tan"(—ﬁxéj=Tan"[—l]r?‘an"(—l.lﬁ)
. Bt -
3 )
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ALoTe) o sl PGS
=-49"23' = 180" — 49°23' =130"36'

Acute angle = Tan™' [%J =Tan '(1.16) = 49°23'

(b) !|; (3,-1), (5,7); 1,5 (2,4),(-8,2)

m, = Slope of !‘=75£;)= 7;] =%=4
. 2-4 -2 1
m, = Slope of 1, — e
-4 (1-20 -19
Q;Tﬂﬂ_t[u)=?’m1—’ 3 =Tan™ | =2— |=Tan™| —=—
2R 1424 I 9
5 5 3

e =19 . .
= Tan '[T) =Tan™'(<2.11) = —64°39' = 180° — 6439’ = 11520’

Acute angle =Tan™ (%9) =64"39

(c) L (3,-7), (6,—4); 1,5 (=1,2),(—6,-1) (Gujrawala 2010)

g S e
?NJ =S?ﬂpe af fl = 6_(1 ) T 6'—] =§
-1-2  -1-2 3

m, = Slope of |, = = =
S e

o my=m
O=Tan'| =—L
1+ m,m,

(d) 43 (=9,=1), (3,-5); L3 (2,7),(=6,=7)
=5=(=1) _—5+1_—4 -1

3-(=9) 349 12 3

m, = Slope of |, =
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S ET
w =Ny LL=—=—
my =Slope of b= 3= % 4

COLLEG :

g st B SOY o) : =
6=Tan 1+m2m,HTan ———-—-I N =1 an 1_.3_ 12-7
+ = —

4)\ 3 12 12
25

=Tan™ lsl = Tan"'(5) = 0="78.69"

12
1. (a) A(-2,11), B(-6,-3), C(4,-9)
Slope of AB=m, = il Al L
—-6+2 -4 2
-94+3 -6 -3
=Sl BC=———r=—=—
mesloped BO=0e6 10
m, = Slope of CA=”+9=E=-—19 B =3 c
-2-4 -6 3 Mg = 5

Z_(ﬁ)
al:Tanhl M =Tgn_1 __2_.._...5_
1+ m,m, I Z(:_S'_J

5

oo 1 o 1 10-21 0 11
10 1
= -74"58' =[105"]
Acute angle = Tan™ [%] =Tan™'(1.16) = 4923’
-3 (—]0] -3 10
L -3 I
9:=Tan*'.[MJ=Tan" AL = Tan™ | 2—3-
L+ m,m, 1+ ;3][__!9_ ]+§2
5 3 15
-9 450
= -\ 15 A af 41 15 BN (2 R perrre
0, =Tan| 51355 | = T {2 Vran | 32 - la220]
15
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0, =Tan" [ix—-ﬁ—J-— Tan' - 32738’
6 -64 64
So interior angles are

6,=105" 0,=42"20' 6, =32°38'

(b’ A(6 l)? B(zv-")s C(_6’_7)
e oo R
'"2-6 -4 2
-7-7 =14 7
mZ E e m,
—-6-2 3 4 '
+1=(=7) 2 x
m, = ———= —=—
6—(-6)y 12 3 0,
6,0, and 0, are shown in the figure.
C(-6,7)
2 2 449
_+. e
=3 3 __6 ndefined v
P g
6
= 6, = 90"
3. -6-17
m —m - 13 8
Tang.=M=M __ 2 4 i (__)=2
T e mym, H(_g 7) §-21 4\ 13
2)\4 8
= 6, =63.4°
7.2 | 2i=8
m, —m s 1317
PO R A IR ] 7 S
T mm, | (T)(2) 12+12 26 2
4 /3 SNr
= 0, =26.6"

(c) A2,-5), B(-4,-3), C(-1,5)
Let m,,m,, m; be the slopes of the sides AB, BC, and CA respectively. Then
-3—-(=5) -3+5 2 1
m! = —— =_——
-4-2 -6 6 3
5=-(=3) 5+3 8
mz — — = -
-1-(-4) -1+4 3
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5-(-5) 5+5 10
nL = = =
T =1-2 -1-2 3
0,,0, and @, are shown in the figure.
1 [ IOJ T 4
_ 27| T2 (-1,5)
Tﬂﬂai — ”]'; ﬂ'?; - 3 310
1+ mym; T Ly 1o
3 3
1 10 -1+10 e, \"':
__.I__
e e B =-9—xi=£ X' < 0 >y
10 9+10 3 19 19 U,
1+_§f 9 (=4.-3) g,
8 [ l] B m, (,215)
Ian{?,:”" il 38 31
1+ m,m, 1+[§J(_§) !
§.1 8+1
3 33 V1990 .
_l =7 = 3}(1 27
9 9
Tun0, =87.9°
(10 8
r my — nt, 3 3
TanO, = — =
v mm, | [ 10)[8]
+ —— -—
3 \3
-10-8 18
80 9-20 =71 71
9 9

Tanf), = 37.2°
(d) A(2,8), B(-5,4), C(4,-9)
Let m,.m,,m,be the slopes of the sides AB, BC, and CA respectively. Then
e
82 =7 7
—9-4 -5-4 -13

4—(-5) 445 9
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B e

m,
g 2-4 -2 2

307 ]

0,,0, and 0; are shown in the figure.
-17 4

my —m, 2

7

Tan0, =

2
-119-8  -127
___ 14 14

1+ mym, - 1+(—I?

[5)

—127 - 127

[
14 14

6, =67

68 14—68 _sa

54

i_(*_”J
m=m, - 7 9

Tant,

4 13 36+91
+-_

79 63 127

.2 63-52 11

B L4 mm, ]+[4][
7

)

63 63
= 0, =85"
—=13" 17
m, —m, o5 73
Tanf, =—= =
sy l+mzm_‘ 1+[—_13)(£J
9 2
—134 17
=0 2 2 a2 o =28
221 239
14—
18
12, A(5,2), B(-2,3), C(-3,-4), D(4,-5)
Slope of AB=m, =£=—l
=2=35 7
Slope of BC=m,:_4_3=_—7: m,
T =3%2 -]
Slope of CD =m, = oA 151
4+3 7
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Slope of DA =m, =£L=1=7
5-4 1
= {
| 7—(? 742 741
g, =Tan” | =0 | =Tan™ | ——4 = Tan™ — 7 |=Tan| —L |=Tan" (=) =%0"
1+ mm, 1 [‘IJ 1-1 0
+F —
> \
[ T == ..
91=TM"(MJ=TM" 7 I =Tan™ —I?T—- =Tan % =Tan™ =(e0) =%
I+mm, “{_ D -
7)) \ L
1N / ¢
— 7—[';) '?+-I ‘?+l
0, =Tan™ 27 | | — L = Tan| —L |=Tan™ | —L |=Tan™ = () =90’
|+ mym, | (—l) 1-1 0
=
‘T \ \
- - (-
o B THEAE g
6, =Tan™ | 2% |=Tan™* | —1 =Tar| L — |=Tan™| L— |=Tar™ =(e0) =%
1+mm = 1-1 0
\ I+ — (D)
7 J \
13. A(-1,-1), B(-3,0), C(3,7), D(1,8)
Slope of AB=m, = L ) = : =-l
=3-(=1) =3+I .
7-0 7 7
Sl f BC=m, = = =—
S S S ey - Sl L
Slope of CD =m, =ﬂ= _l
1-3 2
1-8 -9 9
Slopeof DA=m, =——=—=—
Pas MEI1 2 2 , - g

m, =m; but m, #m,

Side AB is parallel to side CD but BC not parallel to DA.

So ABCD is a trapezium.

Now for angles
2_[_1!
O =Tor | ZATPC N - 2 2 =
! 1+ m,m,
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=Tan" (%x%] =Tan ' (4)=75"57

: o =3=7
0, =Tan™ " |- Tan™| —2-8 - |=Tan"| —6—
1 +mm 1\(7 e 4l
"3 pef 2 L I
2 )\ 6 12
-10 12

=Tan™ (— X —-J Tan™' (—4) =104"3'
6 5

0. =Tan™ M =% | = Tan™
i 1+ m,m,

=Tan" [l—quJ Tan '(4)=75"5T
6 5

1.9 -1-9
| My 4 -1 2 2 =1 2
= T —_— =T, —_
0, =Tan [ +m3m,] an 1-{__1)[2] an 15
2)\2 B
=Tan™ [‘mei]ﬂa ~(4)=75°57'
(sargodha 2011)

14, Tx-p=10=0——-1I, 0x+y—-41=0——10, 30+2y+3=0——1I

Solving I & 1

Tx—y-10=0 Solving /I & 111 Solving /Il & 1
10x+y-41=0 — ——— [10x+y-41=0 3x+2y+3=0

“x y I [3x+2y+3=0 3x+2y+3=0
._ a1+10 ~300+237 7+10 X! ¥y Leg -, e el e
s—r— 3+82 -30-123 20-3|-3+20 -30-21 143
Sl 187 17 o e “3a h e

R SO Y A it AT

17 17 85 153 17 =51
=3 =11 x=ﬁ=5y=—l-—-=—9 x-ﬁ—l y'-—I:!-—z—}
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So vertices A(3,11), B(5,-9), C(1,-3)
: % ¥ 1
Now Area of triangle ABC = > X ¢ ¥l
Xy & 95 1
s LS, 0 R

5 -9 1=-;—[3(-9+3)—11(5—1)+1(—15+9)]
1 =3a 4

ik
2

1 1 1
=§[3(—6)— 1(4)+(=6)] = = (-18=44-6)=—(-68)

= —34 Sg units = 34 Sq units (always +ve)
15, Circumcentre
Meeting point of right bisector is called circumcentre
5-1 4
Slope of BC'=——=—
3+4 7

7
Slope of right bisector OD = _Z

Equation of OD is

y=3 =-%('*'[I%D 7

1
4(}'—3)=—7(I+5) = 4.'}-“—12—‘—?.1'——7

—

'X'both sidesby 2 8y—24=-14x-7 = 14x+8y—-24+7=0
14x+8y—=17=0 !

Slope of /ICzs—_3-=g

332 5
-5
Slope of OEz?

=5
Equation of OE is (through point E & Slope ?)

(y—4)= _?S(x-—%] = 2(y-4) =—5[x—%}

3_1,_3:5,“% = 4y—16=—10x+5(X"by 2)

or10x+4y—-16-5=0=10x+4y-21=0
'X'by 2 20x+8y-42=0 I
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-1
20x—83—-42=0
14x+83F17=0
6x—-25=0
25
= |lx=—
6
Put value of x in / q‘l—[?)ﬂiy—l?z() or %—17+8y=0
3
— 4 124
st g ie i = el s
3 3
124" =31 _ [’25 -31)
y= =0 = y=— Socircumcentre | —,—
Ix 8, 6 6
16.(a) x+3y-2=0
2x—y+4=0
x=1ly+14=0
In matrix form
[x 43y -2 0
2x -y +4 |=|0
[x -1ly +14 0
[ | 3 B 0
Or 2 -l 4ly|=|0
1. -1 14 || 1 0

-11 14
13 =2
[4=]2 -1 4
1 —11 14

=l(-14+44)-3(28-4)+(-2)(-22+1)
=1(30)—3(24)—-2(-21)
=30-724+42=72-72=0

So lines are concurrent.
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(b) 2x+3y+4=0
x=-2y-3=0
x+y—-8=0
An matrix form

2x 3y 4 0
x =2y =3|=|0
0

Or

2 ¥ 4
[4|=[1 -2 =3 |=2(16+3)-3(-8+9)+4(1+6)
3 1 -8
- =2(19)=-3()+4(7)
=38—-3+ 28 =63 (Not Concurrent)
(c) 3x—-4y-2=0

x+2y-4=0
3x=-2y+5=0
In matrix form
3x —4y -4 -2l x 0
:] 0 |or|1 2 —-4|{y|=|0
3x —2y -2 5|1 0
A =B
3 -4
A=11 2
-
I3, -4 2
l[4|=]1 2 4 =3{|0 8) - (—4)N5+12)+(=2)-2-6)
3 -2 5
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=6+68+16=90 (Not Concurrent)

1 0 -1ilx 0
17.(a) |2 0 1{|y|=|0
0-4 21| [0

Ixx+0xy+(-1)1)=0
2xx+0xy+(I)(1)=0
Oxx+(=1)}y)+2(1)=0 or x+0-1=0
2x+0+1=0 '
0-y+2=0
For Concurrency

1 0 -1
A=|2 0 1

0-1 2

1 0 -1]
|[4=[2 0 1[=10+1)-0+(-1)}(-2-0)

0 =1 2}
=]1-0+2=3=0
1 1 2][x]

(b) 2 4 -3 ||y|=

3 6 -5]|[1
x+y+2=0
2x+4y-3=0
3x+6y—-5=0
For Concurrent

1 1.2

=2 4 -3
3 6 -5
I 1,-2
|4]=|2 4 -3|=1(-20+18)-1(-10+9)+2(12-12)
3 6 -5
=—-2+140=-1(Not Concurrent)

[T~ ]
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Example 1 (4.5) Find angle x> —xy—6y" =0 (Sargodha 2009, 10)
Compare with ax’ —2hxy —by* =0

a =1, 17-—-%],1;:—6

2
-1
. = —ay-6
2Jh”—uab J[2J GX=0) 2 (1
Tant = = =—.]—+6
a+b 1-6 -5V4
2 los o &£ o
Tanf=—,|—=—x—=-1 = @=Tan '(-1)=135"
-5V4 5 ¥

For Acute angle =180° —135" =45° =
Example 2 {4.5) Find a joint equation of straight lines through origin and perpendicular to
the lines represented by ¥t~ xy—6 _yl =) (Sargodha 2010)
XX +xy—6y"=0
or x*+3xy—=2xy—6y° =0
x(x+3y)—-2y(x+3y)=0
(x+3y)x—=2y)=0

Thus linesare x+3y=0——17 and x-2y=0——U

-1
Slope of [ = = —> Slope of perpendicular line = 3

yemx = yp=3x =
1

Slope of Il = —
2

Slope of perpendicularto // = -2
Any line perpendicular to /I through (0,0)is

yom = y=-2x =

Joint equationis (v+2x)(y—3x)=0

¥ =3xp+2xy—6x" =0

or |y —xy- 63 =0
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_232c§ -5 )*
1. 10x* -5y’ =0——1 (Lahore 2010, Gujrawala 2010)
- . x £
or 10x* =25xy+2xy—-5y =0 (\ J ) }
or Sx(2x—=5y)+ y(2x=5y) =0 or (2x-5y)(5x+y) \ﬁ‘ d

2x—5y=0 or 5x+y=0 ('zuj)(?"l): % 2

Are required lines - _
Now compare [ by ax’ +2hxy+by’ =0 w -9 = g — Join

a=10,2h=-23 = h=—723,b=—5

N J{—] ~(10)(=5) 2 549 +50

Tanf = =

a+b 10 +(=5) 10-5

529+200

s _2[m 20 2
- 5 “s5Y4 52 5
O="Tan" (EJ
5
2. 3 +Txy+2y' =0 (Sargodha 2008, 2010)

e g~ = s 3 ] =
3% 0%y F5k 2y" =0 0 A\ r,'/'i RVl | b £~ e ﬁ'f—'é( r ff/
Ix(x+2y)+ ylx+2y) = ) : o )
(x4 2y)3x+y)=0 _,Ef,,'-\/’j . o m ¢ Joremely o/
x+2y=0 or 3x+y=0 O

Are required lines
Now compare 3x° + Txy+2y* =0
With ax® + 2hxy+by* =0

4
a=3 2h=7 = h=—=,b=2

57
T
_ 2 —(3)(2
2k —ab \([’.] 3X2)
3

{anf) = =
a+ b

B
Tan( = 4

o\

=
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Thn{)r-z- é—-z-xs—:I
54 5 2
I=Tan'(1) = 0= r ‘9——-4_5",
3, 9x" +24xp+163° =0
or (3x)’ +2(3x)(4y)+(4y)* =0
(Bx+4y)'=0

(Bx+4y)3x+4y)=0
3x+4y=0 or 3x+4y=0
= 3x+4y =0 (Cointident lines)
4, 2x' +3xp-5y* =0 {Lahore 2010)

2x* = 2xy45xy—5y° =0
2x(x=y)+5py(x=y)=0
(x—¥)2x+5y)=0
x-y=0o0r 2x+5y=0

Ar= required lines

Now compare 2x* +3xy—5y° =0
With ax’ +2hxy +by* =0

=2, 2hx=3 = bzg-. b=-5

SE o] o WEY e
Wik —ab_° (2] '(2)_( %)

a+b

Tane 2 /_Hu-__fﬁ‘

Tant?) = ( )(_- s
3 )\2 3
¢ =Tan"[:_§J-_— 113.2°
5. 6x -~ 19xp+15)* =
6x° = 9xy—10xy + 15y =0
3,1'[_?..1' - 3)’) — 5)!(2_1; = 3}:) ={)
(2x-3p)3x=5y)=0

Tant) =

Aol g w oy
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(48]
-t
~J

2x=3y=0 or 3x-5y=0

Are required lines 9
Now compare 6x° —19xy +15y" =0

With ax® +2hxy +by* =0

&= 6 Th=19. h=Fzﬁ,b=15

-19Y -

20— =06X15

- 2Vh —ab J[.'!) (6X13)
Tanf = =

a+b 6+15
tano =2 [P gy _ 2 [361=360
21V 4 21 4
Tarn.é‘zi l =£x-l—
21v4 21 2

TanO = -i- .:> @="Tan™ (J—-)
21 21

6. x* +2xy Seca+y* =0
L 2
Divide by x’ l+2l.5’eca+!7=0

S X x

Il

2 -
Or [-‘K) +2Seca [l+ | 0)
X X

a=1, b=lSeca, C=1

y_ ~b+b? —dac

X 2a 3

v —2Seca+.J(2Seca)’ —4(1)(1)
X 2(1)

v —28ecatV4Sec’a -4

¥ 2

y_ —28eca = \/4(&4:’2& —1)

X 2

S —28eca + t/&(‘f‘T(mza]

X 2
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- —28eca +2Tana

b4

X 2
Y 2(-Seca = Tana)
x

¥

s 2
= (—Seca * Tana)x
y = (=Seca +Tana)x
and
y = (—Seca —Tana)x
Are required lines
Now compare x° + ZSn'a'f.:t:r):y+_],r2 =)
With ax® +2hxy 4y’ =0
a=1, h=Seca, b=1

2 [, 2y _ -
?,mg:z h ab:Z Sec o —(1)(1)

a+b 1+1
Tand = 2JSec*a -1 _ 2\Tan'a
2 2
Tan® = Tana =
7. x4+ 2xyTana— y* =0

Compare with ax® + 2hxy + by* =0
a=1,2h=2Tana = h=-Tana, h=-1

_,,;n/:;; _ =2h{" 2Tana
[: 1 2 b —‘l
——a |
mnt, =——=-—-1~=—l

==2Tancx

Now any two equations through origin are
y=mx & y=mx
Perpendicular to given line are
y= -I—x & y= —Lx
m, m,
= my=—-x &my=-x > my+x=0 & my+x=0
Combined equation is
(my+x)m,y=x)=0
mm, v +mxy + myxy+x* =0

m,m.‘.y1 +(m, +m,)xy + x*=0
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Put values

(—1)y* 4 (—2Tana)xy +x* =0
o ¥ —2Tanaxy—y’ =0
8. ax® + 2Zhxy + by’ =0 (Sargodha 2009) ‘

m +m, =_TZh & mm, =-§-

Any two equations through origin and L ar to given

Equation are y=Lx & y=Lx
m m,

:‘m|y+x=0 & my+x=0
Combined equation is (m,y + x)(m,y¥+x)=0
mm,y’ +mxy +mxy+x° =0
mm,y* +(my +my)xy+x* =0
Put values -'E_].r2 +[£ﬁ)xy+xz =0
b b
'X'by b ay* —2hxy+bx* =0

I

9. 10x—xy—-21p'=0 & x+y+1

10x* =xy=21y* =0

10x? =15xy +14xy—-21y° =0
5x(2x-3y)+7y(2x-3y)=0
(2x-3y)(5x+7y)=0

2x-3y=0——1 & 5X+7Y=0——1I

Intersection point of J & /I is (0,0)

Because both are passing through origin, To fin
Intersection point of [ & 111

'X'III by 3andaddin /

2x-3y =0
Ix+3y+3=0
5x+3=0

=3
= X = —
5

Putin H]_?'B-I-y—l-l:() :
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3 5-3
+1-——=0 = y+——=0
s S
+3—0 = ==z
i =S

Intersection point / & Il is [—?3,%2)
Tosolve I & JII ' X' Il by7 & subtract
Tx=F9+7=0
SxxFH =0
2x+7=0

=7
= ¥=—
2

Putin I/ 5(%?)+7y=0

35 35
Ty=r-2y

1 5

= —¥— —_

2 2 e V2
Intersection point of /T & 11T is

—,i Now to find area
53)

X »n 1
Area= 3 % ¥ 1
x oy 1
0 0 1
Ll e
21’5 S
g
2 2

[ ) =29 29
10 20 20 .
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OBIJECTIVE
Q.No.1 Given below are a few possible answers to each statement of which one is correct,
identify the correct one. (20)
1. In a plane two mutually perpendicular lines are called the
(a) Radii 4] Coordinate axes
(c) Medians ; (d) Altitudes
2. If (x, y) are the coordinates of a point P, then the second component of the ordered
pair is called '
{a) . x-coordinate (b) Abscissa
t) Ordinate {d) None of these
3. If y = 0 then the point P(x, y) is on
(a) Origin (b) y-axis
A€] x-axis (d) 4thquadrant
4. The distance of a point P(x, y) from origin is
(a) x+y (b) x—y
A J.rz +y (d) +y
5. The distance of a point P(-2, -3) from x-axis is
\Aa) -2 (b) 2
) -3 (d) 3
6. If distance of a point P(x, y) from y-axis is 2 then
(@) 2x=y (b) 2y=x
) x=2 (d) y=2

7. Let A(xy, y1) & B(x;, y;) be the two given points in a plane, the coordinates of the
point dividing the line segment AB in the ratio K; : K; are

(3) ( Kx+Kx, Ky +Ky. J

(b) (Kx,+Kx Ky, +K,3)

K +K, K + K,
i ,le:.+K2x, Ky + K.y @) [K,.r2+K3x, Ky +K.y,
f T A R K+K, ' K+K,

8. The centroid of a AABC is a point that divides each median in the ratio

{a) 3:2 () 3:1
(c) 1:2 (d) 2:1
9. If a line / is parallel to x-axis then inclination c is
(8)—1° (b) 45°
() 90° (d) 180"
10. If a non-vertical line / with inclination « then its slope is
(a) Sina (b} Coswa
(¢) Tan« (d) Cota
11,  Eguation of a straight line passes through P(g, b) and parallel to x-axis is
(a) x=a (b) x=b
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() y=b (d) x+a=0
12. Ifb<0&x=b, thenthelinelis
(a) On the right of y-axis (b) On the left of y-axis
(c) Below the x-axis (d}-—Above the x-axis
13. 1;;‘_)3 = :os:; is called
(a) Intercepts form (b) Point-siope form
(¢} Normal form (d) Symmetric form
14: Ifl:ax+by+c=0& Plxy, ;) also ayx + by, + ¢ < 0 then point P is
(a) Above the line (b) Below the line
(c) Noresult {d) None of these
15. Two non-parallel lines intersect each other at
(a) More than one point (b) More than two points
{c) Onlyone point (d) At least two points
16. Two non-parallel lines intersect each other at
(a) Two points - (b) More than one point
(c) Oneand only one point {d) None of these
17. Altitudes of a triangle are
{a) Collinear (b) Parallel
(c) Concurrent (d) Mutually perpendicular
18, The distance d from the point P{x;, y,) to live /=ax+ by +c=0is
(a) | ax, + by, +c| ; (b) |ax, +by, +¢|
Ja+b Jat -
|ax, + by, +¢| | ax, + by, |

Ji+o o s

19, The lines represented by ax” + 2hxy + by’ = 0, are different if

(@) H -ab<0 (b) A -ab>0
() W —ab=0 (d) A +ab=0
20. The line represented by ax* + 2hxy + by* = 0 a pair of orthogonal lines if
(@) a+h=0 (b) a+b=0
(c) a-b:O' ' (d) h+b=0
SECTION |
SUBJECTIVE

Artempt any 25 (twenty five) short question from Question 2,3 and 4, at least 12 short questions
Jfrom question 2, 12 short question from question 3 and 13 short question from question 4. All
question carry equal marks. (25x2=50)

Q:No. 2 .
i Show that the points A(- 1, £), B(7, 5) & C(2, —6) are the vertices of a right triangle.
it Find the pt. which divide the join of A(-6, 3) & B(5, -2). Externally in the ratio of 2:3.
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iii. Show that the pts A(3, 1), B(-2, —3) & C(2, 2) are the vertices of an isosceles triangle.

iv. Find h such that the A(=1, ), B(3, 2) and C(7, 3) are collinear.

v. Find the pt three-fifth of the way along the line segment from A(=5, 8) to B(5, 3).

vi. The coordinates of a pt P are (-6, 9) the axes are translated through the pt. 0'(-3,
2). Find the coordinate of P referred to the new axes.

vii, The xy-coordinates axes are translated through the pt 0(4, 6). The coordinates of

the pt. P are (2, —3) referred to the new axes. Find the coordinate of P referred to
the original axes.

viii. The xy-coardinates are rotated about the origin through average of 30° if the xy
coordinates of a pt are (5, 7). Find the xy-coordinate.

iX. By use of slopes show that the triangle with vertices A(1, 1), B(4, 5) and C(12, -1) is
a right angled triangle.

X. Find the eq. of the st. line if its slope is 2 & y-intercept =5

Ris Find the eq. of the st. line if it is perpendicular to a line with slope -6 & -5 is the y-
intercept.

xii. Write the eq. of a st. line through the pt (5, 1) and paraliel to a line passing through

the pts (0, -1), (7, =15).

Q.No. 3 '

I Find an eq. of a line through the pts (-2, 1) & (6, -4).

i, The length of perpendicular from origin to a line is 5 units and the inclination of this
perpendicular is 120% Find the eq. of line,

iil. Find the pt of intersection of the lines  5x+ 7y =35
Ix—Ty=121
iv. Find the dis take between // lines ly=2x - 5y+13=0
h=2x-5y+ 6=0
V. Find k so the line A(7, 3), B(K, —6) & the line C(-4, 5), D(-6, 4) are parallel.
vi, Find the eq. of the horizontal line through (7, —9).

vii. Find the eq. of the vertical line through the pt (-5, 3).
viii. Find the eq. of the line bisecting first and 3rd quadrant.

ix. Find the eq. of the line bisecting 2nd and 4th quadrant.
X, Find the eq. of a st. line through (-8, 5) having slope undefined.
xi. Convert 4x + 7y — 2 = 0 in intercept form.

xii, Check whether the two lines are parallel or perpendicular or ne:lher
h=2x+ y—-3=0
L=4x+2y+5=0

Q.No.4

i Check whether the two lines are paraliel or perpendicular or neither.
h=3y=2x+5
L=3x+2y-8=0

il Check whether the two lines are parallel or perpendicular or neither.
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!1 ”="4y+ 2x—-1=0
I'; = X=— 2y— 7=0
iil. Find whether the pt (5, 8) lies above or below the line 2x -3y +6=0

iv. Find the distance from R(6, —1) to the line 6x -4y +9=0
V. Find the angle from I, to I; where:
h=x-2y—6=0
h=3x—-y+3=0
vi. Find an eq. of each of the lines represented by
20x° + 17xy — 24y* =0
vii. Find the measure of the angle between the lines represented by
X —xy—6yt=0
viil. Distinguish between centroid and orthocenter,
ix. What is the angle between lines represented by
ax’ + 2hxy + by’ =0
X, State the conditions represented by the lines of ax’ + 2hxy + by’ = 0 are real &
imaginary coincident. _
xi. Reduce 2x — 4y + 11 = 0 in normal form.
Xii. State the eq. representing the family of lines through the pt of intersection of 3x -
4y—-10=0
x+2y—-10=0
xiii. What is the symmetric formof ax + by + c=0
SECTION 1l
Attempt any 3 (three) questions, (3x10=30)
Q.No.5
(a) Find the area of the region bounded by:
10x"—xy—21y*=0 and x+y+1=0
(b) Find the condition that the lines y = myx+c, ; y= mx+c; and y= mayx+c; are
concurrent,
Q.No.6
. 2o -7 it 5
(a) Find the angle from the line with slope -3— to the line with slope 5

(b) Find the point of intersection of the lines 3x+y+12=0 and x+2y-1=0

Q.No.7

(a) The three points A(7,-1) , B(-2, 2) and C (1,4) are tonsecutive vertices of a
parallelogram. Find the fourth vertex.

(b) Fmd a joint equatlon of the lines through the origin and perpendicular to the lines:
X’ = 2xy tan@ ~y’=0

Q.No.8
(a) Find h such that A(-1, h) B(3 ,2) and C(7, 3) are collinear;
(b) Show the points A(0,0), B(2,1), C(3,3), D(1,2) are the vertices of a rhombus
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Find its intericr angles.
Q.No.9
(a) Find the point three — fifth of the way along the line segment from A(-5, 8) to B(5,3)
(b) Find an equation of each of the lines represented by

20x* + 17xy - 24y" = 0

' Previous Board Questions _

i 5 Find the distance between the points A (3, 1) and B (=2, —4).
(Lahare — 2007)
r.B Find the centroid of the triangle having vertices (-2, 3), (-4, 1), (3, 5)
' (Lahore ~ 2006)
3. Write down the translated coordinates of a point in plane by shifting origin at (h, k).
(Multan —2009)
4. Find the equations of lines represented by 6x° = 19xy + 15\;2 =0
{Lahore — 2009)
5. Show that the points A (-3, 6), B (3, 2) and C (6, 0) are collinear (Gujranwala 2007)
6. Find the distance from x —axistoy—-3=0. (Gujranwala — 2005)
7. Write intercepts form of equation of straight line. (Multan — 2009)
8. Write down the eguation of line which cuts the x —axis at (2, 0) nd y — axis at (0, —4).
(Mirpur — 2008)
9. Find the perpendicular bisector of the line segment joining the paints A (3, 5) and B
(9, 8). (Lahore — 2010) Group - |

10. Write the translated co-ordinates of a point (x, y) when origin in shifted at O’ (h, k).
(Lahore — 2010) Group — |
11, Find the equation of horizontal line through (7, -9). <
(Lahore = 2010) Group - Il

5 7
12, Find the angle from the line with slope Sto the line with slope — 3
(Lahore —2010) Group - !

13, Find the angle measured form the line /; to the line /; where:
/1 : Joining (1, -7) and (&, -4)
Iy © joining (-1, 2) and (-6, -1) (Gujranwala — 2010)

14, Find the lines represented by the homogeneous equation 10x2 — 23xy - 5\:2 =0,
(Gujranwala — 2010)
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Linear Inequalities and Linear
Programming

Definitions:

1. Linear Inequalities:

Inequalities are expressed by following symbols <, >, <, = with one or two

variables are called linear inequalities.

. Boundary of half plane:

ax + by < ¢ is called half plane region and line ax + by = c is called. Boundary

of half plane.
3, teft, Right, Upper, Lower Half Plane:

Vertical line divides the plane into ieft or right and non-vertical line divides

into lower and upper half plane.

essmseVertex or Corner Point:

A point of a solution region where two of its boundary lines intersect is called

veirtex,

- Nan-Negative Constraints:

The variable used in the system of linear inequalities relating to the problem

of every day life are non-negative and are called non-negative constraints.
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= Decision Variables:

I

The non-negative constraints play an important role for taking decision. 50

-

these variables are also called Decision Variables.

: Feasible Region: {Sargodha 2010)

I

A region which is restricted to the first quadrant is called feasible region

: Feasible Solution:

Each point of feasible region is called feasible solution.

3 Optimal Solution:

The feasible solution which maximize or minimize the objective function is

called the optimal solution.

I

0. Objective Function:
A function which is to be maximized or minimized is called an objective

function.

11. Problem Constraints:

The system of linear inequalities involved in the problem concerned are

called problem constraints.
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1. Graph the solution set of each of the following linear ine&uality in xy-plane:

(i) 2x+yL6—-—1 “
Associated eguation is 3\ (0,6)
2-'? +y=6——1] s
Put x=0then y=6 (0,6) 4

Put y=0then x=3 (3,0)
Put (0,0) in I
0£6——T

- W

A

(ii) Ix+Ty221—1
an Associated equation is
3x+Ty=21——>1I
Put x=0then y=3 (0,3)
Put y=0then x=7 (7,0)
Put (0,0) in equ 1
022l——F

7:‘;,—-
7
I
(iii) Ix-2y=26——1 {Sargodha 2010) 1
Associated equation is 3
Ix-2y=6——1l 2
Put x=0then y=-3 ({,-3) : (2,0)
Put y=0thenx=2 (2,0) y : \ A 3 o
Put (0,0) in equ 1 A /
06— F (0.=3) _;
= 4
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(ivi Sx-dp<20—>171 (Lhr 2010, Guj Z010) 4
Associated equation is
I; 5x=4y =20—— 1l
Put x =0then y=-5 (0,-5)
Put y=0Othen x=4 (4,0)
Put (0,0) in equ I

0<6——T

{ o

(v) 2x+120———> 1 (5gd 2009, 11, Lhr 2010)

Associated equation is
2x4+1=0———11

(Vi) 3y-4<0—>7T

4
Associated equation is i
3y—4=0—1] Lo e £ i
- :7 =T 7 5l 7 - , -
= 7 '{?z. e A 5 '{:-_',':"’,';/ ’Z{ e
oy .
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2. Indicate the solution set of the following system of linear inequalities by shading:
(i) 2x=3y<6——1
2x+3y=12—— 11
Associated equation are
2x=3y=6——1II
2x+3y=12——— 1V
IV = putx=0 then y=-2 (0,-2)
put y=0then x=3 (3,0)
IV =putx=0 then y=4 (0,4)
Put y=0then x=6 (6,0)
Put (0,0) in 1
0<6 ——T
Put (0,0) in 11
0<12—— 7T

(if) x+p25——1

-p+x<1— U

Associated equation are

x+y=5 > 111

—y4x=l—> !

HI'=putx =0 then y=35 (0,5)
Put y=0then x=5 (5,0)

IV = putx =0 then y=-1 (0,—1)
Put y=0then x=1 (1,0)
Put (0.0)in I & 11 -4

I=0Z5 =2k v

H=0<] ——7T
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(i) 3x+Tyz21——1
x-y<2— 11

Associated equation are
Li3x+Ty=21—— 1l

Lix—y=2——]V
Il = putx=0 then y=3 (0,3)

Put y=0then x=7 (7,0) < FETA: .
IV =putx=0 then y=-2 (0-2) /
Put y=0then x=2 (2,0)

put (0,0) in 1 & I C O 0-2) / (2,0)

I1=022]l—>F

=082 ——T

(iv) 4x-3p<12——317

0 0

e
*\‘ h‘ H\”J"
| \I|'9ﬂ||f""'

'|||||!|" ||||

-2| |Ao,~4}
23t/
1

.rz_?s—-)ll

Associated equation are =3
Lidx-3y=12—— Il 2

& x=i——)ﬂ’
Il = putx =0 then y=-4 (0.-4) =2
Put y=0then x=3 (3.0)
Put (0,0) i I & I
0<12—F

(l>;3——;T "u,
2

(3.0)
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(v) Ix+Ty221——1
y<4——11

Associated equation are
L;3x% ty=2l—— 1l

L; y=4 = —=I¥
Il = putx =0 then y=3 (0,3)

123456'7*\:

v @n b
Put y=0then x=7 (7,0)
Put (0,0) in I & 11
I=0221—— F
I=0<4 =
3. Indicate the solution set of the following system of linear inequalities by shading:

(N 2x-3y<6—1
2x+3yL12—— 11
Associated equation are
L: 2x—3y =6——> 1l
L 2x+3y=12—— IV
y>0
Hl = putx=0 then y=-2 (0,-2)
Put y=0then x=3 (3,0)
IV =putx=0 then y=4 (0,4)
Put y=0then x=6 (6,0)
Put (0,0) in /
06— T
Put (0,0) in II
012——>T
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(ii) X+y=<s » [

y=2x<2—— 11

x=20

Associated equation are
X+y=5——JN
y-2x=2 ——=I
[l = putx=0 then =5 (0,5)
Put y=0then x=5 (5.0)
[V =putx=0 then y=2 (0, 2)
Put y=0then x=~1 (-1,0)
Put (0,0) in 1 & 11
I =05 ——7T

=052 ——H7T
(i) X+p25—31] : . (0,5)
Xx—y<l——sijr

rz0
Associated equation are
lix+y=5—o I

Lix—y=l—3]V
HI = putx=0 then y=5 (0,5) =i
Put y=0then x=5 (5,0)
IV =>putx =0 then y==1 (0,-1)
Put y=0Othen x=1 (1,0)
Put (0,0) in 1 & I
[ =025 ——SF
H=>02l—F

(iv) 3x+7p<21—— 1
X-y<2—— 11
xz0 _
Associated equation are
s 3x+ 7y =21—— 1l

s X— =12

Aol Caw g
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Il = putx=0 then y=3 (0,3)
put y=0then x=7 (7,0)
IV =putx=0 then y=-2 (0,-2)
Put y=0then x=2 (2,0)
ot (0,0)in I& 11
2022l—— T
=022 ——T
(v) 3x+7ys21——1
x—-y<2—— 11
yz0 :
Associated equation are
li;3x+Ty=21——11
L x=y=2——"1F
II] => putx=0 then y=3 (0.3)
Put y=0then x=7 (7.0)
IV = putx =0 then y=-2 (0.=2)
Put p=0then x=2 (2,0)
Put (0,0) in [ & Il
021 ——T

02 —T

(i) 3x+Ty<21——1
2x—-y2-3—— 11
xz20
Associated equation are
l;3x+Ty=21———1ll
l; 2x—y=-3
Il = putx=0 then y=3 (0.2)

put y=0then x=7 (7,0)

IV = putx=0 then y=3 (0,3)

Put y =0then x--_—3, {ﬁ,ol
2 2

L

Put (0,0) in 1 & 1I
N2l —— T
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02-3——7
4. Graph the solution region also find the corner points in each case.
(i) 2x=3ys6——1
2x+3y<12—— 11
xz20
Associated equation are
i 2x=3y=6——>1III
Li2x+3y=12—— 1V
Il = putx =0 then y=-2 (0,-2)
Put y =0then x=3 (3,0)
IV =putx=0 then y=4 (0,4)
Put y=0then x=6 (6,0)
Put (0,0) in I & II
06 —>7T
012 —>7T

Corner Point : B(0,-2), D(%,IJ, E(0,4)

(ii) X+ ys5— 1
-2x+ys2—>II
yz20-

Associated equation are
lix+y=5———>1I

Li=2x+y=2—— [V
HI = putx =0 then y=5 (0,5)
Put y=0then x=5 (5,0)

Putting values of x in III

For values of Point ¢: x+y=35

xxry=42 ——_ 1,
3." =3 :,“).‘(;]

IV =putx=0 then y=2 (0,2)
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Put y=0then x=-1 (-1,0)
put (0,0) in [ & I
I=205————7T

I=0]1—7

Corner Points:
B C A

(5,0) (1,4) (-10) 5
(i)  Ix+7ps2l—1 | \

2x—-psSs-3———1i
yz0

Associated equation are

L 3x+7y=21—— 1l

l; 2x=y==3———3IIV

HI = putx =0 then y=3 (0,3) g
Put y=0then x=7 (7,0)

IV =putx=0 then y=3 (0,3)

Put y=(then x:%”{?,o)
Put (0,0) in 1 & 11

=202l ———T
=03 ——>F
Corner Point : '

=3
A=|—.,0/|, B(0,3
{2 0} 8(0,3)

(iv) 3x+2y26 I
xX+3y<6 I xt6y==+I12 ,
y20 Tx =0 E-i-3y=6:‘r y=—
Associated equation are 6 7 :
[:3x4+2y=6 I T y:;

l; x43y=6 IV

Value of Point ¢:
9x+6y= 18 Putting value of x in [V
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A
Il = putx =0 then y=3 (0,3) \

Put y=0then x=2 (2,0)
IV =putx=0 then y=2 (0,2)
Put y=0then x=6, (6,0)

0z6 F

0<6 T 3.“”&'

Corner Points:

6 12
1=(2,0), B(6,0), C=|=,—
A =(2,0), B(6.0) (7 ?J

v
V)  Sx+7ys$35— 51

~x+3y<3—> 1
x20

Associated equation are
LiSx+Ty=35

> 11l
Li=x+3y=3——S 1V
/Il = putx=0 then y=5 (0,5) <«
Put y=0then x=7 (7,0)
IV = putx=0 then y=1 (0,1)
Put y=0then x=-3, (=3,0)
I =0<35—57T

H=03———>T
Corner Points

(vi) Sx+7y<35——— 1
x=2y<2—JI
xz0
Associated equation are
L 3x+Ty=35———1lI
L x=2y=2 > IV
I = putx=0 then y=5 (0,5)

Put y=0then x=7 (7,0)
IV =putx=0 then y=—1 (0,-1)

Al a8 g
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Put y=0then x=2, (2,0)
Put (0.0)in equation I & I
0<35——— T

0€2 —— T

Corner Pointis:

B(0,-1), D(E,EJ, E(0,5)
17 11

B Graph the solution region of the following system of linear inegualities by
shading:

(i) 3x—4ys2——1
3x+2y23—1l

X+2yL£9—— 1
Associated equation are
[:3x—-4y=12———1IV
L; 3x42y=3——V
L x42y=9—-—V]
1V = putx=0 then
y==3 (0;=-3)
Put y=0then x=4 (4,0)
: 3 3
I — L= e —
put x = () then y = ,(0,_})

“

6 7 89 10 i,

4

Put y=0then x=1 (1,0) P

: 9 9
Vi = putx =0 then )'—5,[0,5]
Put y=0then x=9 (9,0)
Put (0,0) in I, 1 & I
| =012 —T

=023 —— F

M =0£9——7T
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LINERAR INEQUALITIES & LINEAR PROGRAMMING
{ii) Jx-4y<12——— 1
X+2ys6 ——>»1I
x+yzl—— I
Associated equation are
Ly3x=4y=12—— IV
Lix+2y=6———V
Lix+y=l———VI
IV = putx =0 then y=-3 (0,-3)
Put y=0then x=4 (4,0)
V = putx =0 then y=3, (0,3)
Put y=0then x=6 (6.0)
VI = putx =0 then y=1, (0,1)
Put y=0then x=1, (1,0)
Put (0,0) in I, 1l & 111
I=0812——— T
H=0s6 —>T
| mnm=0z2]——— F
(iii) x+ysd4——1
2x-3y212— 11
X+2y S6—— 1l

Associated equation are
s 2x+y=4——31V

Ly 2x=3y=12———>V¥
L x42y=6——V1
IV = putx =0 then y=4 (0,4)
Put y=0then x=2 (2,0)
V= putx=0 then y=-4, (0,-4)
Put y=0then x=6 (6.0)
Vi= putx =0 then y=3, (0,3)
Put y=0then x=06, (6,0)
Put (0.0) in 1,11 & Il
I=0<4 > T

H=0212 —— F
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(iv) 2x+ys10——1
x+y<T—1I1

-2x+y<d4—— 111
Associated equation are
[ 2x+ y=10—— 1V
Ly x+y=T—V
Li=2x+y=4———>VI
IV =putx=0 then y=10 (0,10)
Put y=0then x=5 (5,0)
V = putx=0 then y=1, (0,1)
Put y=0then x=7 (7,0)
VI = putx=0 then y=4, (0,4)
Put y=0then x=-2, (-2,0)
Put (0,0) in 1,11 & 11l
I=0510 ——T

=07 —>T
Il =024—7T

(v) 2x+3y<18— 1
2x+ys10——— H
-2x+y<2—— I
Associated equation are
[;2x+3y=18—— IV
L 2x+y=10——V
lii=2x+y=2—VI

IV = putx=0 then y=6 (0,6)
Put y=0then x=9 (9,0)

V' = putx =0 then y =10, (0,10)
Put y=0then x=35 (5,0)

VI=>putx=0 then y=2, (0,2)
Put y=0then x=-1, (-1,0)
Put (0,0) in 1,11 & I
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I1=0=18 ——— 3¢

H=0s10—T

(vi) 3x-2y23—— 7
x+4ypys12—— H
Ix+y=2 12— 111

Associated equation are
.’1; Ix-2y=3——= 1V

Lix+4y=12 »

L3x+y=12—0 ¥/

Il = putx =0 then y:é{&?)

-

Put y=0then x=1 (1,0)
V = putx =0 then y=3, (0,3)
Put y=0then x=12 (12,0)
Vi = putx=0 then y=12, (0,12)
Put y=0then x=4, (4,0)
Put (0,0) in 1,11 & 11l
I =>023—— F
H=0212——— 7T

H=0212—7T

S0 (12.0)

0.-2) _1/23456 8910 11 2~

A

T, P
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Exercise 5.2

1. Graph the feasible region also find the corner points.
{i) 2x—-3ys6——>1 ,x=20 (sgd2011)

2x+3yS12— 1 ,p20 "'\1(
Associated equations are t“_\_
I 2x-3y=6——1l1 22;; ) /,{-
L; 2x+3y=12——> 1V :]___—i;:;_ﬁ":,( (6,0)
Il =put x=0then y=-2, (0,-2) ~———35—7 (1 2 374 § O
put y = (Othen x =3, (3,0) r:/'/ (3.0) g
IV = put x=0then y=4, (0,4) {‘.‘PZT/L_;
put y=0then x =6, (6,0) e For B solve [ and /,
put (0,0)/ = 0S6—T I S
I = 0<12——T St Bl
Corner points are e
0(0,0), 4(3,0), B[g,l], (0,4) Put value. of
P xinlV x;g
(i) x+y<S5—>1 ,x20 =
“2x+y<2—— Ml ,yz20 Z!Lij-l}-}}':l;‘
Associated equations are 'Z —
I x+y=5——>1l 3y=12-9=3 =|y=|

Li; =2x+y=2——1V

Il = put x=0then y=5, (0,5)
put ¥ =0then x=3, (5,0)

IV =>put x=0then y=2, (0,2)
put y =0then x=-1, (-1.0)
put (0,0)/ = 0£6——T

Il = 0€2——T

For B solve /, and /,

-

X+3-=35

2+t = 2
+2LX _—} = ..
Pxry-_C =l :
28 =23 -5

Put value of x in I
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COLLEGE MATHEMATICS-I LINERAR INEQUALITIES & LINEAR PROGRAMMING

l+y=5 :>

Corner points are
0(0,0), 4(5,0), B(1,4), C(0,2) ey
(i) x+ysS5——1 ,x20 (sgd 2010)
“2x+yL2——IT ,y210
Associated equations are
L x+y=5——dll
Liy=2x+y=2—2ilF
HI = put x=0then y=35, (0,5)
put y=0then x =3, (5.0)
IV = put x =0then y=2, (0,2)
put y=0then x = -1 (—LU)
put (0;0)/ = 0s6——T
Il > 0s2——F

For B solve /, and I,

x=p=35

oY el =i

2yt -y ‘2:::-.1'=I
3 =3

Put value of x in il

l+y=5 = "
Corner points are
O(0,0), A(5,0), B(1.4), C(0,2)
(iv) 3x+Ty22l——1 ,x210
X=y£3——> 1 ,y20

Associated equations are

I 3x+Ty=21——1ll

lgx=p=3—1lF

Il = put x =0then y=3, (0,3)
put y=0then x=7,  (7,0)

[V = put x=0then y=-3, (0,-3)
put y=0then x=3, (3,0)
put (0,0) /7 = 0=2l——T
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I = 0s3——7T
For B solve /, and 1,
Ix+7p=21
RS 3 e AR
10y =12 51
Put value of x in IV

x——=3
5

6 21 21]
X=3+—=— Dlx=—
5 5

Corner points are

0(0,0), A(3,0), B(%,g], € (0,3)

e

*

r 8
T

7 SO 3.1\\“

(v  3x+2y26—1 x>0 %

x+ysd——II ,y20

Associated equations are
L 3x+2y=6—— Il

Lix+y=4—— IV

HI'= put x=0then y=3, (0,3) =
put y=0then x=2, (2,0)
IV = put x=0then y=4, (0,4)
put y=0then x =4, (4,0)
put (0,0) I = 026—>
= 04— 7T
Corner points are

4(2,0), B(4,0), C(0,4), D(0,3)

-2 e T S
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(vi) Sx+7y<3s—— 1 ,x20
x=-2ys4——>II ,y20
Associated equations are
L S5x+T7y=35—— 11
liy x=2y=4——1VF
I = put x =0then y=5, (0,5)

put y=0then x=7, (7,0)
IV = put x=0then y=-2, (0,-2)
put y=0then x =4, (4,0)
put (0,0) I = 0=35——>7T
Il = 04——7T

For B solve /, and /,

Sx4+ 7y =35
_=xFl0y=_ 20
17y =~15
=15
R 7
Put value of yin
IV x-2(l—§J=4
17
.v:==l-+-"ﬂ =’x=-9—8
17
Corner points are
98 15
0(0,0), 4(4,0), B| —.— |, €C(0,5
()()[””J()
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2 Graph the feasible region and also find the corner points in each case.
(i) 2x+y<L10—— 1

x+4y<12—— 11
x+2y 10— 11

xz20,y=0
Associated equations are \ 19
I; 2x+y=10——I¥ ‘. N
L x+4y=12——V¥ "\\\;\
L; x+2p=10—>VI R |,
IV = put x=0then y=10, (0,10) Toslil”
put y=0then x=5, (5,0) J"‘“‘*,
V = put x=0then y=3, (0,3) ﬁﬂmmmm |!'mm4!\ >
put y=0then x=12, (12,0) ol 1234506%3910

Vi = put x=0then y=35, (0,5) 1
put y=0then x=10, (10,0)
put (0,0)/ = 0<10——>T

Il = 0£12——T

!"I

= 0<10——7T

ForBsolve /, and /,

Ayt = T
x+4y=12 oy LI =|y=2
-7y =-14
Put in IV
2x+3y=18

2(x)+3(2)=18 = 2x=18-6

2x=12 :>

Corner points are

0(0,0), A(5,0), B(6,2), C(0.3)
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(i) Ix+3y<18——1 x20
Ix+y<i0—H y20
x+4y<12——> 1l
Associated equations are
L 2x43y=18—— IV
Li2x+y=10—>V
I x+4y =12—— V1
put x=0then y=6, (0,6)

IV =>put y=0then x=9, (9,0)
V' = put x=0then y=10, (0,10)
put y=0then x=5, (5,0)
VI = put x=0then y=3, (0,3)
put y=0then x =12, (12,0)
put (0,0)/ = 0<18——T
II = 0£10——>T
= 0212——>7T

For B solve /; and /,
2+ y=-10
_2x48y= 24
-7y =-14
= y=2
Put y=2inV
2x+2=10 ‘\\Q‘
2x=8 ::'
Corner points are =\ =
0(0,0), 4(5,0), B(4.2), C(0,3) — IS T i
123456 7 0\9‘ 10 11 12>
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(iii) 2x+3y<18—— 1 x20 y20
X+4y 12— 11
Ix+ys12—— 1
Asseiated agquations are
l; 2x43y=18—— IV
L x+4y=12——F
l; 3x+y=12——VI
IV =put x=0then y=6, (0,6)

put y=0thenx=9, (9,0) .
V= put x=0then y=3, (0,3)

put y=0then x=12, (12,0)
VI = put x=0then y=12, (0,12)

put y =0then x =4, (4,0)

put (0,0)] = 0<18——>T

Il = 0212——7T

= 0<12——7T

For B solve /, .and /,

3x+12y=36

_3xt y=12 G
Iy =24 ®
- 2 T
T 10

9

Putin IV 2x+3[%)=18 8

EI

72 36 o O

P Gt =l d® ~§,

Ll LI :

Corner points are 4
36 24] T
2

0(0,0), A(4,0), B[—l—l,ﬁ , €(0.3)

Y B

123456 7%9 10 11 125,
A
I

fi
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{iv) Xx+2y<sl4—— 17 x20 y20
Jx+4y<36—— Il
2x+y<10———> HI
Associated equations are
Lix+2y=14
[:3x+dy=36——V
L 2x+y=10—— V]

IV =put x=0then y=7, (0,7)

put y=0then x=14, (14,0)

V= put x=0then y=9, (0,9)
put y=0then x=12, (12,0)

FI = put x=0then y=10, (0,10)
put y=0then x =35, (5.0)
put (0,0) = 0<14—>T
Il = 0s36——>T
= 0s10——>T

For B solve /, and /,
x+2y = 14
_dxt 29y =20
—3x° ==6
x=2
Putvalue of in x jn JV
2+2y=14
2y=12
y=6
Corner points are
0(0,0), A4(5,0), B(2,6), C(0,7)

(v) x+3y<15—— 1 xz20
2x+yS12—— 1T yp20
dx+3y<24——> I

Associated equations are
Lix+3y=15——1V
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L 2x+y=12——V

Li4x+3y=24——VI

put x =0then y=35, (O,Sj

IV =put y=0then 15=x, (15,0)

Vo pet x=0then y=12, (0.12)
put y=0then x=6, (6,0)
put x =0then y=8, (0,8)
put y=0then x=6, (6,0)
put (0,0 = 0=<15——T
I = 0<12—T
I = 0<24——T

For B solve /, and /, 18
x+3p = 15_ ‘, r 16
_4x+3y=_24 14
-3x =-9
=>|x=3
Put in [V
x+3y=15
343y=15
3y=12
yv=4

Corner points are

0(0,0), A(6,0), B(3,4), C(0,5)

(vi) 2x+ys20——> 1
Sx+15y<120—— 11
x+y<11—— 1lI
Associated equations are
I;2x+y=20—— IV
L; 8x+15y =120— > ¥
lyx+y=l1l—VI
IV =>put y=0then y=20, (0,20)

put y=0then x=10, (10,0)

www.igbalkalmati.blogspot.com: ;.,_’,f_nj,d-(ﬂi[_ag,?/{'/



www.iqbalkalmati.blogspot.com
www.iqbalkalmati.blogspot.com

www.igbalkalmati.blogspot.com

COLLEGE MATHEMATICS-I| KNI LINERAR INEQUALITIES & LINEAR PROGRAMMING

V = put x=0then y=38§, (0,8)
put y=0then x=15, (15,0)
VI => put x=0then y=11, (0,11)
put y=0then x=11, (11,0)
put (0,0)] = 0<20— T
II= 0<120——>7T
= 0sll—>7T

For B.solve /, and /,
2x+3 =20
_xty-= 11
x =9
=|x=9
x+y=11

9+y=11 =

For Csolve /; and /,

S +15y=120
 Sx+8y= 88 A Sy
Ty =32
32 ==
e =
7 3 = __'_ =\
=11 E:Eﬁ—__-_i_:ﬂ}c D ‘“-u_‘
) - 24681012 -\16\1.{‘ ‘,
x=11-= 2 B
45
K==
7 .

Corner points are
0(0,0), A(10,0), 8(9,2), ([%%J D(0,8)

Example of 5.3 {Sargodha 2009)
Maximize and Minimize f(x,y)=4x+5y

2x=3ys6—— 1/
2x+y22——1

2x+3y<s12——= 1 x20 y20

-2 e T S
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Associated equations are
l;2x—3y=6 IV
Li2x+y=2 ¥
L; 2x+3y=12 VI *
For  1:(0,-2), (3,0) W
L,; (0,2), (1,0) &
1,2 (0,4), (6,0)
put (0,0)/ = 06——7
Il = 0s2——F
oI = 0£12——>T

Solve /,and /;

2x—33=6

2x+ 33 =12
4x =18

A=

2

ﬂL.EZ]_BFG = -3y=-3 = y=1

Corner Points

A(1,0), B(3,0), t(—;-l] D(0,4), £(0,2)

at A(1,0)
S(1L,0)=4(1)+5(0)=4
at B(3,0)
f(3,0)=4(3)+5(0)=12

at C[E,l) .
2

(9 ) _.[9 x -

,1(5,1}4[2}5(1) 23

at £(0,2)
7(0,2) = 4(0)+5(2) =10

Max at C[%,!] & Min at A(1,0)
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ZOLLEGE MATHEMATICS-! LINERAR INEQUALITIES & LINEAR PROGRAMMING

Exercise 5.3

) ¢ Maximize f(x,y)=2x+5). {Sargodha 2010, 11)
2y—x<8; x—y<d4; x20 & y20
Sol. Llet 2y—-x<8——(1)

and x—y S 4—(2) ; 6,8,
Associated equation are ;/
l; 2y—x=8——(ll), L ; x—y=4——>(IV) c

Put x =0 rtheny =4 (0,4)

Put y=0 thenx=-8 (-8,0)

Il = Putx =0 theny =—4 (0,—4)
Put y=0 thenx=4 (4,0)

Put (0,0) in eq. (1) & (II)
[=0<8——>T
H=054——T

L

Note: Tofind=C ;?/ 1 E = 2/ ; ; :
Solve eq. (II) & (IV) 1
2y—»x=8§ 2
-y+x=4

y =12 ?3 '(L
Put y=12 in (4) A
x—-12=4
x=16
C(16,12)

Corner points at feasible region are

Q A(0,0), B(4,0), C(16,12), D(0,4)
At A; £(0,0)=2(0)+5(0)=0
At B; f(4,0)=2(4)+5(0)=8
Ar C; £(16,12)=2(16)+5(12) =92
At D; £(0,4)=2(0)+5(4)=20
So f is maximum at C(16,12)
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COLLEQE MATHEMATICSI LINERAR INEQUALITIES & LINEAR PROGRAMMING
2. Maximize f(x,y)=x+3y. (Gujrawala 2010)

2x+5y<s30; Sx+4y<20; x20 & >0
Sol.  Let 2x45y<30——/
and Sx +4y<20—— I
Associated equation are
/i 2x+5y =30—— IlI, L Sx+4y=20—— 1V
[l = Put x =0 then y =6, (0,6) |
Put y =0 then x=15, (15,0)
IV = Put x=0then y=5, (0,5)
Put y =0 then x=4, (4,0)
Put (0,0)in eq. (I)& (1)
I1=0<30—— 7T
H=0520—T

F 3

-6 -4 -2 2 4 8 10 12 146 18 20 22
-2

L,
L4 2
Y

Corner points of feasible region are

A(0,0), B(4,0), C(0,5)

Ar A, 1(0,0)=0+3(0)=0

At B, f(4,0)=4+3(0)=4

At C, £(0,5)=0+3(5)=15

S0 / is maximum at the corner point (0, 5)
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COLLEGE MAT[-IEHATICS—!I LINERAR INEQUALITIES & LINEAR PROGRAMMING
3. Maximizez=2x+3y x20& y20 (Lahore 2010)

Jx+4y<12; 2x+y<4 4x—-y=<4
Sol. let 3x+4y<12——/
and 2x+y<4—— 1l
dx—y<d4——1l
Associated edualion are
L i 3x+4y=12—1V
L ;2x+y=4—>V
L dx—y=4——Vi
From eq. (4), we get /,as (0,3),(4,0) IV = put x=0 then y =3, (0,3)
From eq. (5), we get L,as (0,4),(2,0) put y=0 then x=4, (4,0)
From eq. (6), we get [;as (0,-4),(1,0) ¥ = x=0 then y=4, (0,4)

Put (0,0)ineq. (1) &(2) & (3) put y=0then x=2,(2,0)
I=0<12——>T  VI= put x=0 then y=-4, (0,—4)
I =0<4——T put y=0 then x =1, (1,0)
Ml=024—T
Solve IV & V
Sx+4p =16

3x+ 4y =+12
e . iy o
S5y =4 5

put in ¥V we get
- 2
pu(20, 008
x5 5 5
Again solve V" & VI i, =

Y

2x+4-=4

dxt-=4
6x =8

(13
3.3

Corner points of feasible region are:

2
4(0,0), B(.0), c(%%) u[i,‘—“), £(0,3)

= \'—i put in'V y—fE
=3 : 3
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COLLEGE MATHEMATICS-II LINERAR INEQUALITIES & LINEAR PROGRAMMING

At A, £(0,0)=2(0)+3(0)=0
At B, £(1,0)=2(1)+3(0)=2

ArC, f(i %)—z[%}u@}?:s.a

At D, f( 15 ]—2[%J+3[%)=5£—=8.8

At E, £(0,3)=2(0)+3(3)=9
So f is maximum at corner E(0,3)

4. Maximizez =2x+ y (Sargodha 2009, 11)
xX+y23 Tx+5y<35; xao&yao
Sol. let x+y23——/

and Tx+Sy<35——>JI

Associated equation are

Ly x+y=3——>1lI

L, i7x+5y=35——1V

I = put x=0 then y=3 (0,3)
put y=0 then x=3 (3,0)

IV = put x=01then y=17(0,7) \.r
put y=0 then x=5 (5,0)
Put (0,0)ineq. I & 1T
I1=020—> F

H=0835—T "
- ~,
D‘\

7~

4
-

Y

=2 =1

Corner points of feasible regioii aie.
A(3,0), B(5,0), C-'(O,?), D(O,B),
At A, f(3,0)=2(3)+0=6

At B, f(5.0)=2(5)+0=10

A C, f(0.7)=2(0)+7=7

At D, f'(O,?:) = 2(0)-1-3 =3

So [ is maximum at corner B = (5,0)
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COLLEGE MATHEMATICS-II LINERAR INEQUALITIES & LINEAR MIN
5. Maximize f(x,y)=2x+3y (Sargodha 2011)

2x+ y<8, x+2y<14, x20 & y20
Sol. Llet 2x+y<8——1
and x+2y<14—— 1l
Associated equation are
I ;2x+y=8—>1ll
I ;x+2y=14—1V
Il = put x=0then y =8, (0,8)
put y=0then x= -4, (4,0)
IV = put x=0then y=1, (0,7)

put y=0then x=14, (14,0) 4

Put (0,0)ineq. I & I R\ 1
I=0<8—>T : ‘y\’
H=0<14—T b} PG

So the graph is.

Note: Solve 2x Il =1V ——‘-—Lﬁ” ot

-2 4] 2 4 6 10 12 14 18
4x+—2—y-= 16 : -2 \ \"b\
. + = .
tx 29 il4z>x=_2_ -4

S =2 3 ( -6
pu:n.:gin i }:'—04 :
3 ':z
So, C EE.QJ
3 3

Corner points of feasible region are.
. 2 20
A(O?O): 8(41'0)- C E:T » D(0:7)v

At A, £(0,0)=2(0)+3(0)=0
At B, [(4,0)=2(4)+3(0)=8

At C, f[— E]ﬂ[’] 3[201 21.33
373 3 2
At D, £(0,7)=2(0)+3(7) =21

2 20
So [ is maximum at corner C = 3 3
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COLLEGE MATHEMATICS-II LINERAR INEQUALITIES & LINEAR PROGRAMMING
6. {; I=3x+y (Sargodha 2008, 12 Lahore 2010)
X+6y29, 3x+5p=15
Sol. Let 3x+5y215—>/ /
and x+6y 29— JI
Associated equation are
hi3x+5y=15——> 1l
L ix+6y=9——> [V
I = putx =0 then y=3, (0,3)
put y=0then x=35, (5,0)

IV = put x =0 then y:%, (0,%

put y=0then x=9, (9,0)
Put (0,0) in eq. I & 11
I20215—F
H=029—F.
3xIV -1
Ix+18y= 27
_Fxt5y=+15
13y =12
12 45

L s
TYEREFE

OB [ 45 12]
13713
Corner points of feasible region are:

A=(0,3), B U;f ;;J C=(9,0),

Ar A, £(0,3)=3(0)+3=3

At B, ,‘[-‘E E] 3[45 E—113
13 13 13713

At C, f(9,0)=3(9)+()=27

So [ is minimum at corner A = (0,3)

= put value of y in IV we get

Aal| g w oy
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COLL THEMATICS-II LINERAR INEQUALITIES & LINEAR PROGRAMMING
7 Each unit of food x costs Rs.25 and contains 2 units of protein and 4 unit of iron

while each unit of food y costs Rs.30 and contains 3 units of protein and 2 unit of
iron. Each animal must receive at least 12 units of protein and 16 units of iron
“each day. Find smallest possible cost to fed each animal.
Sol.  Functionis f(x,y)=25x+30y
Let according to the given condition
2x+3y212——> 1 x20,y20
4x+2y216——11
Associated equation are
[ ; 2x+3y=12—— 1l
L 4x+2y=16—— 1V
Il = put x=0then y=4,(0,4)
put y =0 then x =6, (6,0)
IV = put x=0 then y =8, (0,8)
put y=0then x=4, (4,0)
Put (0,0)ineq. I & I
I=0212—>F

II = 0216—— F is False.

2x [l -1V
+x+6y= 24
x4+ 2y =—1¢
_Axtdy 16:)})__:2
4y =8
Sy 203 5-\7\#\9'
Y
pat = y=2'in Il -2 ] 4
-4 -
2x+3(2)=12 v
x=3

We have A(3,2)

Corner points of feasiblé region are:
A=(3,2), B= (6,-{}), C =(0,8)

At A, [(3,2)=25(3)+30(2)=135
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COLLE EMATICS-II LINERAR INEQUALITIES & LINEAR PROGRAMMING

AL B, f(6,0)=25(6)+30(0) =150
Ar C, £(0,8)=25(0)+30(8) =240

So the minimum cost is at the point (3,2) where f is minimum. 3 units of food X’
& 2 unit of 'Y’ are used.

8. A dealer wishes to purchase a number of fans and sewing machines. He has only
R5.5760 to invest and space of at most 20 items. A fan cost him Rs.360 and sewing
machine costs Rs,240. His expectation is that he can sell a fan at a profit of Rs.22
and a sewing machine at a profit of Rs.18. How should he invest his maney to
maximize his profit,

Sol. LetFans =x & Sewing Machines = y
f(x,y)=22x+18y
According to the given condition
360x+240y <5760 —— /
x+y<20—— 1l
Associated equation are
[, :360x+ 240y =5760—— HI
Lix+y=20—>1V
[T = put x=0 then y=24, (0,24)

put y=0 then x=16, (16,0)
I = put x =0 then y =20, (0,20)
put y =0 then x = 20, (20,0)

SR %6
W, :
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COLLEGE MATHEMATICS-II ' LINERAR INEQUALITIES & LINEAR PROGRAMMING
Put (0,0)ineq. I & II
I=0<5760——T
H=0220—>T
360x + 240y = 5760
Fx+2y=48
_Fx+3y=60

() by 120> 3x+2y =48

L 4

-y ==12=y=12
Putin (V) x+12=20
r=8weget C(8,12)
Corner points of feasible region are:
4=(0,0), B=(16,0), C =(8,12), D(0,20)
At A, £(0,0)=22(0)+18(0)=0
At B, f(lG.O) = 18(16)+ 22(0) =22(16)+18(10)
Ar C, f[8,12) = 18(8)+22(l2) =22(8)+18(12)
At D, £(0,20)=18(0)+22(20) =22(0)+18
So profit is maximum at corner C =(8.2)where £ is maximum. 8 fans and 12

sewing machines are purchased.

9. A machine can produce product A by using 2 units of chemical and 1 unit of
compound or can produce product B by using 1 unit of chemical and 2 units of
compound. Only 800 units of chemical and 1000 units of compound are available,
The profit per unit of A and B are Rs.30 and 20 respectively, maximize the profit
function.

Sol.  Suppose x units of product A & y units of B
Thus f(x,y)=30x+20y .

According to the given condition x=0, »20
2x+y<B00 (1)
x+2y <1000 (2)
Associated equation are
L 2x+y=800 (3)
L, ;x+2y=1000 (4)
From eq. (3), we get /, as (0,800),(400,0)
From eq. (4), we get /,as (0,500),(1000,0)
Put (0,0)ineq. (1) & (2)
We get 0<800is True.
0<1000is True
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COLLEGE MATHEMATICS-I LINERAR INEQUALITIES & LINEAR PROGRAMMING

2 >
200 1004 10 200 300 400 SONGO0 700 800 %00 1800 1100 1200

For C solve /,and /,
4x+23= 1600
_xx 23=-1000
3x =600

= x =200

Pul in (4)
20042y =1000

y =400

C'(200,400)

Corner points of feasible region are:

A=(0,0), B= (400, 0), C =(200,400), D(0,500)

At A, 1(0,0)=30(0)+20(0)=0

At B, f(400,0] = 3(}(400)+20(0) =12000

AtC, f (200,400) =30 (2000) +20(400) = 6000 + 8000 =14000
At D, f(0, 500) = 30(0) +20(500) = 1000

So profit is maximum at corner €' =(200,400) where f is maximum 200 of

product A and 400 units of Product B are prepared.
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COLLEGE MATHEMATICS-I| LINERAR INEQUALITIES & LINEAR PROGRAMMING
OBJECTIVE
Q.No.1 Given below are a few possible answers to each statement of which one is correct,
identify the correct one. (20)
1. An expression involving any of the symbols <, > or <, > is called an
(a) Equation (b) Notinequality
(c) Identity vdy  Inequality
2, ax+b>0isan
(a) Identity (b) Equation
(c) Notinequality ) Inequality
3. ax+b<0isan
(a) Equation '(‘B‘l/ Inequality
{c) Notinequality (d) Identity
4. ax+by+c>0isan
) Inequality (b) Identity
(c) Equation (d) Notinequality
55 ax+by+c<0isan
{a) Equation (b) Identity
LA€)  Inequality (d) None of these
6. ax + by < i< a linear inequality in
(a) = -~evariables (b) Two variables
(c) One variable L{d‘r None of these
7. A non-vertical line divides the plane into two half planes
(a) Left & right \(b)y~ Upper & lower
(c) Both(a) & (b) (d) None of these
8. -~ Ifaox+by<cthenax+by=ciscalled an
(a) Identity I-(bf"' Associated equation
(c) Both(a) & (b) {d) None of these
9, A point (x, y) which satisfy a linear inequality in two variables x & y form its
{a) Domain (b) Range
i v»{'c'f- Solution (d) Coefficients
10.  The graph of the inequality ax + by < ¢ is
(a) Circle (b) Parabola
(c) Straight line Ay~ Half plane
11. A point of a solution region where two of its boundary lines intersect, is called a
(a) Corner point (b) Vertex
VM/ Both (a) & (b) (d) None of these
12.  The system of linear inequality concerning the problem is named as problem
(a) Coefficients {8) Constraint
(c) Decision variables {d) None of these

-2 e T S
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COLLEGE MATHEMATICS-II LINERAR INEQUALITIES & LINEAR PROGRAMMING
13. The non-negative constraints are called:
(a) Coefficients (b) Solutions
Decision variables {d) None of these
14. If the solution region is restricted to the 1st quadrant then it is called
(a) Feasible solution (b) Feasible region
(c) Both (a) & (b) g} None of these

15. Each point of the feasible region is called

(a) Solution Feasible solution

(c) Both(a)&(b) u(d‘fﬁ( None of these
16. A set consisting of all the feasible solutions of the system of linear in equalities is
called a
(a) Solution set ] Feasible solution set
(c) Both(a) & (b) (d) None of these
17. A function which is to be maximized or minimized is called an:
(a) Explicit function (b) Implicit function
’r?/ Objective function (d) None of these
1R e feasible solution which maximizes or minimizes the objective function is called
the
(a) Feasible solution m/ Optimal solution
(c) Both(a)& (b) (d) None of these
19. The maximum & minimum values of the objective function occur in the feasible
region at gies
(a) Any point (b} Corner points
(c) Both(a) & (b) (d) None of these
20. (2, 1) is one of the solutions of the inequality
(@) x-y>1 (b) 3x+5y<6
.j,z)/.‘u!x +y<7 (d) None of these
SECTION |
SUBJECTIVE

Attempt any 25 (twenty five) short question from Question 2,3 and 4, at least 12 short questions
from question 2, 12 short question from question 3 and 13 short question from question 4. All
question carry equal marks. (25x2=50)

Q.No. 2

i Write all the forms of a linear inequality in two variables.

ii. Define solution of a linear inequality in two variables. Give examples.
iii. Graph the inequality: (i) x—2y<6

(i) 2x>-3
. Define feasible solution.
V. Define objective function.
vi. What is linear programming?
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COLLEGE MATHEMATICS=II LINERAR INEQUALITIES & LINEAR PROGRAMMING

vii. Define optimal solution. L

viii, State theorem of linear programming,

ix. Define corner or vertex of solution region.

X. What is linear inequality?

xi. What is problem constraint?

Xii. What is convex region?

Q.No. 3 .

i. Define feasible solution set and corner points.

ii. Minimize z = 3x + y subject to the constraints
3x+5y=215,x+6y=9,x=0,y20

iii. Indicate the solution set of the inequality 5x — 4y < 20 in the xy-plane by
shading.

iv. What is half planes

v. What is corresponding equation.

vi. Graph the inequality x+y>5

vii. Graph the inequality 2x+1 >0 \

viil. Indicate the solution region of the following system of linear inequalities by
shading. Xty <5 ,y-2x<2, x>0

ix. Indicate the solution region of the following system of linear inequalities by
shading. X+ty>5 ,x-y>1, y>0

X. Indicat> the solution region of the following system of linear inequalities by
shading, 3x+7y <21 ,2x-y>=3, x>0

xi. What is fesible region ?

xii. What is decision variable.

Q.No. 4 '

I Graph the solution set of each of the following linear inequality in xy-plane
2x+y < b

il. Graph the solution set of each of the following linear inequality in xy-plane
Sx+721

ii. Graph the solution set of each of the following linear inequality in xy-plane
Sx—dy < 20

iv. Graph the solution set of each of the following linear inequality in xy-plane
3x4<0

v, Graph the solution set of each of the following linear inequality in xy-plane
2x + 3y <12 :

vi. Graph the solution set of each of the following linear inequality in xy-plane
2x+y <10

vii. Graph the feasible region of the following system of linear inequalities
2x-3y <6 , 2x+3y<12 ,x>0,y>0

viii. Graph the feasible region of the following system of linear fnﬂql_l=lltres
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COLLEGE MATHEMATICS-II - LINERAR INEQUALITIES & LINEAR PROGRAMMING
x+y <5, -2y+y<2, x20, y20
iX. Graph the feasible region of the following system of linear inequalities
5x+7y <35, x-2y <4, x>0, y>0
xs Find the corner points of
x+2y < 14, 3x+4y < 36, 2x+y< 10, x>0,y 20
xl. Find the corner points of
2x-3y <6 , 2x+3y<12 ,x20,y20
xii. Find the corner points of

x+3y < 15, 2x+y<12, 4x+3y<24 , x>0, y>0
xiii.  Find the minimum values of f and @ defined as;
Fx,y) = 4x+5y, @ (xy)=4x+6y

1ION_1I
Attempt any 3 (three) questions. (3x10=30)
Q.No.5
fa) Maximize f(x,y) = x+3y , subject to the constraints , 2x+5y<30 , 5x+4y<20, x>0 , y>0
(b) Graph the feasible region of the following system of linear inequalities and Find the
corner points of x+y<5 , =2x+y>2 , x>0
Q.No.6
(a) Graph the solution region of the system of linear inequalities and find the corner

points 5x+7y<35, —x+3y<3 , x20
(b) Maximize f(x,y) = 2x+3y , subject to the canstraints , 2x+y < 8, x+2y<14, x>0, y>0

Q.No.7

(a) Find the minimum and maximum vaiues of the function defined as;
f(x,y) = 2x +3y, subject to the constraints, x-y <2, x+y <4, 2xy<6,x20

(b) Graph the solution region of the system of linear inequalities and find the corner
points 3x+2y > 6, x + 3y < 6, y20

Q.No.8

(a) Maximize z= 2x+3y , subject to the constraints , 3x+4y<12, 2x+y<d, 4x—y<4, x>0, y20

(b) Graph the feasible region of the following system of linear inequalities and Find the
corner points of 2x+y < 20, 8x+15y < 120, x+y<11, x>0, y>0

Q.No.9

(a) Find the minimum and maximum values of f and ¢ defined as;

F(x,y) = 4x +5y, @ (x,y)=4x+6y
(b) Maximize z= 2x+y , subject to the constraints , x+y>3 , 7x+5y<35, x20, y>0
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COLLEGE MATHEMATICS-II 367 IN INEQUALITIES & LINEAR PROGRAMMING

Previous Board Questions

- IS What is linear inequality? (Lhr—2008)
2. What is feasible solution? (Grw - 2008)
3. What is convex region? {Lhr-2008)
4. What is linear programming? * (Grw = 2007, Lhr — 2008)
5. Define the associated equation of an inequality? (Lhr - 2008)
6. What is problem constraint?
7. What Is an object function? (Lhr - 2007,08)
8. shade the feasible region of inequality 5x — 4y < 20.
(Lahore - 2010) Group — |
9. Define feasible solution set and corner points.

(Lahore —2010) Group — |

10. Graph the solution set of the Inequality: 2x + 1> 0 in xy — plane.
(Lahore —2010) Group = I

11, Minimize z = 3x + y subject to the constraints
3X+5y=>15x+6y>9,x20,y20 (Lahore - 2010) Group - |
12, State the theorem of linear programming. (Grw - 2010)

13. Indicate the solution set of the inequality 5x — 4y < 20 in the xy-plane by shading.
(Gujranwala - 2010)
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COLLEGE MATHEMATICS-Ii m CONIC SECTION

Conic Sections

Definitions =

1. Nappes:

Two parts of cone are called nappes
2. vertex) |
Meeting point of two parts of cone is called vertex or apex.
3. Circle: | (Sargodha 2011)
If cone is cut by a plane perpendicular to the axis of cone, then resulting
section is circle.
We can also define circle as:
A locus of a pt which remains at a fixed distance from a certain point. The point
is called centre of the circle and fixed distance is called radius of the circle.
4. Ellipse!
If the cone is cut by a plane and the cutting plane is slightly tilted and cuts
only one nappe of cone then resulting section is an ellipse.
_ (sargodha 2011)
If the cone is cut by a plane and the cutting plane is parallel to the axis of
cone and intersect both its nappes, then curve of intersection is Hyperbola.
(Sargodha 2008)
if the plane passes through vertex of cone, the intersection is a single point
or point circle or if r=0.

(sargodha 2010)

&r rCos@ v=rSinD) are parametric equations of circle.

A line that touch the curve without cutting through it.
.\
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COLLEGE MATHEMATICS-J| 369 CONIC SECTION

A line perpendicular to Tangent is called normal.

10. Tangential distance:

Length of tangent is called tangential distance and its formula is

\[% + ¥} + 2%, + 2y, +

11. Chord of contact:

The line joining points of contact of chord.

%;;-’I = e (+ve constant) is called conic section if e < 1 then Ellipse, if e = 1
then parabola, if e > 1 then hyperbola.
13. Eccentricity:

The number e is called eccentricity.

y? = 4ax is called equation of parabola, F(a, 0) is focus, A line at equal
distance from vertex opposite to focus is directrix. The point where axis
meet the parabola is called vertex (0, 0). The line through focus and
perpendicular to directrix is called axis of parabola and focal chard

perpendicular to axis is called latusrectum.
L
For ellipse a2 ¥ p2 =1, > b points A, A" are called vertices and AA’ = 20 is

called Major axis, B, B' are covertices and BB’ = 2b is minor axis.

16. Transverse or Focal
The line segment AA’ = 2a is called Transverse or Focal of Hyperbola and 88’
(line segment) is called conjugate ax.

Ellipse and hyperbola are called central conics.

-2 e T S
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COLLEGE MATHEMATICS-I 370 CONIC SECTION

18. Degenerate Conic:
Under certain condition equatic ax? + 2hxy + by? + 2gx + 2fy + ¢ = 0 not
represent as conic. In such case this is called degenerate conic.

19. Parabola: (Sargodha 2008, 11)
if the intersecting plane is parallel to a generator of the cone but cuts one

nape only is called parabola.

Important Formulae

1. Equation of circle in standard form (x. - R + (y — k? = 2
(Centre (h, k), radius-r) (Sargodha 2011)

2. if centre is at origin then equation of circle x? + y2 = r? (Sargodha 2008)

3. General equation of circle X2 + y? + 2gx + 2fy + ¢ = 0 where centre = (~g, =)
and radius = W '

4. For circle equation of tangent xx, +yy, + g (x+x,) +f(y +y,) + c=0at (x, y,)

5. For circle e:quation of Normal at '

(xla .V;) is (y_YI) (X1 +g);(x_xl) (}’1+n

6. Equation of parabola y2 = 4ax and at (x,, y,) is y* = 4ax, whose vertex is at origin.
g4 Standard equation of ellipse 2T 1. Ifa>band TRty 1ifa>b (Sgd 2008)
' XZ LZ x: )‘3
8. Standard equation of Hyperbola 5 -5 =1at (x,y) L— j =1
a b
a.
9. y=mx+ __is tangent to y? = 4ax

10.  y=mx+\/a’?m? + b2 Tangent of Ellipse
11. y=mxt \Jalml — b? Tangent of hyperbola.
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CONIC SECTION

\1/6 Centre at (5,—2), r = 4-
f 3 (x—h)" +(y—k)* =7

=5 + (- (-2 =)’
x;+10x+25+(_v+2)! =16
X 4 10x+254y  +4y+4-16=0
x4y —10x+4y+13=0

(b)  Centre (2, -3J3), r=242 (sé?vg;\dha 2011)
(x=h) +(y—k) =r’
(x=2)"+ (y— (-33))* = (2V2)*
x? =225 42+ (p+33)* = 4x2
X =2J2x 424y +6 By +(9%3) =8
X -2 2x 424 v 463y +27-8=0
x*+ 32 =22x +6. By +21=0

(c) Diameter at (-3, 2), (5, — 6)
Centre is (A, k) so
h, k)'=£—3+5’—6+2)
2 2
(h, k) =(1,-2)

Radius = r = [AC|=/(h—(-3))* + (k—2)’
r=(h+3)* + (k—2)*

r=J0+3P +(=2-2)* =J/16+16 =32
(x=h) +(y—k) =r’

(x =D +(y=(-2)* = (+/32)*
(x-1D*+(py+2) =32

' =2x+1+)" +4y+4-32=0

X'+ —2x+4y—-27=0

2. (a) Find centre and radius (Lhr 2010, Sgd 2009)
* x4y #12x =10y =0
Compare with
Ay 420+ 2fy+e=0
2=12 = g=6 & ¢=0,2/=-10= f=-5
Centreis (—g,—f)=(-6,5)
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COLLEGE MATHEMATICS—I CONIC SECTION

Radius =r:\/gz +f'—c
r= J(ﬁ)’ +(=5)" —0.=+/36+25 =61

Cb] Find centre and radius (Sgd 2008, 11)

S5x* +5y* +14x+12y-10=0
+ by 5

L'

o

1
xt 4yt %x+?2y—2= 0

Compare with
X+ +2gx+2+4c=0

14 7
2g=— S p=—,c=-2
g TR e

12 .. 8
2f === fi=—
4 5 5

Centreis (—g, —f):[_%’_GJ

2 6V =¥
() -e»

5
49 36 J49+36+50
9 = =B 0

25 25 25
; 135 (27
25 5
(<) X'+t —6x+4y+13=0 (Sgd 2011)

Compare with

X+ +2gx +2 fy+c=0
2g=—6 = g=-3
2f=4 = f=2, c=13
Centrels (—g,~-/)=(3,-2)

r=yg + 1 —c=(-3 +(2)' -13

r=«9+4-13=0
(d) 4x* +4y’ —8x+12y-25=0 (sgd 2007, 10)
+ by 4
x*+y? —2x+3y—%=0
Compare with
N +3y +2ex+2fy+e=0
2g=—2 = g=~1
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COol THE c 373 CONIC SECTION

=25
4

Centreis (—g,— /)= [l,_—s]
_ 2
2 2 2 3y 25
r=\fg +f —c-J(—l) +[EJ +T

J 9 25 J4+9+25’
r=fl+—4+—= | ——

_ 4 4 4
’38 fl‘)
r=., — = —
- 2
3. (a) Write equation of circle passing through (Sargodha 2008)
A(4,5), B(—4,-3), C(8,-3)
Sol: is cleer from figure that
loA]" =|oB[*

(h—4) +(k=5) =(h+4)" +(k+3)*

Or

# —Bh+16++%" =10k +25=#" +8h+16+4" +6k+9
~8h—10k +16+25=8h+ 6k +25

8h+6#—16= 0

+byl6 = h+k—-1=0

2[:; — f:—%‘ Fadi—

A(45)
also |08 =|oC|
(h+4) + (kA3 = (h—8) + (k+3)°
#’ +8h+16=+" gl6h+64
84+ 16k =64—16 .

24h =48 = h=2 .
putin I = h+k-1=0 O(h,k)

2+k—1=0 3\-//310(8.—3)
B(~4,-3)

= k+1=0 = k=-1

r =|04| = J(h—4)* +(k-5)
r=J(2-4) +(-1-5)’
r=+/4+36 = J40

Now equation of circle is

(x=h) 4+ (y—k) =1’

(x=2)" +(p+ 1)’ = (J40)’

X —dx+44+y" 4+2p+1-40=0
4yt —4x+2y-35=0
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(b)

c)

A(=17,7), B(5,-1), C(10,0)

It Is clear from figure that

04l =|oBf

(B+7) + (k=T =(h=5 +(k+1)°

B +14h+49+ k> <14k +49 = 1" —10h+25+ k& +2k +1

Or
#2414+ 49+ %% — 14k +49—H7 +10h—25— lr’—Zk—l—O A7,7)
24h—16k+72=0 or 6h—4k+18=0 .

Or 3h-2k+9=0 I Also |0B[' =|oC]’
(h=5)" +(k+1) = (h—10)* + (k- 0)*
I —10h+25+k> +2k +1=Hh* —20h+100+ &* &
Or h* —10A+25+ k> +2k+1—h* +20h—-100—k* =0 O(h, k)
10h+2k-74=0 or Sh+k-37=0 Il
k=37-5h T St e

put 21 in I B(,~1) €aa;0)
3h-2(37-5h)+9=0
3h—744+10h+9=0 = 13h—65=0 = 13h=65 = h=5
Put valueof h=5 in IlI k=37-5(5)

k=37-25 = k=12
Centre = O(h, k) =(5,12)

and radius =7 =|0E|=+/(5-10)* + (12-0)" =+/25+144 =13
Equation of circle Is (x—h)* + (y —k)* =7?
(x—5) +(¥y—12)" =(13)* =169
¥ =10x+25+y* =24y +144-169=0
x4y —10x-24y+169-169=0 = x*+)* —10x-24y=0

A(a,0), B(0,b), C(0,0) A(a,0)
It is clear from figure that

!OAII = IOCI:! .O(G bJ

~~¢(0,0)

-
(h—a)’ +(k=0)* = (h—0)* + (k —0) B(0.bY

B —2ah+a +k* =i +k* =h* -2ah+a* +%° —H* —%* =0:2ah=ﬂl=>h=“2:
Also lOBr :IOClz
(h=0 +(k=5b) =(h—0)* +(k—0)* = B +k* —2bk +b* = K> + k*
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HAF —2bk 4B —H -k =0 =2k =b* =k =—g-

| : 2 2 I ars 2, 12 2, 73
r=!0C|=J(%—D] +[%_o] :J“T+-’;_=J"’ :b _Ya ;b

Equation of circle is
- e
b]’ _(\/a’ +b° ]

2
(x=h)Y =(y—k)'=r" = [x—%] +[y-~

2 2
2 2 2
: @ a ; b b a +b
+—2Z x4 252
TIRRE g e A Sy
' +H e+’

x* 4y —ax—by+

1 4 =0 =>x*+y' —ax—by=0

d) A(5,6), B(-3,2), C(3,-4)
It is clear from figure that
o[ =|osf
(h—5)* +(k—6)* = (h+3)" +(k—2)
B —10h+25+ k> =12k +36=H +6h+9+k* -4k +4
or H* —10x+%* <12k +61 -4 -k —6h+4k—13=0
—16h—8k+48=0 + by 8
2h—k+6=0 = k=-2h+6—>1
lo8f =|ocf
(A 43 +(k=2) =(h=3) +(k+4)
W +6h+9+k> -4k +4=1 —6h+9+k*>+8k+16

W +6h+ k> —4k+13=h* —6h+k*>+8k+25 __A(5.6)
#:+6h+%' —ak+13—#* +6h—*' -8k -25=0 e
12h-12k-12=0 = h—k=-1=0—> 1l

: b
Put I in II O k)
h=(—2h+6)-1=0 = h+2h—-6—-1=0

cE, 4y ——""B3D)

7
3h—-7=0 = h=—

1 1 3
Putvalueofhin / = k=—2(-§-]+6
k=4

3

r=|oal=J[%+3)2+(g_2)!

= \/256+4 _ V260
9 3
Equation of circle is
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2 2
B V260
(x=h)Y +(y—k)Y' =r = (x——] +[y-—) = —
3 3
. 14 49 ., 8 16 260
——X—t Y ——yt—=—
9 3 9 9
’+y2—ﬁ = —]—‘E=U or rzivzr-ﬁx—-iy—gr—{}
3 3 9 3 3 3
Multiply by 3

3x* +3y" —14x -8y —65 = 0
3(x*+ ¥ )—14x—8y—-65=0

4. (a) Find equation of circle passing through A4(3,-1), B(0,1), and Centre at
4x—-3y-3=0
Since C'(h, k) lies on line so
4h—-3k—-3=0—-1
Also |AC| =|BC|
(h=3) +(k+1)* =(h—=0)" +(k—1)*
—6h+9+%" +2k+1=H +%* - 2k+1
—6h+2k+10=-2k +1
—6h+4k+9=0——> 1

Multiply | by 4 and Il x 3 then add ' A,
16h 124 —12 =0 v
4 ~18h+42k +27 =0 ( 5
.“:\ - i
W —2h+15=0 A (k)
.-.. 15 43“3.}'—3:0 S
1 = —2h=—15=h=—2 S~ "B,

| become 4(%]—-31{ -3=0

30-3k-3=0 = -3k+27=0
—=3k=-27 = k=9

r=|4C| =J(h—3)* + (k +1)
15 .Y
_J[—JJ +(9+1)?
/ +(|0) —J +100, 7 = f:—’

(x=h)* +(y—x)" =r

Aol g w oy
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225

x*+y* 15x—18y

x4y —15x 18y +

377

xz —ISx ‘|"—4—‘|'_']-'2 _18y+81 = -481

225-481+324
-+ =

— =0

= X+ y'=15x-18y+17=0

0

Cc

SECTION

(b) Circle passing through A(—3,1) with radius 2 and centre at 2x—3 y+3=0

Centre C (h,k)

Lieson 2x=3y+3 =0

S0 2h-3k4+3=0——>1

Also [AC| =5
= ]A(,'l’ =4

(h+3)" +(k-1)" =4

W 4+6h+94k*—2k+1—-4=0
W +k>4+6h—2k+6=0—11

From ] 2h=3%k-3 =

Putin

A 2
[31: —3) R +5(.3k_3
2 j 2

9k* 18k +9

_—_+
4

lxl by 4

Ok? — 18k +9 +4k* +36k 36 -8k +24=0

_3k-3

h=——-

13k +10k=3=0

13k +13k—3k-3=0
13k(k+1)=3(k+1)=0
(k+1(13k=3)=0
k+1=0 or 13k—-3=0

k=~=1 or k:i
13
When k =1 lhenh:%:
3 -)_3
(5)2
When £k =—then A= 5
=30 1
=——
13 2

-2 e T S
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—3

A (-3,1) = g1
\X?//
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. 2x—=3y+3=0
—-15
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COLLEGE MATHEMATICS-II 378 CONIC SECTION

we have ¢,(-3,-1)

{—15 3)

cﬂ —9-_

=13 13

Equation / (¢,(-3,-1), r =2)
(x=h) +(y—=k) =1’
(x+3)" +(y+ D)’ =)
X +6x+94+ )y +2y+1=4
X+ +6x+2y+6=0

Equation /I at ¢, [%?,%),r =12

(5] 3]

(c) Circle passing through A (5, 1) and tangent to the line 2x— y—10=0at
B (3,—4) (Sargodha 2010)
Sol: It is clear from figure that
|acf’ =|Bcf
(h=5Y + (k=1 =(h—3) +(k +4)*
H - 10h+25+% -2k +1=H"-6h+9+%" +8k+16
—10h -2k +26=-6h+8k +25

or —6h+8k+25+10h+2k—26=0 AG.1D
dh+10k-1=0——>1
SIopeofzx—y—l(}-—-;—a=£=2 C(h k)

k+4 / \ B3,=4

S| §.BC ="—
ope O h—?
Because both are | are so
(2)[}"*'4]:_1 2k+8=—-h+3 2% y-10=0

h-3 or h+2k+5=0 I 5SxII—1I

Sh+10k+25=0
_4hE10kxF1=0
h+26=0
=> h=-26
Putin {f
—26+2k+5=0

2k-21=0 = krgl-

21
Cent -26,—
entre [ 2 )
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r=|AC| = J(h=5) + (k1)

2
J( 26-5)* + (E—IJ
’(31) - 19 \/961 J3844+36l
2

4205

&
Equation of circle is

(x—h) +(y=k)* =r*
207 +{y-2) [ L25)

2
x* +52x 4676+ y* —21y +4—:~1~%5—=0

x4yt 4+ 52x— 21y+676+%—%05-—0

4y 4+ 52x - 21y+[—¥]=0

x4y +52x-21y-265=0

(d) Circle pésslngthrough A (1,4), B(—1,8) and tangenttox+3y—-3=10
It is clear from figure that
lacl =|Bc[
(h=1Y 4+ (k-4 =(h+1)* +(k-8)*
H-2h+ -k Bk +16=h"12h4+++4k* 16k +64
—2h—Bk+16=2h—16k+64 L
4h—8k+48=0
or h—2k+12=0

= h=2k-12—>1 (k)
Now |AC| = |CL| where Lis tangent line G-1.8
|h+3k—31]

J(h =4y =Yt il
(1* +(3)
Jh’—2h+l+k’—8k+16:w

Jio
Squaring both sides urgent
h* +9k> +9+ 6hk — 18k —6h
10

-~

-2h+k* -8k+17=
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COLLEGE MATHEMATICS-II 380 CONIC SECTION

or 10k +10k7 =20~ 80k +170 = i* +9k* + 6hk —18k —6h+9
or 10k +10k* —20h—80k 4170 —H* —9k* —6hk +18k +6H—-9=0
9k’ 4+ k* —14h—62k+161 - 6hk =0

Put [ in IJ

92k —12)° +k*—14(2k =12)— 62k +161 —6k(2k—12)=0

36k — 432k +1296+ k* ~ 2Bk +168— 62k +161-12k% + 72k =0
25k =450k +1625=0

+ by 25

k* —18k +65=0

or k*—13k -5k +65=0

k(k=13)=5(k—13)=0

or (k—13)}(k-5)=0

> k-13=0 or k-5=0 (Use—-1)

When k =13then A=2 (13)-12=14

When k =5then h=2 (5)-12=-2

C, (-2,5), C, (14,13) , =|AC‘|=J(|+2)2 +(4-5) :JE
ry =|AC,| = J(1-14) +(4-13)* =250

Equation of Circle lis -
(x+2)" +(y-5)" = (V10)?
(x+2) +(y=5)7"=10
Equation of Circle Il is
(x - 14)* +(y—13)* = (+/250)
(x14) +(y—-13)* =250
5. w..w rite equation of circle lies in Il quadrant and tangent to the both axis with radius

/4" abecause Circle is In 2™ quadrant and have radius aso C(—a,a), r=a
Equation of Circle is

(e =AY+ (y— k) =P’
(x+a) +(y a)’ =(a)’
x +2ax+aqt + 3 —2ay+g.2 — g

or x*+y' 4+ 2ax-2ay+a* =0

6. (i) Show that line 3.x =2y = 0 is tangent to circle x* + y> +6x—4p =0
'+ ytt6x—4y=0
Compare with
'y +2gx42f4¢=0
8=3, f==2,c=0
C(—g,—=f)=(-3,2)
r=\g'+ e =3+ @7 0

I Aol g w oy
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COLLEGE MATHEMATICS-II 381 CONIC SECTION
r=9+4 =3

Distance of centre from line

_Be=3)-22)+9)
V3 +(=2)

i
T J*‘F’

Hence line is tangent
Now for line
(ii) 2x+3y—13=0

Compare x* +* + 6x—4y=0with x> + ) + 2gx + 2 /v +C
Wepget g=3, f=-2 C=0

C(-3.2).r=g’+ f —C =o+4—0

- i3

C(-3,2), r=J13

Distance of line (Zx+3y—13=0)

[2(-3)+3(2) - 13|

From Circle is =

V) + Gy
_|-6+6-13] 13 i3
= =J13=r
J4+9 J13
Hence 2x +3y—13 = 0 is tangent to Circle.
5 & °[Y
7. Showithat x*+ y’ +2x-2p—7= Oand x? +y —b6x+4y+9 =10 touch dt..q

_Externallv P
¢y xt 4+t +2x—2y—7=0 \C,(ZJ:

Compare with

4y +2gx+ 2/ +¢=0

g=1, f=-1e=-7 -
Q(=LD), 5 =Jg*+ f? —cﬁn
n=3

Faor Circle I/

4y —bx+4y49=0

Compare with

Ky 2+ 2 fy+e=0

g==3 =2, ¢c=9

e, =3, =2) r=+g*+f*-c¢

r=\J9+4-9=2 )
ceyl=J-1=-3) + 1+ 2y ol n

) Aol Faw oy
www.igbalkalmati.blogspot.com: L;,fgj,d-éféé_d,;,/ &7



www.iqbalkalmati.blogspot.com
www.iqbalkalmati.blogspot.com

www.igbalkalmati.blogspot.com

E MATHEMAT] 382 CONIC SECTION
=+/25=5§
=342
=n+n

Hence touch externally

B. Show that circles {Sargodha 2007)
X4y 4 2x=8=0—71
43 —6x+6y—-46=0——1I

. Touch internally ]} efvad A
¥ A MISCIAY | B eniee ; v
\6‘{ fl_rcie I Compare with

\,_LI\LF x* +y +2gx+2fy+ec=0 we get
' , =0, ¢=-8
f',L
rl—\/g +fi—c=J1+0-(-8) ZF=V1+8=19 = -
C(-g.—N=(-1L0)
Circle IT

x4y —6x+6y—46=0

Compare with

x + 3’ +2gx 42/ +c=0

g=-3, [=3, c=—46

C.(-g,-f)=(3,-3)
=Jg + 1 —c=V9+9+46

r, =64 =8
eyl =@+ +(-3-0y= 25
=5

And r, —n,=8-3=5
Hence |clc,| =rn—n

So touch internally.

9, Find equation of circles of radius 2 and tangent to line x — y—4 =0at (1,-3)
[4C|=2 = |4c[' =4
(h=1) +(k+3) =4
h —2h+1+k*+6k+9=4
FT=2h 414k +6k+9-4=0
B4k =2h+6k+6=0—>1

Slepear 4C =212
h-1 _
Siopeofx-y—4=0=_—a=_—l=l

'
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COLLEGE MATHEMATICS-II 383 CONIC SECTION

mm, =—1 For Perpendicular

k+3
[-}:](l)=—-l
k+3=-h+1 = -h-k-2=0

or h=-k-2 Vi

Put Il in 1

(~k -2+ k> =2(~k—-2)+6k+6=0
k*+4k +4+Kk*+2k+4+6k+6=0
2k +12k+14=0

+ by 2
K +6k+7=0
k=—6iJ36—28=~6i~f§
2 2
L6202 2(3%42)
2 2
k==3+2, k=-3-2
When k =-3+/2 then h=—(-3++2)-2
h=3-2-2=1-\2
When k =-3—+/2 then h=—(-3-2)-2
h=3+J2-2=1+2

Ca++2,-3-2), r=2
C,(1-v2, -3+2), r=2
Equation of circle / & II are
(x=1=v2) +(y+3+v2)* =(2)?
(x=14v2) +(p +3-2)* = (2)?
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COLLEGE MATHEMATICS-II 384 CONIC SECTION
.+ - 7 Exercise 6,2
k 1. (i) xX*+3'=25 at P4,3) (Sargodha 2011)
1 Take derivative w.r.t x
Iy Iy
2x+2y L =0 = x+y=2=0
X A
dy _ x
dx ¥
v -4

Slope of Tangent = —at P(4,3) = ?

ax
Equation of Tangent is

] . =4
| (y=3)=—(x—4)

1
-
-t
+
L
A1
i
(0]
L,
I
o

= 4x+3y=25
4
Slope of normal = —
|
Equation of normal
4
(=3 =—=(x-4)
3
3 9¢ = U )
dy—42=3x=—42 Jf‘l‘)f ,r‘”( {

3x—4y=0
For point Q (5Cos0, 58in0)

Slope of tangent = ‘_‘1"_'“; = —ﬁC‘osO = —Cos6
dx 3Sinf Sin@
Equation of tangent is
> (y=358in0) = g (x=5C0s56)
" JS‘J"H

ySinl —358in*0 = —xCos8 +5Cos*0
xCos8 + ySin® = 5(Cos @ + Sin0)
xCosl + ySinf =5
Sint)
Slope of Normal = ——
Cosd
tauation of normal
R Sinfl s
(¥ =58in0) =——(x-5Cus@)
Cost
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COLLEGE MATHEMATICS-II 385 CONIC SECTION

yCos0 —5Co0s08in0 = xSinf — CosOSiné
x8inQ — yCos@ — 5€es0Sinb+5C658Sing =0
x8in@ — yCos0 =0

(ii) 3x' 43y +5x-13y+2=0

Take derivative at P[l,? ward.x

dy d
6x+6y—+5-13—=0
= " dx

dy
6y—13)—=+(6x+5)=0
(6y )dx (6x+5)

dy  (6x+5)
dx (6y-13)
SIopeofTangem:Qa; pz_*%s_
O
3
L 6=5" =l
T20-13 7

Equation of tangent is

ST
[J-—?)— 7(-1E 1)

or 7y—%g=-—llx+il

1u:+7'y=11+33g

I]xwl-?'yz-l—gE or 33x+21y=103
7

Slope of normal =ﬁ

Equation of normal at [l,?]

’

(1YY
- = e g
is Ly 3] “(x )
11 —LI—Uz?x—7
3
33y;l]0—7x—7

-2 e T S
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—33y-110=21x-21
21x-33y+110-21=0
21x—-33y+89=0

;Jd,z 4x* +4y' ~16x+24y—117=0
k Abscissa =x=—4

Put x =—4then

4(—4)° +4y* —16(-4)+24y-117=0

64+4y" +644+24y—117=0

4y* +24y+11=0

4y* 422y +2y+11=0

f 2y2y+1D)+1R2y+11)=0
QRy+1D)Q2y+1)=0
2y+11=0 or 2y+1=0

-11 -1

=—— or y=—
Yy 3 Y 2

A(+51)(+3)

Take derivative of 1

42x a2y 160424520
dx dx
+ by 8

x+y51-"i—2+3f’£=0
dx dx

(y+3)%=2—x

dy _2-x
dc y+3
Slope of tangent = gy at B =_2'(_4J
dx -11
5 =

=2 -5 5

2

Slope of Tangent = T
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5
Slope of Normal=—
12

Equation of tangent
11 -12 ' -
+— |[=—(x+4 “Z
(y 2] gy ‘L
2y+11  —-12x-48 B "
2 5
or 10y+55=-24x-96
[24x+10y +151=0]
" Equation of normal
' 11 5
[y+-7—]HE(;+4)

2y+11 5x+20
2 12
24y +132=10x+40

10x—24y—92=0|

Slope of tangent =d_y at P, = 2:1(_4)
% o
2
2+4 2 12
=———=6x—=_
3 5 5
2

2

Slope of tangent = -lg—
-5

Slope of Normal=—
12

Equation of Normal is = (y+ -;—) = %:—25- (x+4)

3. () *+y'=81 or xX*+y*-81=0 (Sargodha 2008, 10, Lhr 2010)
Put (5,6) in left member of equation
(5)° +(6)* =81=25+36-81=-20<0=~Ve
Inside circle
(i) 2x7+2y  +12x-8y+1=0 (Gujrawala 2010)
Put (5.6) in left member of equation
2(5)* +2(6)* +12(5)—8(6) +1
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COLLEGE MATHEMATICS-!I 388 CONIC SECTION

50472+60-48+1
135=+Ve
Qutside circle.

Find length of tangent from p(~5,4) to the circle

Al
5x*+5) =10x+15y-131=0
5% +5y" =10x+15y—131=0
+ by 5
x2+y2—2x+3y—islzﬂ
Compare with
Py +2ex+2 fy+e=0
3 —-131
g=-1 f__'E: = 5 x|__59 y|_4
Length of tangent
=Jx,’+yf+2gxl+2jj-,+c
S 3) 131
= (=5 +(4) +2(-1)(-5)+2| = |4——
\/()()()()(%JS
=\/25+16+IO+12-E= L
5 5
5. Find length of the chord cut off from the line 2x+ 3y =13 by the circle
x4+ yt=26 (Sargodha 2010)
Sol: Given line is
lplpz=?| /
2x+3y=13 ' A
or 2x=13-3y ]
o x=13—3y
2

Putin x* +y* =26

5 .

[13;3}’) +y'.‘=26 / P
lz__ )

169-&-91 78y+y1=26

leby 4
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169+9)y" —78y+4y* =104
or13y* =78y +65=0
13y =13y =65y +65=0
By(y—=D)-65(y-1)=0
(y=D(13y-65)=0

65

=1 or y=—
¥ y 3

When y =1 then x= 13=3() =

5

65 13-—3[?—;)
When y=—§ then x = ————2~

2
x_[169-l95in_[ﬁ/j l)——l
B 2 (1 N\2)
65

B=|-1,=
. [1,13),1’1(5,1)

are point of contact.
Length of chord = | A, A,|

» 2 f,_65Y
—\j(5+l) +[I I3)

52\
= 61 —
()+(I3]

2704 6084 + 2704
= /364 =
169 169

- (188 5 =aiis

V169

6. Find points of contact
x+2y=6——->]

P4y =2x-2y-39=0—— I
From [ x+2y=6

x=6-2y

Il become

(6-2y)" +y" —2(6-2y)-2y-39=0
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36+4y" —24y+ ' —12+4y-2y-39=0
5y' -22y-15=0

5y —25y+3y—-15=0
Sy(y—5)+3(y-5)=0
(y—=5)Gy+3)=0

y=5=0 or 5y+3=0

-3

=5 or =

é 5
When y =5 then x=6-2(5)=-4

When y =:53- then x=6—2(-_§3—)

g, 536
5
. 36 -3
Points of contacts are p,(—4,5) & p, ?T

7. Find equation of Tangent to circle x* + y* =2 =
(i) Parallel to line x-2y+1=0 (sargodha 2008, 09} _ ./

45 v A i
Sol:  Given circle is ) A .%- )

¥4y =2=D) AT
r=a=2 ")
Slope of line = =L _"_1 — l
-2 2
m ¥~;—(Because Parallel) >

e
Al
Equation of tangent is _ -A‘
{

i\
y=mx+aJl+m oY
1 1Y >

y=5x:|:x/§ 1+[5] ,_.I— {- . ’E.J'/S-

X 1

=242, [1+—

Y=3 4
x 245

y=—=
" bfs 2 Y
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2y=xi\f1_0
x~2_y+sfﬁ=0

x—2y—410=0
(ii) Perpendicular toline 3x+2y=6

Slope of line = =4 _.:i
b 2

Slope of tangent (L ar to geven)=m = %

r=a=+2 asin {i)

y=mx+aJl+m’

2 4
=Zx+2, f14=
253" 9

y=£xi\[2_\/*!§
3 2
'x'"by 3
3y=2xi\5\/1_3
3y=2xi\f%
2x—3y+-f2_6=0
2x-3y—-+/26 =0

8. (i) Find equation of the tangent drawn from (0,5) 70 x* + y* =16  (Sgd 2008, 10)
Sol:  Equation of Circle is x* +y" =16

or x!+y"' =(4)3,

Equation of tangent is

y=mx+aJl+m’

at (0,5) & a=4
5=m(0)+41+m’
5=4J1+m* = 25=16 (1+m*)
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Put m = ijand a=4inl

9
+_..
v 16 y

25
16

—
o

+

"

X+

t..a.hw.hu

5
+ x4
y4x4

x"by 4
4y =43x+20
a 4y=3x+20 or 4y=-3x+20
3x—4y+20=0 or 3x+4y-20=0

(ii) (-1,2), x* + y* +4x+2y=0
Compare with
X4y +2gx+2fy+c=0
g=2, =1 ¢=0

re=a=\g'+f -c —J(2)1+(1)2-
a=A5 Centre(—g,—f)=(-2,—
Let m be slope of tangent drawn from point (—1,2) to given circle then equation of
tangent | s ;
Y=y =mx-x)
(y=2)=m(x+1)
or y=2=mx+m
mx—y+m+2=0 ]
Distance of line from
Center (-2, -1)=r

1m(—2) (1) +m+2| |[-m+3|

o O S
\f m +1 \sz +1

Squaring both sides
m’ —6m+9

= =5
m-+1

m —6em+9=">5m +5
or Sm* +5-m’ +6m-9=0
dm* +6m—4-=10
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4m’ +8m-2m—-4=0
Amim+2)-2(m+2)=0
(m+2)(4m—2)=0
m+2=0 or 4m-2=0

m=-2 or m=—
2

Putm=-2in/f
2x-y-242=0 =

1
Put m=—inl
2

lx—_}'+l+2=0
2 2
x'bhy2 x-2y+144=0

[x—2y+5=0]

(i) (=7,—2) 10 (x+1)* +(y-2)* =26 = (26)
(x=h) +(y—k)* =
Center (—1,2), r = J%
By comparing with
Suppose equation of tangent is
=»)=mx—x) at(-7,-2)
r+2)=m(x+7)
Y+2=mx+m] = mx—y+Tm-2=0
Distance of tangent from

C(._lw 2J=r

:}lm(—l):2+7m-—2|=\[2-6
Jm? +(=1)?

—’-= 26

V't +1

By squaring both sides
36m’ ~,48m+!6 g
m 41
or 36m’ —48m+16=26m" + 26
36m’ —26m" —48m+16-26=0

-2 e T S
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10m* -48m—-10=0
10m* —50m +2m—-10=0
10m(m—5)+2(m—5)=0
(m—S5)(10m=2)=0

When m = 5then | become
5x—y+Tm-2=0
5x—y+7(5)-2=0

[5x—y+33=0|

When m =—_S—1then 1

become
[—l]xHy+7[ﬂl)—2=0
5 5
')'by 5
—-x—5y-7-12=0
—x-5y-17=0
[x+5y+17=0|
For point of contact
Solve x+5y+17=0——>1
(x+1D)*+(y-2)'=26——1I
I = x=-5y-17T——1I
Put 11 in Il
(=5y=17+1)* +(y—2)* =26
(-5y-16)" +(y-2)" =26
2502 4160y +256+y° -4y +4-26=0
26y* +156y+234=0
Divide by 26
PV +6y+9=0 = (y+3)*=0
= y=-3
Putin Il = x=-5(-3)-17=15-17=-2
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So (=2,-3)is point of contact e Pt
Case /] -2 INEEE
Solve 5x—y+33=0 [V ‘,fgn}i
and (x+1)'+(y-2)*=26 u (L h ?_
From IV y=5x+33 {:;’, 0 i |
Put ¥ in 11, Bt

(x+1)" +(5x+33-2)" =26

x4+ 2x+14+(5x+31)2 -26=0

X"+ 2x+1+255 +310x +961-26 = 0
26x" +312x+936=0

+ by 26

X +12x+36=0 = (x+6)'=0 = x=-6
V become y=5(-6)+33=> y=3

(=6, 3)is point of contact.

9. Find an equation of the chord | of contact of the tangent drawn from (4,5)to
2x" +2y* —-8x+12p+21=0
+ by 2

2 |
x4y —4:c+6y+22—=0
Compare with
D 2ex+2fy+c=0

g=-2, =3 c:—%z—l, x]=4, ylzs

Required equation is
xx +yy + g(x+x,) +f(y+y)+ec=0

4x+5y~2(x+4)+3(y+5)+—22—1=

or [4x+16y+35=0]
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www.igbalkalmati.blogspot.com: u_’/r_w',d(; T L& ey



www.iqbalkalmati.blogspot.com
www.iqbalkalmati.blogspot.com

www.igbalkalmati.blogspot.com

COLLEGE MATHEMATICS-I 396 CONIC SECTION
Exercise 6.3
/
ﬂ. Prove that normal lines of a circle pass through the centre of the circle?

Let x* + y* =’ is equation of circle with centre (0,0)

For Slope

Take derivative w.r.t ' 2 U
o P =

a2y D=0 2 G Ay = 3

dx 230 =5 "Lj— P di

X By ¥ P
or x+‘1-'d—y=l) :>‘—i‘i:--}- v
dx d -y €(0,0)
d x
Slope of tangent =m=i(x,,_v,)=——‘ / Dix,y,)
dx Y

Slope of Normal = A

X

Equation of normal through (x,, y,)

is (y=y)= lL(Jr---rl)
X
or X, ¥ — X, =Xy, — 5 ¥,
X,y =Xy,
Put center (0,0)
x,(0)=0(),)=0=0
Hence Normal lines pass through center.

i,
e

Prove that stralght line drawn from the center of a circle perpendicular to a
tangent pass through the point of tangency.

7

ket T +y'=rlis
equation of circle with centre
dy
2x+2y—=0
dx .
or x+}‘£}i=0 = < ) €(0,9)
dx dx y / D{x,, »,)
dy —X;
Slope of tangent = m=—(x,, ;) =—
dx \
x ' I ¥
Slope o f perpendicular line = —=
m X

Equation of perpendicular line is through (0,0) is
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(r=0)=2(x-0)
X

1
= Xy =xy
Put (x,, )
NN =X
Hence perpendicular line pass through point of tangency (x.n)

3. Prove that Mid point of the hypotenuse of a right triangle is the circum center of
the triangle.
let X'+ =, P(0,6)
is equation of circle with center (0, 0) and
P(a,b) is any point of circle.
P(a,b)lieson [
So a* +b% =»* e \ C(0,0) / i

04| = \[(=r=0) + (0~ 0y =~ v
|0B| = \J(r—0)" +(0-0)F =
0P| =J(a—0)* +(5-0)* =Ja? +b°

= \/r_z =r (Use II)
|o4] =|0B| =|OP|and O is circumcentre.

4, Prove that the perpendicular dropped from a point of circle on a diameter is a
mean proportional between the segment into which it divides the diameter.
Let equation or circle is

Let x4+ y'=p?
P(a,b) lies on it

So a’+b=)’

Or z:rz_az

Now |PQ| = \J(a—a)® +(b-0) =5

]AQ|=]AO|+|OQ[ =r+a P(a,b)
|BO|=|08|-|00|=r-a
A(=r,0)

]'A(_Z’.'B?]:(r+a)(r—-a) Q(a? Br.0)
=ri-g
|40|.[BQ|=b* (Use I e

=|Pof
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|40l.|Bo|=|P|.|PO|

= Hence proved.

Example 2 of (6.4) (Sargodha 2007)
Find an equation of the parabola whose focus is /'(-3,4) and directrix is

3x-4y+5=0
Let P (x,y)be any point then by definition.

|PF|=|PM| or |PF[ =|PM[

Z
(x+3) +(y—4)* =[M]
VB) (4

Bx—4y+5)°

25
25x* +150x+225+25y° =200y +400 = 9x* +16y* +25—24xy +30x - 40y
or 25x* +150x +225+25)" — 220y +400-9x* —16)* —25+24xy—30x+40y =0
or 16x* +24xy +9y” +120x—160y +600 =0
Is required equation.

X’ +6x+9+y' -8y +16=
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COLLEGE MATHEMATICS-II

Exercise 6.4

CONIC SECTION

1,7 Find the focus, vertex and directrix of the parabola,

i,, »* =8x (Sgd 2010) Focus: F(0,a)=F(0,1) = X =0, ¥ =1
Compare with S0 (F(0,2 =0, y—-1=0

: | (0, 1[ =x=0,)

¥ =dax =>x=0, y=2
=4a=8=>a=2 Vertex: 1(0,0) = X =0, ¥ =1
Focus: F(a,0)=F(2,0) So[FO,)] = x=0,y-1=0
Vertex; ¥(0,0) = ¥ (0,0) y=1

DTX; x=-a= x=-2

(i) x'=-16y
Compare with
X' =—day
=4a=16=3a=4
Focus: F(0,~a)= F(0,—4)
Vertex; ¥(0,0) = ¥(0,0)
DTX; y=a= y=4

(i)  x'=5p
Compare with
' =gday

Focus: £, u):F[O.%]

Vertex; ¥(0,0)=¥(0,0)

DTX,' y=—a= }:_—_:é

(iv) yi==12x
Compare with
V' =—dax
=4a=12=qaq=3
Focus: F(-q,0)= F(=3,0)
Vertex; ¥(0,0)=#(0,0)
DTX; x=g = x=3

(v)  X=4-D
PUt x=X & y—1=¥
Xi=4y
Compare with

X* =4aY
da=4=a=|

Al a8 g
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{vi)

{vii)

DTX; ¥Y=—a=> ¥y =1
=p=l=-]

=[y=9
y =-8(x-3) (Sgd2011)
Put y=y & x-3=x
Y =-8x
Compare with
V=-8X =4a0=8=0g=2
Focus:
Fl~a,0)=F(2,0) > X=-2 V=0
x~3=-2 y=0

x=1, y=0 So |m.0)[
Vertex: ¥ (0,0) =2 X=0,¥=0
SO x-3=0, y=0

x=3, y=0

DTX; X=a=x-3=0 :’
(x=1)'=8(y+2) (Sed 2009,10)
Put x—1=X & y+2=Y

Then X* =gy

Compare with

X'=4a¥ =>4a=8 = qa=2

Focus;

X=0,r=2

x=1=0, y+2=2

."=l. }!zﬂ = F{ito)
Vertex; ¥#(0,0) = X =0, ¥=0
x=1=0, y+2=0

|T-'(|,—2)| x=1, y=-2

DTX; ¥=-a = y42=-2
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coL THEMATIC 400 CONIC SECTION
=t I”z4¢7(=>4a=l:>a=::-
(vii) y=6x"-1 (Sgd 2010) :
or y+l=6x' F(a,{)):F[Z'OJ
::v.t’:l(yn) X:l, o
i 4

Put x=X & y+I=Y

1 x+9=%, y-l=0

X' ==Y
6 x:l—'} :>x=£, y=I
Compare with 4 4
| 1
X' =da¥ = da=— =— =33 1 = Fr
A=A e F[4 1| = F(-87,1)
- |
Focus; F(&a):F(O,-g] V(0,0) > X=0, Y=0
1 x+9=0, y=1=0
Xaft=ey V(9,1 x=-9, y=1
1 | =]
%=0, 1=— =] DTX, =—g = X=—
x=0, y+ 2w 2 X=-a= <
_‘—E c‘uv".'.r+9—_—l::-Jr—_g_I
Y 4 4
~2 —-37
{02 L
24 4
¥(0,0) = X =0, F=0 (%) x'—4x-8y+4=0
lI’(O.—l}[ x=0, y+1=0 ' —4x+4=8y
y=-1 (x—2)" =8y
I Put x-2=X & y=Y
D-rx-: Y=- = y4l=—
3 24 X =8Y
A S N Compare with
i 24 24 X' =4aY = da=8 =>
x+8=y* -2y X=0,¥=2
Add 1’ both sides x-2=0, y=2 > x=2,y=2[FQ22)
x+B+1=y"=2y+1 ¥(0,0) = X =0, ¥ =0
x+9=(y=1) x=2=0 or y=0
Or ()'—1)==(I+9) x=0 or y=0
Put y-1=Y & x+9=X ¥(2,0)
o DT ¥ =-a=
Compareé with
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COLLEGE MATHEMATICS-I| 401 CONIC SECTION
2. (i) F(-3,1), DTX; x=3 = x-3=0 (Gujrawala 2010)
Suppose P(x,y)any point on parabola, then by definition
L
[\/(1’+3)’+(y—|)’ r= _fx;-”_]_ ] ' l i
V) +(0) ' :

. y
* +6x+94 )7 —2p+1 :#’Eﬁ
6x+ ¥ -2y +1=—bx

or 6x+y* -2y+1+6x=0

or V' =2y+12x+1=0

is required equation of parabola.

(ii) F(2,5), DTX is y=1 (Sgd 2009, 11)
Take point P(x,y) or y-1=0
Then by definition
|PF[" =|Paf

Vo265 ] {—' "

Jw—)%(u‘]

{x—z)’+{y—5)‘=@

X Ax 4+ —10y+25 =31 2y 4]

X —4x+4-10y+254+2y—1=0

x'—d4r+4-8y+28=0

Is required equation of parabola.
(iii) F(=3,1), DTX; M;x-2y-3=0

Take point P(x, y)

Then by definition

|PFf =|Pmp

[,.‘(ns)‘ (-1 ]z =Hﬂ}
(1 +(=2)°
r |
(x+3) +(y 1) =%§3L

X 4437 +9—dxy-6x+12y
5
5(x* + 3% +6x -2y +10)=x* +4y* —dxy—6x+12y+9
5x° 4557 +30x-10p+50 -5 ~4y" +4xp+6x—-12y-9=0

X H6x+9+y =2y +]=

-2 e T S
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COLLEGE MATHEMATICS-I 402 CONIC SECTION

4x" + ) +36x-2y+4xy+41=0

is required equation of parabola.
(iv) F(1,2),¥(3,2) ¥V(h,x)

a= FVl

a= -Jm =0

Equation of parabola

(y—k)* =—da(x—h) h=3

(r-2) =—4(2)(x-3) k=2

(y-2y =-8(x-3) a=2
(v) F(-1,0), ¥(-1,2) h=-1, x=2

a=|VF|

a:Jm:Z
Equation of parabola
(x—h)’ = -da(y—k)
(x+1)" =—4(2)(y-2)

(x+1) =—8(y-2)
(vi) F(2,2), DIX; X=-2= X+2=0

Take P(x,») then

|PET =|PM]’
= x+2 |
=2 +(y=-2) | =
(V-2 + =27 ] Ln‘ﬂm‘]

(x=2Y(y—2)" =|x+2f
* —4x+d4+y -4y 8= +4x+ 4
—4.r+4+y3 —4y—d4x=0
V' —4y-8x+4=0
Vv —4y+4=8x
(y-2) =8
Is Equation of parabola
(vil) DTX; y=3,V(2,2) h=2, k=2
Equation of parabola is
(x=h)* ==da(y-k)
(x-2)" ==da(y-2)
Put x—2=X, y-2=y
X =-4aY
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COLLEGE MATHEMATICS-I 403

(viii)

(ix)

DTX; ¥ =a
y=2=a put y=3

3-2=a =|a=1

3-2=a =|a=||

| become

(x-2)" =—4()y-2) = (x—2)* =—4(y-2)
DTX; y=1

Length of latusrectum =44=8
and open downward
Equation of down word is
(x=h)* =—da(y—k)

(x—=h)’ =—4(2)y—k)

(x=h)" =-8(y—k)

Put x—h=YX & y=k=Y

y=k=2

1-k=2 = k=]

| become

(x—h)=-8(y+1)

Axis y =o0through (2,1) and (11,-2)

Let equation of required parabola be

(v—k) =da(x—h) 1

Axis y=0so vertex of parabola

Lies on x-axis —

SO I=y* =da(x-h) I

Put (2,1)in lI

P =4u(2-h)

or [ =8a—4ah mn

Put (11,-2) in 1

(=2 =4a(l1-h)

4=4a(l1-A)

l=all-ah ¥

'X' IV x4and subtract from i/

4=44a—-4ak

_1= Bar4dah

1

3=36u=>|a=—
a=|a 2

-2 e T S
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COLLEGE MATHEMATICS-II 404
/Il become =8 i]_4(i]h
12 12
2 1 -1 2
=_—— —h=1——
=33 23 3
3
Hbecome,_,=l
12
b I
- =4 — |(x+1
¥ (12)& )
!:-l(x-ﬂ)
s

(%) Axis parallel to y-axis the points (0,3),(3,4),(4,11)lies on graph.
Equation of parabola is
(x—h) =4a(y—k) !
Put (0,3) = x=0, y=3in/
I =4a(3-k)

W =12a—4ak 1l
Put (3,4) > x=3, y=4inl
(3—h) =4a(d—k)
9-6h+h =16a—4ak . IHI
Put (4,11) = x=4, y=Illinl
(A—=h)y =4a(11-k)
16-8h+h =44a—4ak IV
w1 '
16-8h+#° =44 — dak
 9F6hiH' = 16aF duk
7-2h, =28a V
m-n
9—6h++H = |6a—4ak
_H = 12aT4ek
9—6h, =4a VI
%3
21-6h=84a Vil?
Vil -vI
2164 =84a
_936h=_4da

12
12 =80 =—
a=a %0
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3
or |la=—
20

Put value of a:i in VI
20

9—6h= 4(1]
20

o_a.e,z.:[i)
20

9—Gh=> = 6h=9->
5 5

=
154!7=E =lh=
5

Put value in I/
A =12a-4ax

23

49 18 49 450-490

25 10 25 250

|~
-

3x-240

5 250
3 —40 —4 5
5 250 253 3

g=j put value in J
15
7V 3 4
e = s ==
(" 5) [NJ[“’ +15J
7

1. Find an equation of parabola having focus at origin and directrix parallel to
(i) x-axis . (i) y-axis

(i) For parallel to x-axis (DTX)
Case-|

DTX; y=a and F(0,0)
Or M; y—a=0, P(x,y) any point.

|PF[' =|pM[
—=——p [ lv~d ]
| Vx=07+(-07 ] [Tza(ormf]

Frpt=3 a4 d’
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Case-ll
y=-a (also 11 to x-axis)
M; y+a=0, F(0,0),P(x,y)

|PE" =|pM['
[Jx—0f +(y—0y 1:[*&
: J Jay +©y

4y == P2ax+d’

y:=2ax-a’|=0

For DTX parallel to y-axis

Case-|
M; x=-a, F(0,0), P(x,y)any point
|PEf =|PMf

‘-J(——'___), 0):+( 0):]: [ |.z+a| ]z
- g5 | 1=*ap
. hl+01
¥+y' = 2ax i d’ 2|y 2ax-a* =0

Case-ll
M; x=a, F(0,0), P(x,)
|PF[ =|PM[*

- : [ |xtd T
(x=0)" +(¥-0)* =[|—]
[ ] vIP+07
G ay - -2ard [ g =

Show that an equation of parabola with F(aCosa,aSina), Driectrix

xCosex + ySine + a =0 is (xSina — yCoser)* = da(xCosa + ySina)
F(aCosa, aSina)M; xCosa + ySina +a =0
Suppose P(x,y)is any point on parabola then

|PF[ =|PM["

7

| Vx=aCasa)’ + (- asinay’ | = [ixc"""‘ i al]

; JCos’a + Sin‘a
¥ +a'Cos’a —2axCosa + y* + a’Sin*a~ 2aySina = X*Cos’a + y*Sin‘a
+a" + 2xyCosaSina + 2axCosa + 2aySina
x4y +d (Cos’a +Sin'a) - 2axCosa - 2aySina - ¥*Cos*a - y*Sin‘a
~a* =2xyCosaSina + 2axCosa + 2aySina
¥ - X*Cos’a+y* —y'Sin‘a+-a* —a' = 2axCosa + 2axCosa + 2aySina

www.igbalkalmati.blogspot.com: u_',fg;,@afi[_ag,;@'/
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6‘

+2aySina + 2xyCasaSinu

x*(1-Cos’a) + y*(1- Sin*a) = 4axCosa + 4aySina + 2xyCosaSinc

x*Sin‘a + y*Cos® - 2xyCosaSina = 4a(xCosa + ySine)

(xSina — yCosa )’ = 4a(xCosa + ySina)

Show that the ordinate at any point P of the parabola is a mean proporticnal

between length of latusrectum and abscission of P.
\—-—__‘__— — o
We know that e TR

v =dax; y=+Jdax

(ordinate of P) =+ /(Length of latusrectum) x (abscission of P)

A Comet has parabolic orbit with earth at focus when comet is 150,000Km from earth line
joining comet and earth make an angle of 30" How close will the comet to earth,

Let E (earth) is at origin. _ =
Then & 1=

X Cas30°
|PE|
x =|PE|=Cos30°

3

?(150. 000)

¥=129900 But x=-2a =129900=-2a = a=-64950

or a=64950Km (omit —ve)

Find an equation of parabola formed by the cables of a suspension bridge whose
span am and vertical height of tower bm.

Let equation of

Parabola is x* =44’y I

X=

p[%.b) lies on parabola so

[ﬂ) —4db = < =aab
4

a 1 2

=it =9

L=F 4 T 16h
Put /7 inl

16b
A parabola arch has 100m base and height 25m, Find height at 30m from centre,
Equation of parabola is
x' =—day !
at P(50,25) = x=50, y=25
(50)* =—4a(25) = 2500-100a
a=-25

3 - |
= 4[L]y o e 4by is required equation.
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For x=30, a=-25, y=?
I become
(30)' =-4(-25)y

900 =100y =
7. Show that tangent at any point P of a parabola makes 2qual angles which the line
PF and line through P and parallel to x-axis.
Let equation of parabola is
DIX y* =4dax
m, =0 (Because line is parabola to x-axis)

For p,, 3_;;%:4{, (Take derivative of 1)

Q:ﬁ m-‘i:g?. !?I,=§;P(.‘q,y,)=£] m‘=}’1"‘0= ¥

d 2y ax vy dlx o X—-a x-a
20_0

Tanf), = L S e )
L 1{%}(0)
¥
42a
L

Tand,=— =6 =Tun

2a
1

my; —m,

Tant,

_1+m,m=

Mol
E i VAN
¥ —2ax,+2a
Tan. = — 5 —a)0)
X, — @y, +2ay
nix —a)
Pur y! =4ax, (Because P is on parabola)
dax, —2ax +2a°

T = HE=E)
oy, +2ay

yl(xl -a)

Tand, = 2a{x+a)
e

6, =Tan" [E‘-‘-}
B

Compare Jf & 1l
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1. (i) Foci (£3,0)
Length of Minor Axis = 10
Here ¢=3 and 2b=10 =>b=5
Now ¢ =&’ -4 D a=a"-25 = a’ =34
Thus requied equation of the
2 i
Ellipseis X .Y _
34 25
From (1)
a =34 =a=+/34
b =25 =>a=45
-, Vertices of the ellipe on the x-axis are (+y/34,0)and co-vertices are (0,+5)and
graph of the ellipse.
{ii) Foci (0,-1), & (0,5)
Length of Major Axis = 6
Here centre of the ellipse

= (% —17-5] =(0,=3) and cis the distance from the centre to each focus. So
C=(00) +(-3+1) =0+4=2 =

Also given that 2a=6

=a=3

Now using ¢’ =4’ —#°

=4=9-p* > =9-4=b'=5

From the foci we see that major axis is along the y-axis.

Thus required equation of the ellipse is

T 2
O+3) * _,
9 5
From(l) &'=9 = a=%3
b =5 =b=1J5

~.vertices are (0,+3)
i.e., (0,0), (0,-6)and convert ices are (J/5,-3), (v=5,3) and the graph is.

(i) Foci (43v3,0) Vertices (16,0) €
Here c=33 and ;D3 %
Now using ¢ =a* -5 AW

=27=36=b' = [’ =9] T 'E\*QH

Then required equation of the ellipse is o
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x) yl .
R (
6 9 o

Here a* =36 =>a=16
. Vertices (6,0), (=6,0)
and §'=9 = b=143
50 co-vertices are (0,3), (0,-3)
and the graph of (1) is
(iv) Vertices (-1,1), (5,1)
Foci (4.1), (0,1)
Here Mid point of the Foci
= Centre of the ellipse

440 1+1

- [ T.T] =(2,1)

Distance between the vertices
=2a=\J(5+) +(1-1) =36 =6
=>2a=6 =

Distance between the Foci =2¢
=JU—0y +(1-1y =V16=4
>2e=4 =

Now Using ¢’ =a* - b* = " =a* -¢*
=b =9-4=5 =

Thus required equation of the ellipse

G- = _,

9 5
. Axis is 11 to the x-axis
Graph is

v) Foci (+4/5, 0) and through (;_,Jj]

Here Foci are(\@, 0) & {—JE,O)
Centreis _ M 20 =(0,0)
201 2
and ¢=45
Now using ¢* =g -p* = §5=q° -4
= ]b: =a’~5| (1)
From the foci we see that Major Axis of the Ellipse is along the x-axis so the required
equation is of the form.

2

.t"__}'_l

Aol Faw oy
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=21l b =at=5

a  a -5
If thus ellipse passes through (E,jj}
2

4a° 4’ -5

= Ya’ -5)+12a" =4d*(a’ - 5)

= 94*-45+124° = 44" - 204°
21a’ -45+44" +20a" =0
~da' +4la" —45=0

= 4a' -41a* +45=0

Which is quadratic is 42

o 411»“681—7@ _41+31

8 8
o H+31 41-31 72 10
g '3 8'8
u==9,—5—
4
For a° =9
From (i) $*=9-5 :-|¢>_’=4l
For ‘,2:2
4
From (i) b==é_5:i_:'£___:_l_s<_0
4 4 4

ie b = =15 < 0 Neglecting
4

(which is not possible)
..Required equation is

(vi) Vertices (0,45), ezg

Here [, = 5[ e= g, centre (0,0)

Now - p=ye = {.‘=![§]=3

c=3
Again using ¢* = &° —4?

T, P
www.igbalkalmati.blogspot.com: u_’/;u':u’-@&i..d;g &7
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59=25-b' = b =25-9=
From the vertices (0,5), (0,—5) we see that axis of the ellipse is along y-axis.
- Required equation of the ellipse is.
¥
ERET
ey iy m
25 9
From (1) &' =25 = a=15
. vertices are (0,5), (0,-5)
and 4" =9 = bh==3
-.co-vertices (3,0), (-3,0)
Thus graph of the ellipse (1) is
(vii)  Centre (0,0) Focus (0,-3) Vertex (0,4)
Here ¢=3, a=4
Now using ¢* =a* - b°
b =ad - = =16-6=7
e =7]

Thus required equation of the ellipse

X ¥
—4+—==1 1
16 7 s

ca =16 =>a=%4
. Vertices (0,4), (0,—4)
and b =7 = b=4J7
+ Co-vertices (v/7,0), (—/7,0)
Centre (0,0), Foci (0,%£3),
So graph is
(vii)y Centre (2,2)
2a=8 > a=4 {1 to y—axis
and 2b=6 = bh=3 [/to x—axis
Required equation is
(y-2) +(x- 2y’ -
16 9
Vertices are (2,2+4)

ie (2,6), (2,-2) -
Co-vertices are (2+3,2)

ie (5,2),(-1,2), centre (2,2)

Thus graph of (1) is

i

-
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(xi) C(0,0), (2.3), (6,1)
Let equation of the ellipse is

e o ()

The ellipse passes through
(2,3) and (6,1)

4 9
S—=+—==1 (2)'
Z2TE 2
36 1
a—+—==1 @
By multiplying equation (2) loy 9 and then subtracting (3) from it.
=& 81
—— g
4’ &
—3‘_6' +L = ,_I
4
80 _8 =842 =80
o,
=[di=10
PuLting o =10 in (2) we ger
4 9 4 9
—t—=] —=l-—
d 10 10

S L
1}

Thus required equation of the ellipse is
2 2

.x_+ y_ — ]

40 10

Here C(0,0)

a =40 = a=2J10

- Vertices (£2./10,0)

and p =10 = b=210
~.co-vertices (0,4+/10)

Points on the ellipse are (2,3) & (6,1)
Thus graph is

(x) Centre C(0,0), (3,1), (4,0)
Let equation of the ellipse is

}? =
it

L
T
a
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As the points (3,1) and (4,0)

Lie on (1)
9 1
'.?'!'?:] (2J

and 18,0y 216,
ﬁ

2
=la’=16]

Putting a* =16 in (2) we get
9. 1 1 9 7

AL 5 e

F =S Sieso=as
16 b b 16 16
TH =16 = |6 =‘l—6
1
.. Required equation of the ellipse is

2
x WV

1616
-

2

x_.,.?_?f_:]

16 16
va =16 > a=14
So vertices (+4,0)

b’:'—: g +'§l

Co-vertices [ ,i]
ﬁ

Graph is
2. (j) L+4y'=16 (Sargodha 2010, 11)

R

16 Lﬁq

X .-'-’
3E+T:I )
Here ¢’ =16 = a=4
b =4 = h=2
and ¢* =g b =16-4 =" =12 =>¢c=23
Now Center is (0,0) o 5/3
Foci are (£24/3,0) i LA

23

Eccentricity: o= £
a 4 .
Vertices: (14,0) 5 Lo by

Directrices: y— 1— T . & ¢t

E

“lf}l
?

www.igbalkalmati.blogspot.com: u_’/r_nj,u%?i f_ag,;/,g'/



www.iqbalkalmati.blogspot.com
www.iqbalkalmati.blogspot.com

www.igbalkalmati.blogspot.com

COLLEGE MATHEMATICS-II 415 CONIC SECTION

a 4
—=rx=ft—=+—
TS
2

L)

8
—x=t—
NG
(i)  9x'+p'=18
o 2
& vy _18
18 18 18
7§ ¥ 4
X Vv
= 1
218 b
Here 4 =18 = ¢=13./2
b =2 = b=\2
and ¢ =g -5 =18-2=16
4
‘=4,e=i=——v
) a 3\@
Now centre: (0,0)
Foci: (0,+¢) = (0, +4)
Eccentricity: o €_ 4
a 3~f2_
=>e= 3
W2
Vertices: (0,4a)=(0,43v2)
ae

Directrices: y_ 4+ € _ .92

s e

= yziE:‘:yzi-———a\E =
e 4

418
4

|

oy

3
= y= tg
2
3. (iii) 25x7 +9p* =225 (Sargodha 2008, 11 Gujrawala 2010)
225 225 225
xz 2
et ; =10
Here 4* =25 — a=5
b=9 = b=3
Using ¢* =o' - p?
=2¢'=25-9=16 = c=4
Now centre of the ellipse (1) is (0,0)
Foci : (0,+4)

- - 5, e S
SOIL Lz y Hyy
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Eccentricity: ezﬁ;i
a 35
Vertices: (0,+a)=(0,L£5)
Directices: y=+S-+2
y (’.’2 e]

2x-1) 4 (y+2) -
4 16

1 2

£y
=N AR ) X=2x-1 Y=y+2
e (1 ¥

& =16 = a=4, b'=4 = b=2
and =g =16-4=12 = ¢c=2/3
For centre X =0, Y=0
— 2x=1=0 = y+2=0
|

2

. Centre is [l.—-’-J

(iv) 1 (1

x= y=-2

2
For Foci: X=0 Y =+c
=2x-1=0 _v+2=i2»f§

- Foci: (_:'4_._21_.2\[3')
Eccentricity e=£=3£

¢ 4
B

D e=—
2
Directrices y =ii;=-g3f e
e € e
- 8
= yit2=t—==2 )= 24—
3

J8
2
(v) V¥ +16x+4y’ —16y+76=0 (Sargodha 2010)
= ¥ —16x +64+4(y" —4y)+T6=64
s (x+8)F +4(y’ —4y+4-4)=64-T6

(x4 8P +4(y-2) -16=-12

www.igbalkalmati.blogspot.com: u_’/r_nj,d(;?i f_ag,;/,g'/



www.iqbalkalmati.blogspot.com
www.iqbalkalmati.blogspot.com

www.igbalkalmati.blogspot.com

COLLEGE MATHEMATICS—I a17 ~ CONIC SECTION

(x+8) +4(y=2) =-12+16
(x+8)4(y—2) =4
o (x+8) LA 2)*
4 4
(x+8) 4(y-2)
4 ' 4
Which is of the form

_4
4

SN
=1}
4 4
Where X =x+8, Y=y -2
a’=4 = a=2
b'=1 = b=l
Now using ¢* =a* —5*
=4-1=3
c=+3
For centre X =0, ¥ =0
= x+8=0, y-2=0
x=-8, y=2 -
-.Required centre of the ellipse is (-8,2)
For Foci:
X =te, ¥=0

= x+8=i—s/§, y=2=0

x=-8%\3, y-2=0
~.Foci (-8+43,2)

For Eccentricity e=£=£
- a 2

For Vertices

X=zua, Y=0

== x+3=:tZ, y—z:o

x=-8+2=-6 (-10,2) [y=2]

. Vertices are (-6,2), (-10,2)
Directrices , _, ¢ _ _\’E
¢ 3
4

&3 4

= x+8=ft——=3—
3 3

= x=—81j4_3—

P 5
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(vi) 25x" +4y* —250x—16y+514=0
= 25x* —250x+4y* =16y =541

25(x = 10x)+4(y* -4y) =541
25(x* —10x +25-25)+4(y* -4y +4 -4 =-54]
25[ (x-5)’ -25]+[(y-2)'-4]=-541
25(x—5)" —625+4(y-2)' -16=—541
25(x=5)" +4(y—2)* =-5411625+16
25(x—5)" +4(y-2)* =100
25(x=5)* " 4(y-2) - 100

100 100 100
&y a2
(x—35) +(y 2) -1 @
4 25
Which is of the form:
X*
== (2
;N ), @

Where X =x-5, Y=y-2
at =25 = a=5
b =4 = h=2
Now using ¢* =a* - §*
=1 =25-4=21 = =421
Now for centre
X=0 and ¥Y=0
= x=5=0 y-2=0
xr=5 y=2
. Centre of the Ellipse (5, 2)
For Foci:
X=0 and Y=+¢
=x-5=9 yv2=:tm
x=5 y=ZiJ2_I
~Foci: (5, 24421
21

Eccentricity = £ _¥<°
a 5

For Vertices
X=0 and Y =+a
=x—5=0 yp=2=4=+5
x=5 y=245=7,-3
- Vertices are
(5, -3.(5.7)
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Directrices: y — ;t-%

€
V21 2521
=) -2= ‘}'z— = —21—*
25
21

4. O0<c<a, F(-c,0), F'(e,0), P(x,y)

Given that |PF[+'PF| =24
= J(x+F + (=0 i-[r—c) +(y 0 =24

Vix+e) 4+ 3 =2a-J(x ¢ +)? (1)

Squaring both sides of (1)

(x+c) +y° =44 —4am Fx=c) +°
4 2a+ et =4 —day(x—c)’ + 3?4 5P+ =Dt
= 2ex+2ex—4a" = day(x+c) +
dex—4a’ = daJx* ~2ex vt + 7
Hex-a')=-afx +y + 20
=@ —ex=ayx*+y* + ¢ —2x

Again squaring both sides of (2) we set.
a'+'x 2 e = P + PV + et -2t ex

= -d -y =t -4
(@ - +a'y =¥ (a - )
Dividing both sides by 4(4* —¢%)
(@ -c*)x? a'y’ _a'(a-c%)
a(@-) d(@-¢) d(d-)
¥
e g e =

ie. .‘t; |.~:_:.=1 Where o' — ¢ = p?
Which is an ellipse.
5. Pf-l'-.l’) (0,0), (1, 1,2
We name the given points
(0,0) & A(1,1)
Now given that
|OP|+|4P|=2

e, J(x—0F +(y=0) =1 +(y 1) =2
= Jx=1) +(p-1) =2-fx ¢+

-2 e T S
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Squaring both sides of (1) we have
X o2x=14y 2y+l=d=x'+y =4 x" +y

2x=2p=2==4/x" + )}

= x4y Hl=2x" +)*

or 2Jyx"+y  =x+y+l
Again squaring both sides of (2)
A+ ) =x"+y =1+2xp+2x =2y
47 44yt X =y =2 =2x-2y-1=0
3543y —2ay-2x-2y-1=0
3 —2xy_3y° -2x-2y-1=0
6. Latusrectum: The focal chord perpendicular to the Major Axis is called latusrectum
of the Ellipse.
Let us consider the Ellipse

- -

x*
—g—=] Wa=h
a b )

Suppose [ be the Focus is r(c,0)
Then the point
L is L(e,y,)when Focus is F(c,0)

"+ L(e,y,)lies on (1)

::sy,"=;=—::s_v,=i?

-+The Point L and L'are

L[c,ﬁ}md L[ci]
a a

1
Now |LL‘|=J(,_._L,):+(£+P_:_} . (bub?]:y_
a

a a a

2
Thus |u_'| ;ﬂHence proved.
a

7. Given 2a =42

= a=22 :Ia’=8|
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Also given that 2c=2b
=c=b
Now using ¢* =a* -5
=h=d'-b =2h =4
=2h =8 = E]
Thus required equation of the Ellipse is %:Jr yT ]
8. Let the sum be at F these we have
a=-c=17 (1)
a+c=183 (2)
Adding (1) and (2)
2a=200 =
Putting a=100 in (2) we get
1001 ¢=183 = ¢=83
Now using ¢ =a” -4’
= b =a’ =¢* =(100)* - (83)'
=10000—-6889=3111

|b’:311_l

. The equation is
2 2
X ¥
— =
100° 3111
9, Here
2a=90 =
and H=30
-.Equation of the ellipse is
X : »

e
(45" (30)
At the height 20/2m Let x be the distance from the centre then the point
(x,2042) lies
on the ellipse (1).

22 : J_ 3
o 20v2y

(45 (30’

- = !
X +.8£_q:| :._x.l__.:_l_E
2025 900 2025 9
. L N T
2025 9
:fb.‘l’f=225 =x =+15
= x =15m (Neglecting Negative value of x )

“.Required distance from the centre = 15m.
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10. Let the earthbe at F

Given that
2a="768,806kmn

= |@a=2384403 km!
2b=767,746 km
b=383873km
Using ¢’ =¢* - b°
= ¢ =(a-b)u+b)
=el= 530(768276)
¢ =407186280
c=2017886"
Now required greatest distance
=a+c=404582km (Approx)
and Least distance = a—c
=364224 km (Approx)

HYPERBOLA (Sargodha 2010, Gujrawala 2010)
Let e>1and F be a fixed point and L be a line not containing F. Also Let (x,y)be a

point in the plane and |PM| be the perpendicular distance of P from L. The set of all
points P(x, y)
such that J"_"l =e¢>1is called a Hyperbola.

|PM]
Fis the Focus, L is the Directrix and &> | is the Eccentricity of the Hyperbola point
A(0,—6)and B'(0,6)is called Conjugate of the hyporbola.
The mid point (0,0) of A4'is called Centre.

-2 e T S
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Exercise 6.6
1. (i) Centre (0,0), Focus (6,0), Vertex (4,0), (Sargodha 2011)

There ¢ -6, a=4d
Now using % = 4* + 5°
=36=16+b" = b*=36-16

= [6* =20]

Also x-axis is the transverse

Axis of the hyperbola y _ iﬁ x
i 2

“.Required equation is
Ll
16 20
(i) Foci (&5,0) Vertex (3,0), (Sargodha 2009)
Here (_‘:5, a=3
Now using ¢’ =& + b = b =& - &
= b =25-9=16 = h=4
.. Equation of the hyperbola
¥ ¥
9 16
Asymptotes are
4
y==ft—x
: 3
Centre (0,0)

Transverse Axis is x-axis
(i) Foci (2452, -7)
F(2+572,-7), F2-5V2,-7)
Mid point of Foci is the centre
- Centre _ 24 5J§+2-5J_é. _?_?.]-{2, 7
> x 2 J

- -

Giventhat 20-10 = a=5

Now |FF|=2e =2+ 5V2 -2+ 5V3Y +(~7+ 7y
=2c=10J2 = ¢=53

Using ¢ =4 +4°

= 50=25+54°

=5 b =25

Transverse Axis is along the horizontal line
y=-7

-2 e T S
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and a=S5so vertices are
(245,=7) = (7,-7) and (-3,-7)
(iv)  Foci (0,%9)Directrices y = +4
Transverse Axis is y-axis
c=9 = ae=9 (l)
74 (1]

and "4 =e=— (2)
e 4

Using (2) in (1) we have

u[i]:‘) = a =36 =a==6

From(2) o =0
4

b |

Now using ¢’ =a* +b"

= 81-36+4" = b* =81-36

b =45

Now required equation of the hyperbola

P ¥ |

P x5

36 45

Foci (0,9), (0,-9)

Vertices (0,6), (0,-6)

Centre (0,0) and graph is.
(v) Centre (2,2) Horizontal transverse axis

2a=6 = a=3 e=2

e:z_ae=3{2-) =c=6

Now using ¢* =d* +b°

=36=9+4 =b =27 .

Thus required equation of the hyperbola is

(-2 -2 _,
9 27

Which is of the form

2 }_1 -
9 27
Where X =x-2 , ¥Y=p-2
Centre X =0 ¥=0
=3x-2=0 , ¥
=Sp=2 & y=0
-. Centre is (2,2)

Foci (+c.,0)
ie, X=1¢ ¥=0
x=2=+bh y—2=0
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=2+5=8,+4 y=2
-, Foci (—4,2), (8.2)
Vertices (g,0)
e, X=%a Y¥=0
x=2%3 y=2=0
x=2+£3=5-1
.. Vertices are (—1,2). (5,2)
Thus graph is
(vi) Vertices (2,+3) i.e, (2,3), (2,-3) point on the hyperbola (0,5)

+233

Center of the hyperbola is the mid point of the vertices— [ ] (2,0)
gl 2

Now vertices 4(2,3), A(2,-3)
2a=|A4]= J(z-z)’ +(3+3)° =6
2a=6 = a=3

From the vertices transverse
Axis is vertical so the equation is

y' {x 2)
= =1 (I
; (1)
" The pomt (0, 5) lies on (1)
2, 4 | 4 25
- : __I-:_-l
9 B b 9
i:ﬁ = 16h° =36 = b =—
9 16
=2
4
Thus equation (1) becomes
¥ (x=2) 1
9 9
4
Which of the form
¥ X =1
9 9
4
Where Y=y, X =x-2
a =9 b ‘i
4
5 9 45
= b =9+—=—
i =a+ + :
35
2
Foci (0,£¢c)
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(vii)

i€, X=0 y X=gp

x=2
..Foci are [2.3——\[5}[ Iﬁﬁ]
2 2

Centre (2,0)

Vertices (2,3), (2, -3)

Foci (5,-2), (5,4)

One vertex (5,3)

Transverse Axis is paralle! to the y-axis
Center Mid point of £

— 5+5 :2+4
NS i w

a=Length between the centre & the vertex (5,3)
=J(5-5+(3-1) =2

a——2] .

2e=|FF'| = J(5-5) + (44 2)°

26=6 =|p=3

9=4+4° = H =5

[6* =5
Now required equation of the hyperbolia is
0= G5
4 5
Which is of the form
i’i __“'i -1
4 5
Where x=x_5 Y=y-1]
a’=4, K =5
Centre (5,1)
Vertices (0, +a)
i, X=0 Y=%4
X=3=0 , yp-|=43
X=5 y=143=4,-2
Fociare (5,-2), (5,4)
Now graph of the hyperbola is

; -2 . T S
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ra
|

2. (i) x-y'=9

(i)

(iii)

2 2

i (1)

9 9
Here ¢’ =9 — a4=3 Transverse Axis is along X-axis _

b =9 =b=3

Using

F=ad+b =949=18 =32
Now centre of (1) is (0,0)

Foci (+c,0) = (43v2,0)

Eccentricity o= £ — ﬂ =2

a =
Vertices (+c,0) = (43,0)
Directrices y -+ — :tii-
e’ 2
3
= X= i‘—f:
v2
'I.” 2
£y (Sargodha 2008, 11)
4 9
Here

a'=4 = a=2 Transverse Axis is along the x-axis
b =9 = p=3
Using * =a” +6" =4+9=13
c=413
Now centre is (0,0)
Faci are (+2,0)
13

Eccentricity o-S£_Y'°
a2

Vertices (£2,0)

Directrices i L i\f_ﬁ
E
4

Transverse Axis is along y-axis
Here ¢* =16 = a=4

b =9 = b=3

Using ¢ =a’ +b* = ¢ =16+9

-2 e T S
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' =25 = ¢=5
Now centre of (1) is (0,0)
Foci are (0,+5)

Eccentricity o~ £ -3
a 4

Vertices (0,+4)

Directrices _. ¢ _, 5
y ie‘ *2
16
= y=i§x|—ﬁ-=i?
. y x
LA
-

Transverse Axis is along y-axis
Here " =4 = a=2
b =41= b=1
Using ¢* =g+ = ¢*=4+1=5
— W -.5
Now centre (0,0)
Foci are (0,+v/5)
5

Eccentricity . € _2
a 4

Vertices are (0,42)
Equation of directrices

(-0 (-1’
._...._._.__.,_=]

2 9
(1) is of the form
X iy
2 9" (2’
Where X =x-| Y=y-1

and =2 = a=y2 P =g =b=3
For Centre (0,0) c¢=v2+9 =11
X=0 Y=0 Transverse Axis is 11 to x-axis
=x-1=0 y—a=0
x=1 y=1

v) (D

Sl e
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-.Centre (1,1)

For Foci (+¢,0)
X=/i1, ¥=0
x-1=+J11, y-a=0
x=4l1, y=I
~.Fociare (1£J11,1)
For Eccentricity

[ 11
e=— —H g=—no
(] 2

11

= e=,|—

For Vertices (+q,0)
X=4/2, ¥=0
x-1=4+J2, y-1=0
x=1+2, y=1
. Vertices are (1++/2,1)
Equation of directrices
(4 ae a
XN=t—=d—=4—
& & e
L2 2
=rx-l=t—ox=11—
&
2

r+2) (x-2)
R 0

Which is of the form

) . s

T k)

Where Y=y+2 , X=x-2

a=7 = a=3

b'=16 = b=4

Transverse is parallel to the y-axis

Now using ¢’ =g’ +4

= =a+16=25 =>c=5§

For centre of (1)

X=0, ¥Y=0

x-2=0, y+2=0

x=2, y==2

~.Centre is (2,-2)

For Foci(0,4¢)
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COLLEGE MATHEMATICS-I| ¥ 430 |
= X=0 Y'=45
=x-2=0 P+2=45

x=2 y==245
y=-2+5-2-5
y=3 =17
.. Foci are
(2,3), (2,-7)
Eccentricity =<

a

SE=s

3
For Vertices (0, +a)
= X£=0 Y=2a
=>x-2=0 y—2=143
x=2 y=-2=43
y=-2+3-2-3
y=1-5

=~ Vertices are (2,1),(2,-5)
Equation of Directrices

c 5
Y=4+— =F—
ta = y+2 2_5
9
45
=y+2=t—
. 2
=—.2:t_9.
5

(vii) 9x'=12x-y'-2y+2=0

9x* 12x
=9 — = (5 -2y)=-2
[ g J O —2y)

,

9 x’—fo—(y‘ ~2y)=-2
&
>

=l

4 4 4
xz__+___J_. }+2 1-) =2
SEEAC O +2y+1-1)

[(x’ —gJ-g] -[(r+n?-1]=-2

9(;:-%) —4—(p+) +1==2

b

2 1
9[::—3} ~(y+1y =-2-144
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3
9(;%} ~(p+1P =1

(3]
3) )
A S
9
Which is of the form
Xl yz
e st}
1 1
9 . }
When X=x——§ , Y=y+l1
a_ 1 1
ad=— = g=-=
9 3
=1 = b=
Usin = 2l _1'0'
Bl=a+b =—+1=—
9 9 l=
Jio ;
c=—on
3
Now for centre of (1)
X =0 Y=0
2
-~ x—;:ﬂ y+1=0
x——z- ==
3 et
-.Centre is (3__1)
3
For Foci
X=% Y=0
2 10
=S x——=— 1=
3 g e '
2 T ‘ o weth
3 3
.+ Required Foci Eiﬂ 1
33
Eccentricity =% L PIiE & A awanat]
a
Jio ,
=..:=—§—:c=J1—o
3

e O e i
el i F ey
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Vertices

X=%a ¥=0
=n-§-1% y+1=0
ngi% y=-1
x=l,-§

“Foctane [%.—1} &(1,-1)

Equation of Directrices

Ji
=35 24 3
X—i? =X 3—15}

x=3+ !
3-3310

(viliy  4x +12y—x" +4x+1=0
Ay +3y)— (¥ —dx)=-1
4[,-’ +3y+§—%]—[xz-4x+4—-4]=—l
4[[y 4%]1-%}—[(.!—2)’ ~4]=-1
( +

2
4y —] —9-(x-2)' +4=-1
2

3
2
3 2

4[y+5] —-(x-2)" =4

(3
3 =,

=

thh‘hnlm:orm
Xty
T4
When y.._w% , X=x=2
ad=l = a=| Transverse Axis is along X =0
b =4 =5 b=2 = x-2=0

Using ¢’ =a* +8 ie, dlonNgx=2
almled 'S De=yS
For Centre
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CONIC SECTION

3
= 2 = ——
x y 2
Centre is ( 2"_3)
3
For Foci
X=0 Y=+¢

. Required Foci (2,_73 +J5]

Eccentricity ¢S — czig_
a 1

e mdh

Vertices

4r=ﬂ Y=in

> x=-2 y+§=:ﬂ
3

=2 ==+]
x ¥y =
P o 8 e o

. vertices are [2' _—_SJ [2, _—_1)

2 2

Equation of Directrices

c
Y=4—

81
:y+1=i£

2 5
:y—:—%i l

25

(xi) X' =y +8x=2y-10=0
X +8x~y' -2y =10
X' +8x+16~16-(y* +2y+1-1)=10
(x+4) ~(y+1)! =28

(x+4) (y+1) -
=72 T -

il e T
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COLLEGE MATHEMATICS-II 434 CONIC SECTION
Which is of the form
X
s, RO W
25 25

Where X =x+4, Y=y+]
a =25 => a=5
b*=25 = b=35
Using ¢* =a’ +b* =25+25=0
c=5V2
For Centre
X=0 Y=0
= x+4=0 y+1=0
x=—4 y=-I
~.Centre (—4,-1)

' For Foci
X=4p Y=0
xi4=45J2 y+1=0
x= —4:&5\5 y=—1
+ Foci are (—41—5&,—1)
Eccentricity == — e:ﬂ

a 5

= e=12
For vertices
X=%u Y=0
x+4=45 y+1=0
x+4=145 y+1=0
x=-4%5 y=-1
x=1-9
;.vertices are (1,-1),(-9,-1)
Directrices

X=%Z
e

=:»;|c+.wl=:l:2‘i—i = y=—4i-‘]§

(x) 9x - y*-36x—-6y+18=0
9x* —36x~y" —6y+18=0
9(x* —4x)=(y* +6y)=-18
9(x —dx+4-4))=(y" +6y+9-9)=-18
9[(x-2)} ~4]-[+3) -9]=-18
=9(x—2) -36—(y+3)’ +9=-18
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Nx—2)" —(p+3) =—18+27
9(x—2) —(y+3)7 =9
2 v
:{I—z) _()""3} =1 (I)
1 9
Which is of the form
X P
———=] 2
e (2)

Where X =x-2, ¥Y=y+3

@ =] ‘=g=1

b =9 =b=3

USing ¢ =a* +b° = ¢* =1+9=10

= L'=Jﬁ

Now for centre

X=0 Y=0

= x-2=0 y+3=0
x=2 y=-3

“-Required center is (2,-3)

For Foci

X=%c Y=0

x—2=410 y+3=0

x=2410 y=-3

*.Foci are (2+10,-3)

Eccentricity = £ — e=__.|10
a 1
= e=4/10

For vertices -
X==+g Y=0

~Vertices are (1,-3), (3,-3)

Directrices y — iff

3. O<a<ce
F(-¢,0), F'(c,0), P(x,y)
Given that
|PF|-|PF|=42a
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COLLEGE MATHEMATICS-I 436 come sEcT

= J(x+c)’ +y —-\]‘(Jc—c)2 +y =42a
= \/(x +0)" +)* =12a+1}(x—c)‘ +y*
Squaring both sides of the above (1)

Equation we have
(x+c) +y' =4a +(x~c)' +)'

idaqf(.r —c) +y*
42+l vy =4 X =2+ P+ Y
dex—4a’ = ﬂam
= x-a =ia\f(x-c)’ +y
Squaring both sides of (2)
I -2dex+a' = l:xl -2cx+¢ +_v’]
Ix' -2 +a’ = d'x ~2dex+a*F + @y
= ' +a -axX -y =d'é
(- ) -a*y* =d'c* - d'
= —-d)
(@ -a*)x &Y dE-d)
@' -a') d(F-a) &P -d)
A
a o-a
Hence proved.
4. F(-5,-5), F'(5,%)
A-32,-3\2), £(3V2,3V2)
Let P(x,y)by any point on the hyperbola
NOW 2a=|AA]|=4/(3V2+3v2) + (V2 +3V2)

= 2a=\/(6v2) +(6v2) =

= Za=12

Using |PF|-|PF|=42a

= |PF|=+2a+|PF|

Je+5y 4 (p+5) =212+ [x-5F + -5y

Squaring both sides of the above

(x+8) +(y+5) =144+ (x-5)" +(y-5) £24/(x~5) +(y-5)

= x4y +10x+10y =50 =144+ x* + -10x-10y+50t24\/(x—5)’ +(y-5)°
= 20x+20y =144 £ 24[(x= 5 +(y-5)"

5x+5y=36£6{(x-5) +(y-5)
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c TIC : 4 CONIC SECTION

Sx+5y—36:16,}(x—5)’+(y_-5)’ !

=5 £6,/(x—5)* +(y—5)* =5x+5y-36
Squaring both sides of the above
36[ ¥ +y* ~10x—10y+50] = 255" +25)" +1296+ S0x - 360x ~ 360y
= 3617 +36y7 —360x - 360y + 1800 = 25x" + 25y +1296 + 50xy —360x ~ 360y
=> 36x" +25x +36y" —25y" —50xy + 18001296 =0
Which is the required equation of the hyperbola.

5. Given points (2,2), (10,2)
Let P(x,y)be any point on the hyperbola. Then given that
Jx-27 + (-2 —J(x-10Y +(y-2)* =6
= J(x=2) +(3=2) =6+/(x—10 +(y-2)"
Squaring both sides we have
(x=2)" +(y=2) =36+(x—10)* +(¥—=2)* +12/(x~10)? + (y—2)°
= &' +y ~4x -4y +8=36+x" + )’ ~20x~dy +104+12,[(x~10)* + (y—2)°
= —4x+20x +8-36-104 =12{/x* + * —20x—4y +104
= 16x-132=12/x* + y* —20x—4y +104
= 4x-33= 3‘/:1 +y' —20x—4y+104
Squaring both sides
(4x—=33)" =9(x* + y* —20x—4y+104)
16x* +1089—-264x =9x* +9y’ ~180x - 36y + 936
= 7x* =9y —84x+36y +153=0
Which is the required equation

6. Let two listening F, and F; hear the sound of enemy gun after t and t - 1 second
respectively here listening posts are 1400m apart.
ie, 2c=1400 =
If P is the position of enemy gun.
Given that sound travels at 1080ft/sec
50 we have
|PE|-|PF|=2a
=> 1080¢ ~(1080X¢ —1)=2a

1080¢ - 1080r + 1080 = 2a
= 2a=1080 =
Now using ¢* = ¢* +b*
= =-4
= (700)" - (540)’
= 490000~ 291600
b = 198400

[#%]
~J
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COLLEGE MATHEMATICS-II 38 CONIC SECTION
Thus equation of hyperbola is
X - ¥
(540)° 198400
F 4
S el o V -1
291600 198400
angent and Normals:
£ Condition of Equation of
Line Curve
Tangent Tangent
Y =mx+c¢ 3 =4dax ] y=mx+£
m m
2 2
Y=mx+e i,-+‘:7=l c=tJa'm +b | y=mxitJva'm'+b
= 3 L2
F=mx+c %—i;‘l c=tlam' =b | y=mxzNd'm®' b
Given Curve

and point say #(x,,»,)

Slope of tangent at P(x,,y,)=m =%](x,,}1)

Then slope of normal — 2
m

Equation of tangent is y—y =m(x—x,)

Equation of normalis y_y = ! ()
m
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COLLEGE MATHEMATICS-I 439 CONIC SECTION
Exercise 6.7

1. (i) ¥ =dax at (af*,2af)

y =dax N

Differentiating both sides of (1) w.r.t.x

i[t ) =—{(4ax)

dx e

/ dy 2
= ZVQ—'M \g——a
= de y

Slope of tangent to (1) at (ar®,2ur)
&) 20

— = = =
ax (o 2t} 2at

Now equation of tangent at (ar®,2ar)
| -

v-2at=—(x—ar’)
f

= w—2at’ =x-ar’

:I'w‘ =X ur’|

and equation of normal at (ar’, 2ar)

y—2at= —r{x--at!)

y—2at =—tx+at’

=5 |y =—tx+2at+at’

2
= X
(i) —

L

=il ai(aCost, bSing)

2

=2
-

=5 b*x* + r:z_v} = .:'J‘_'_l.'2
Differentiating (1) w.r.t.x we get.

7, ST s d., 33
— (b =’y ) =— ('
dr[ ) dr{ )
= 2% 4 2:1!:_1'£ =0

dx a'y
Slope of Tangent at (uCos@, bSind)=m
_b:.c.Cm'Q s bCost

@' bSind  aSind

And Slope of normal to (1) at (aCos@, bSing)

- 1 aSin0
= =

m  bCasl

Now equation of tangent to (1)

At (aCosO, bSin0) becomes
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COLLEGE MATHEMATICS-I
¥~ bSinf = b(’o:g(.t-—a(.‘mﬂ)

(iii)

= YaSinO, abSin’0 = —xbCos0 + abCos*0
=> xbCos8,+yaSind = abCos*0 + abSin’6
= ab(Cos*0 + ubSin*6)

= xbCos8,+yaSinf = ab
_, xbCost  yaSinG _ ab

ab ab ab
=~ Cosf+2 Sinf =1

a b

Equation of normal to (1) at (aCos0, bSind)

¥ —bSing = {f‘"" (x—aCast)

_ Y —bSing _x—aCost)
T aSind bCosO
¥ _Q__ x a

Y x a b
p—
aSind bCos b a

2 3
=¥ Cosect—= Sasp="2Y
a b ab

2 g3
=% Sec - Coseco=2 b
a a ab

= axSecl) —byCosec = a* —b’

xl yl

-"‘—1— — ;i- =1 at (aSerﬂ, b?’an@}
=b+ay =a'b’

Differentiating both sides of (1) w.r.t.x
dy dy bx

2h° x-"aly
Slope of tangent to (1) (aSech, bTant?)
dy _ b".aSecl

=m=— =
B | ruy @ Tan)

=m=
alanl]

Slope of the normal to (1) at (aSec#, bTand)
e _1__aTanf

m bSecl
-.Equation of tangent to (1) at (aSech, b7and)

"S“'” 5 (e aSec)

¢ —bTwﬂ?-
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COLLEGE MATHEMATICS-I 441

= a¥Tanf - abTan0 = bxSec — abSec* 0
= bxSecll —aYTan0) = abSec’ 0 — abTan’0
= ab[ Sec’0—abTan’e |
=ab[1+ Tar*6-Tan'0 |
bxSecd - ayTand = ab
bxSect _ayTanf _ab

ab ab —;3
Z SecO -2 Tand =1
a b

Equation of normal to (1)
At (aSecl), bTang) becomes
bSec
aTW(x—aS‘ecﬁ)
:y-bTM=_[x~MJ
alund bSecl)
.y _bTad  x  aSech
alanf aTanf  bSec bSecl
X + ¥y =aSe<:0=bTarﬂ
bSecl aTan® bSecf aTanf

=2 Cost+2 Cot9=2+2
b a b a

a +b

Y —bTand =

- X Cost+ 2 Cot0=
b a

= axCosf + byCat0 = a* +b*
x*==16y (1)

When y==3

From (1) 3x* =-16(-3) = 3x* =48
= =16 > x=44

Thus we have to find equations of tangents at (4,-3) & (-4,-3)

Differentiate both sides of (1) w.r.t.x
d d

= (3x*)=—(-16

: (3x%) : (-16y)

:a&x=-—16% :&-—-ﬁ

& 8
At the point (4,-3)
¥l _S4)_-3
al,, 8 2

Now equation of tangent to (1) at (4, -3) with slope

-2 e T S
www.igbalkalmati.blogspot.com: u_’/r_w'u}(g T L& ey
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COLLEGE MATHEMATICS-II 44: - CONIC SECTION

become j,_(-3) :_'23.{1_4)

= 2Ay+3)=-"[x+12

= -3x+12=2y+6

= -3x-2y+6=0

= 3x+2y-6=0

At the point (—4,-3)

Bi"_] . . P

dx s 8 2

Now equation of the tangent to (1)

at (-4,-3)with slope 3 becomes
2

y+3:-§(x+4)
=5 2y +6=3x+12
=5 3x—2y+6=0
(i) 3¢-7y'=20 (1)
Put y=-1lin (1) we get
3¢ -7=20 = 3¥ =27 =>x*=9
= x=413
Thus we have to find equations of tangents at the points (3,-1j and (-3,-1)

Now differentiating both sides of (1)
w.rt.x we have

d d
— (3 =7vH)—(20
(3x"=7y")—-(20)

d 3 d 2
—f(x*)=T— Y =
35“) !(}}0

dy

3(2x) - 7(2)}’}; =0

¢ 6y 3x
S
At the point (3,-1)
Slope of the tangent to (1) at (3,-1)
& 309
- a&:l,__" =
Thus equation of the tangent at
(3,—1) becomes

9
+l=-=(x-3
y 7*=3)

= Ty+7=-9x4+27 = [9x+T7y-20=0
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COLLEGE MATHEMATICS-II 443

(iii)

At the point (-3,-1)
=£J 339
deli sy =D T
The equation of tangent at (-3,—1)
Becomes y+!=?’(x+3)

= Ty+T=9%+27

=9%x—Tp+20=0

3 -7y +2x—y—-48=0

Putting x=4in (1) we have

48-7y" +8-4-48=0

=7y +y-8=0

=7y' ~Ty+8y-8=0

= T(y-D+8(y=1)=0

= (y=1)Ty+8)=0

=y=1=0 or Ty+8=0
y=1 Ty=-8

-8

-7_ -

Thus we have to find equations of tangent at (4 1) & (4‘78]

‘P:

Now differentiating both sides of (1) w.r.t 'x’ we have
%{3.# —7y 4 2x-y-48)= ;(0)

= 6x— 14}'%+2 —% =0

(I4y+l)% =6x+2

o= d_}'= 6x+2

dv  14y+1

Slope of tangent to (1) at (4,1)
dy _24+2% 26

‘EL, T4+l 15

Thus equation of tangent of (4,1) with slope 26 pecomes
15

26
--_’T_. X~
3 ]5{\‘ )

= I5(y—=1)=26(x-4)
= 15y-15=26x-104
= 26x—15y—-89=0
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COLLEGE MATHE | | 444 CONIC SECTION
- Slope of tangent at [4"_3]
|

[_@] . 6@+2

& Ly 14[j)+|

7

2442 _ %

~16+1 15

Thus equation of tangent to (1)

at (4_ ‘_3J becomes
? t

g -26
ppm = ——(x -4
15( )

=5 15(y+g] =—26{x—4)

15}'+%=—2ﬁx+104

26'x+15y=li)4—-$

_728-120 _ 608
7 7

26x +15}'—$ =0

:T3x+E}-—%=U

3. (i) X' +y'=25 (7,-1)
= gyt =5 m
Here a=5
Equations of tangents to (1) from any points are of the form
y=mxtaJl+m’ VYmeR 2)
Put g=35in (2) we have
y=mx+5yl+nr (3)

As (3) passes through (7,-1)

c—1=TmE5V1+m’ (4)

~1=Tm=45J1+m" (4
$ waring both sides of (4) we get
1+49m* +14m = 25(1+m*)

49m" +14m +1=25+25nm"

499" +14m+1-25-25m* =0

24m* + 14m—24=0

> 12m* +Tm-12=0
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(i)

= 12m" +16m—9m—12=0
=> 4m(3m +4)-3(3m +4)=0

= Bm+4)4m-3)=0
=3m+4=0 or 4m-3=0
—4 3
m=— n=—

3 4
Now ;= 4 satisfies the equation.
3

~1=7m+5{1+m’
These the equation of tangent is

y=mx+5V14+m’

. 4. -4Y
ie, y=—x+5 (14| —
3 3

_—4x 30)
3 3
=3y=—4x+25

=>|dx+3y—-25=0

and _3 satisfies the equation.
4

—1=Tm=5S1+m*

Thus the equation of tangent is

y=mx-5Jyl+m

ie., ),':E.r—SJHE-
4 16

L R

J:z =12x (I) ﬂlfﬂllgh (1,4)
Here du=12 =

Equations of tangents to (1) are of the form

'1,.-=,r;|r;_‘|:-l—i (2) VVme R
m
of (2) passes through (1,4)

Then 4-:m+-g- = m’ +4m
m
—=m —dm+3=0
—sm -m-3m+3=0
mim—-1)-3Im-=1)=0
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(m=1)(m-3)=0
>m—1=0 or m-3=0
m=1 or m=3
For m=1
Zquation of tangent (2) becomes
For m=3
Equation of tangent (2) becomes

yse+d = Epii=0

(i)  x-2'=2

© 2 2

3 2 32

2 2

E Y1
2 1

Here o =2, b =1 °
Equation of tangents to (1) are of the

From y=mxtva'm' —b

e, y=mxtN2m’ -1 (2)
If (2) passes through (1,-2)

Then -2 =m+\2m* -1
= —2-m=+J2m* -1 (3)
Squaring both sides of (3) we have
44m* +dm=2m" -\
=2m -m -4m-1-4=0
= m —4m-5=0
= (m+1)m-5)=0
=m+l=0 m-5=0
m=-I

Now satisﬁes the equation
=2-m= —\EE

Equation of tangent is
Y =mx—+2m’ -1

ie,Y=—x=y2-1=y=x-|

= x+y+1=0

and m=5equation of tangent is
—2—m= *\/ﬁ—_l

Thus for m=5equation of tangent is
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y=5x- 1,f2($}1 -1
SRR

4. P =8x 4]
2043y-10=0 (2
Differentiating both sides of (1)
w.r.t x” we have

d . _d
ZU )—dx(SI)

= 2_1'2 =3 = g2
dx de y
Thus Slope of tangent to (1) =3

y
and Slope of normal to (1) = =¥
4
Slope of line (2) = =2
3
Since normal to (1) is parallel to line (2)
. :—}_’ :.—_2 = y =.§ .

4 3 3

Putting y=_§. in (1) we get

DR

=.|‘..§|
=3

Now slope of normal to (1)

8
at (E E)= 3_ 8,1 2
9'3)" 4" 34 3

8 2( s]
YP——=— -
AR | 9

8 2 16
}J e e
3 3 27
= 27y-T2=-18x+16

= |8x+27y—88=0
2 1

5. ST SO 1
4 i I o
2y—4y+5=0 (2)

From (1) &*=4, B’ =1
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And slope of line (2) 2= 1
4 2

As the tangents are parallel (2)
. Slope of tangent to (1) 11 to (2) L
2

Now required equations of tangents are

y=mxiNam +b

| 1
=—y+ s
= y==x% 4( /n-l

y=%xi~ff = 2y=x12\5

::x—ZyinE:O
l'.e‘,x—?.}!+2\ri=0
x=2y-242=0
6. 9x* —4y* =36
9x' 4y* 36

= =
36 36 36
x? v?

— e S I
4 9 U

Sx-2y+7=0 (2)
From{l) o&'=4, b*=9

Slope of the line (2) ;%

Now Slope of tangent parallel to (2) = s
2

Thus required equations of tangents to (1) and parallel to (2) are

5 ’ 25
y=:2—x:|: 4[7]—9

J’=§xi4 = 2y=5x18

= 5x—-2y+8=0"
=35x-2y+8=0 , 5x-2y-8=0
7. (i) x*=80y (1) '
x' +yt =81 ()
Let y=mx+e (3)

Be common tangent to (1) and (2)

Using (3) in (1) we have

x* =80(mx +¢)

= x* —80mx—80c=0 (4)

If (3) is tangent to (1) then (4) has equal roots.
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= Discriminant of (4) =0
— (~B0m)* —4(1)—(-80c) =0
= 6400m™ +320c=0

=5 320¢ = -6400m*

6400m*
— Y
320
= c==20m" (5)
If (3) is tangent to (2) then
¢ =81(1+m*) (6)

Using (5) in (6) we have
= 400m* -81nm’ -81=0  (7)
= 400m* =225m +144m* -81=0
= 25m*(16n —9)+9(16m* —9) =0
= (16m* —9)+(25m" +9) =0
= 16m*-9=0 or 25m" +9=0
= 16m* =9

, 9

Neglecting Negative value of m*
(. m* is not negative)

Using m=i§ln (5) we have
4

c= —20[2J = i
16 4

Thus the required equations of common tangents become
3 45

e ) i —
4 4
= dy=43x—-45

= 23x—-4y-45=0

(i) x'=16x ,d4a=16 (1)
=2y =la=4 (2
Let y=mx+e (3) .
Be the equation of common tangents to (1) and (2).
Now if (3) is tangents (1)
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L m
Using (4) in (3) we have

P B )
m

Using (5) in (2) we have

= Z[mx +i]
m

x’ =21||-.-1.::+i .
m

5 8
= x"=2mx——=0
m

Now (3) is tangent of roots of (6) are equal then
Discriminant of (6) = 0

= (~2m)’ -4(|)(;—:]=o-

2
=d4m’ +3—_ =0
m

8
—m +—=0
m

—=m +8=0 = m'+2’ =0
=(m+2)m’ —2m+4)=0
—sm+2=0 or m -2m+4

=[m=—3] (Neglecting complexroots)  ,=2:Y4-16
Putting m=-2 in (4) we have

4
ot

Thus required equation of common tangent is
y=-2x-2

— ].?x +y+2= 0!
(iii) y=16x 1
x*=2y (2)
y=mx+c (3)
Be the common tangent to (1) and (2)
If (3) is tangent to (1) then
=L =¢ :i (4)
m m
Using (3) in (2) we got
xf =2(mx+c¢)
= x* =2mx—-2¢=0 (5)
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If (3) is tangent to (2) then roots of (5) are equal
— Discriminant of (5) =0
= (—2m)* —4(1)}(-2¢) =0
4m’ +8c=0 (6)
Using (4) in (6) we get
i + S[i] =

m
¥ 8 ’
—=m +—=0 = m +8=0
m
= (m+2)(m" —2m+4)=0
S mi2=0 or m’' -2m+4=0
m=-2| . m-2ma=0 givesimaginary values
Putting m=-2in (4) we have

=2 5=

Thus required equation of common tangent becomes
y=-2x—2
= 2x+y+2=0

1 :

8 () 2.2 -
) =i 1 (1

=] (2)

By multiplying equation (2) by 1 and then subtracting if from (1) we have
6

2
X

2
+2=1
18 8

3 2
¥y +y i
g 19 6
2 ] —
O )
72 6
’2 y
:-_..BJ__=§ = _l_3y_=5
72 6 12

=13y =60 =y’ = %

=Dy =% j—

13
Putting 42 = 60 in (2) we get
I3
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X 60 = 60 1
———=] = —=l4—x—
3 13 3 13 3
3
. 20 13+20 33
= = l = = —
3 13 13 13
=’ =9 = x=% [
13 13
Thus required points of intersection of given conics
£159 4 460
13 13
(ii) X+yp'=8 )
xl __y! = l
e 2
2 =9 (2)
By adding

; ' :>x1=E:::v.'|:-—-iJE
2 2

Putting 4! “2in (1) we get
2

Thus required points are

B

(iii) x'-4y'=12 (1)
-2 +3y' =7 (2)
Multiplying equation (1) by 2 and equation (2) by 3 we have
6x° —8)% =24 3)
2x*+3y* =7 (4)

y'=5 By adding
= y= '_FJE
Putting y* =45 in (1) we have
3 —4(45)=12
=>x-60=4 = x*=64
= x=18
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Thus required points of intersection of given conics are
(48,44/45)
(iv) 3x'+5y' =60 (§))
9xt+ ' =124 2)
By multiplying equation (1) by 3 and then subtracting (2) from it we have
9x* +15y* =18
Ox*+y'= 124
Putting y* =4in (1) we get
3¢ +20=60 = 3x" =40

., 40 40
=X =— Dx=%—
3 43

Thus the point of intersection of the given conics are
i‘ffg.ﬂ
3
(v) 45 4 y* =16 1)

iy ty+8=0 (2)

By multiplying equation (2) by 4 then subtracting (1) from it we have
4x +4y  +4y+32= 0

—4x* £y = 16

: 3P +4y+32=-16

3y +4y+48=0

| 4£16-46)48)

. 6

_4+\16-576 _—4+-560
6

¥y

6
o 4S50
: 6
At the value of y are complex (Imaginary)
So no real points of intersection of given conics exist.

www.igbalkalmati.blogspot.com: u_’/r_nj,u%?i f_ag,;/,g'/



www.iqbalkalmati.blogspot.com
www.iqbalkalmati.blogspot.com

www.igbalkalmati.blogspot.com

COLLEGE MATHEMATICS-II 454 CONIC SECTION

ranslation of Axes:

0(0,0)

L

— =

v

-
=
<

"""" [Fe==—o Plx,y)
FIX,Y)

yY v

If apoint phas coordinates (x, yyreferred to the xy-system and has coordinates
(x, vyreferred to the translated axes QX’, 0y 'through O'(4,x)
Then *= X+h y= Y+k:|
X=x-h VY=y-k
Let xy-coordinate system by given. We rotate Oy, Oy about the origin through
an angle ¢(0 <@ <90%)so that new axes are OX and QY as shown in the figure.
Let a point P has coordinate (x,y) referred to the xy-coordinates (X,Y) referred
to XY-coordinate system. We have to find XY coordinates in terms in terms of
the given coordinates x,y. Let « be the measure of the inclination of OP.
From P, draw PM perpendicular to Ox and PAM* perpendicular to OX. Let lopP|=r
From AQPM, we have
OM = x=rCosa
MP =y =rSinz
From AOPM,
OM'= X =rCos(a—10)
=" [X =rCos0+ _}.*St'rﬂl (2) using (1)
Also MP' =Y =rSinla—0)
> Y = rSinaCos0 — rCosaSint
= [¥ =rCos0—xSind] (3) using (1)
Thus ;
(X)) = (xCosO + ySind, yCosO — xSintl)
are the coordinates of P referred to the new axes OX and OY.
() x=X+h, y=Yi+x
X=x—-h Y=y—k
X =xCos0 + ySinQ
Y = yCos0—xSinl

(M
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1. (i) ¥ +16y-16=0 (1) OO
Equation of transformation are
x=X+0 ; yp=Y+l
Putting x=.Xand y=y+1in (1)
We have
X3416(Y +1)-16=0
= X +16Y+16-16=0

=X'+16Y=0
(it) 4+ i +16x-10p+37=0
'(-2,5)

Equations of transformation are
x=X-2and y=F~+5
Putting x=X-2 & y=Y+5in(1)
We have
(X -2 +(Y +5) +16(x=2)—10(¥ +5)+37=0
= 4(X7 —4X D)LY H10Y £25416X =32 -10Y -50+437 =0
= 4X7 16X +16+Y 416X -20=0
= 4N 4 Y =4=0
Which is the required equation.

(i) 9% +4y° +18x—16y-11=0 (1)
'(-1,2)
Equations of transformation are
x=X=1 und y=Y42
Putting x=X-1 & y=r+2 in(1)we have
KX —1F + &Y +2) 118X ~1)-16(Y +2)=11=0
= YN —2X 4+ 1)+4(Y  +4Y 4 4) 4 18X - 18-16)Y -32-11=0
5 9N 18X +9+4Y +I6Y +16+18X —16Y -61=0
= 9X7 44¥*-36=0

(iv) Sy 4dx+8y-11=0 (1) O'(-2,9)
Equations of transformation are

x=X-2 : y=Y+4
Putting x=X-2 ; y=Y+4in(1)
We have

(X =2 (¥ +4)" +4(X -2)+ 8(Y +4)-11=0
= X —AX +4Y —8Y —16+4X 849y +32-11=0
— X7 -y +1=0 Required equation
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v)

2. (i)

(ii)

9x' 4y’ +36x+8y-4=0 (1)

Equations of transformation are

x=X-2 ; y=Y+l

Putting x=X-2 ; y=Y+lin(1)

We have

QY =2)° —4(Y +1)” +36{X =2)+8(Y +1)-4=0

> X —4X +4) -4V +2V +1)+36X —T7248Y +8-4=0

=9X* ~36X +36-4Y* -8Y -4 436X -68=0

=9X7 -4y -36=0

Which is the required equation.

3 -2y 4 24x+12p+24=0

Let the coordinates of the new origin be (4, k). Then equations of transformation are
x=X+h ; yv+Y+k

Now putting x= X +h and y=Y +k in (1) we have

X 4R -2(Y k)P +24(X + h)+12(Y +k)+24=0

= 33X +2hX + B) =2 +2kY + k7 )+ 24X +24h+12Y +12k +24 =0

= 3X7 4+ 6hX 430 =2F7 —4kY =267 +24.X +24h+12Y +12k +24 =0

= 3X7 2V +6(h+4)X —AK -3)Y 434 —2k* +24h+12k +24=0

Nowwe put A+4=0 = h=—4

and k-3=0 =» k=3in(2)

Then 3.X7 —2¥° 43(-4)" = 2(3)" +24(-4) +12(3)+ 24 =0

=5 3X7 -2V  +48-18-96+36+24=0

=3X*-2Y'-6=0

Which is the new transformed equation with new origin (-4,3)

257 49y +50x—-36y - 164=0

Suppose coordinates of the new origin be (j, k) Then equation of transformation

are

x=X+h and y=VY+k

Putting these values of y& yin (1) we have

25(X + h) Y + k) + 500X + h)-36(Y —k)-164=0

25(X7F 428X + 1)+ 9(Y +2kY + k7 )+ 50X +50h—36Y —36k—164=0

25X +S0AX + 25K +9Y* +18KY +9%% + 50X + 50h—36¥ —36k —164 =0

= 25X°+9Y° +50AX + 50X + 18KY ~36Y + 25k + 9K + 50k 36k —164 =0
> 25X7 +9Y7 +(50/+S0)X +(18k =36)¥ +25h" + 9" +50h—36k - 164 =0

For the removal of first degree terms we put

S0A+350=0 and 189-36=0

h=-] k=2

So the new origin is (=1,2)

4y
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(i)

3. (i)

(ii)

Now putting h=—-1, k=2in (2)

25X% +9Y* +(0)X +(0)Y +25+36—50—72-164 =0
= 25X +9Y*-225=0

xi— P —bx+2y+7=0 )

Suppose (kh, k) be the coordinates of the new origin. Then equations of

Transformation are

x=X+h and y=Y+k

Putting x=X+h and y=Y+k in(1)

We have

(X +h) = (Y +K)=6(X +h)+2*Y +k)+7=0

=5 X34 2hX + I —Y* -2kY —k* —6X —6h+2y+2k+7=0
= XY +2hX —6X —2kY +2Y + K —k* -6h+2k+7=0
= X =V +(2h-6)X —(2k-2)Y +h —k* -6h+2k+T7=0 (2)
Now for the first degree terms to be removed we put
2h—-6=0 and 2k-2=0

= h=3 k=1

So the required now origin is (3, 1)

Putting h=3 & k=1 in (2) we have

X* -y -1=0 Required equation.

xp=1 (1) 6 = 45°

Equations of transformation are

XY
S 2
and y = ¥Cos0 + XSin0 = YCos5® + XSindS*

r[ ‘ ]x( : ]
T\ T\
Using (i) and (ii) in (1) we have
[gJ[ﬂ]:,

V2 A\ V2
= X?-Y* =2 is the required equation.
X -8xy+y'-9=0 (1) @=Tan'(2)

=

0=Tan'(2) = Tan0=2 :.:Tanﬂ:f
As gis in quadrant |

2 I

S0 S =—_. Coil=——

Sint 5 Cost/ L

Now equations of transformation are
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x = XCost—YSin(}= X{—I J—}’[ 2 ]
5 \{5
=N = X=2Y (i)
J5
and y = XCos0- YSind = x(%] (TJ
= 2“:5* 4 (i)

Using (i) & (ii) in (1) we have
7(.&*—2yJ‘_s[x-zr][,r—zl){z.nr)‘ L
NG 5N 5 N

7(x=-4xr—4r* ]’ _s(uﬂ -3.x7-2r=}+4x= YR 45Xy
5 5 5

= T(X?-4XY +4Y") 82X -3XY -2V )+4X7 + Y +4XY-45=0

— TX? 28X +28Y7 16X +24XY 4167 +4X* + Y +4XY -45=0

— ~5X*+45Y* —45=0

= X*-9¥*4+9=0

(iii) 9 + 12xp+4y  —x-y=0 (D)

—9=0

)
O=Tan'= = Tanﬁ——z
3 3

bm(} 2
—

C mO
—08int0 =4Cos’0 = 9Sin’0 = 4(1-Sin"0)
=080 =4- 4S:'r:10 =13 ’i‘inzﬂ =4

= 38Sinf = 2Cos0

() —:»Smf)-—i = Sinfl = —
J_

(@ isin quadrant D)
& C‘z:s’lEI-':I—Sie:’a:]_._“_:i
13 13

Cosf = 3:

J13

Now equation of transformation are _

x=XCos@ - VSin0 = X[TJ-%J— Y[:;IZ?‘)

3X -2¥

=X = .Jﬁ

y = X8in0 + YCosO

2 \,( 2 ]{},( 2 J o 2X +3¥
RO WL I (B8 o 2X 431
‘ J13 NE] J13
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Putting there valu'es of xand yin (1)
q['sx—zr}’ [3x—g{J[LV+3r] (2X+3-r]’_3x-zr 2X+3¢ o
Ji3 viz L i3 N NERNE

9 1 5]
==X +4Y —12XY) 4 12(6 X" —6Y +5.XY) + 44X +9Y° +12XY)=J13(5X =¥)=0

— 81X +36FF —108XY + 72X — 727 + 60.XY +16.X* +36F* +48XY 513X - /13¥ =0
-5169X° ~5J13X =V/13Y =0
= (1313 X - 513X =13y =0
= 133X =5X-Y =0
(iv) ¥ -2xp+y'-202x-2/2y+2=0 1)
f=45"
Equation of transformation are
x = XCos@—YSinf

1 1
x=XCosd5 —YSind5" = X Y| —=
=T [75] [JE]
o X-=Y
32

and y = XSind + YCos0 = XSind5" + YCos45"

gl
= f\v%)r

Using (i) and (ii) in (1) we have _

X-¥Y (X-¥YXx+r) (x+¥) Xy
27 AF G Al e
_ X247 _2(1\" -y ]+ X +2XY+Y

2 2 2
— X 22XV 4Y =2X7 42V + XP 4 2XY + Y - 8X +4=0
—, y* —2X +1=0 which is the required equation.
4, (i) 2% +6xp 10y =11=0 )
Let the axes be rotated through an angle ¢. Then equations of transformation are
x = XCusl — YSind (i)
3 = XSin(l+ YCosO (i)
Using (i) and (ii) in (1) we get.
AU NCost) - YSind) +6(XCos0 — YSind )\ XSind + YCos0) + 10(XSin0 + ¥YC 0s0) —11=0
— AN Cos*0— 2 XY CosOSing + Y Sin*0+6( X’ CosOSing + XYCos'0 — XYSin'0—
V2 8intICas@) + 10X Sim*0+ Y *Cas 0+ 2X¥SindCos0) -1 1 =0

5 2XCos 0 — AXYCosOSing + 2V Sin’ 0 + 6 X CosOSinG + 6 XYCus™0 - 6.XYSin'0—

—2X +2¥-2X-2¥ 4 2=0
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6Y2Sin0Cos0+10X"5in'¢ « 10Y*Cos*0 + 20 XYSindCos0—11=0
> X*(2Cos"0+6CosOSini! 4 10Sin* @) + XY (—4Cos0Sin0 + 6Cos’0—65in"0 +
208in0Cos0)+ ¥*(2Sin’0 — 65indCas0 +10Coy*0) - 11=0
The equation (2) will be free from product term XY if
—CosO8in0 +6Cos 0 - 68in"0 + 20SinfCost = 0
= 6Cos 0 —68in’ 0+ 16SinlCas0 =0
= 3Cos*0—-35in°0 + 88in0Cos0 =0
Cos*0 3Sin'0  8SmfCos0 ’
7 i b
Cos’0 Cos™0 Cos*0
= 3=3Tan’0+8Tunl) =0
= Yan'0—8Tand -3=0
— 3Tan’@—9Tand + Tand—3=10
3Tan(Tant) —3)Tan0 -3)=0
= (Tunf) - 3)3Tant +1) =0
= Tanf-3=0 or 3Tantl+1=0

Tunl =3 or TanU:-—%

As (2is in First Quadrant.
SO Tang __'is not admissible value.
3

= Tan =3 =l u3

Cos@
— Sinf) = 3Cos) = 8in’0=9Cos’0
=>8in"0 =9(1-8in*0)

= St 0 =9—98in*0 —> 108in°0 =9

- 9 3
= Sin' 0 =— =|Sinfl =
10 Jio|

3
Cos) J10
= Cos0 = T = CGSOTU:T)
Putting sw:%. Cmg:J—iE in (2)

L=l

eIkl bl G ) i)

:-_;_xz E.FE.;.?E +l" .[-.g-_l—s-‘-ﬂ —11=0 :’llxz+y:‘ll=0
10 10 10 10 10 10
Which is the required equation
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(i)

(iii)

xy+4x=3y-10=0 (n

Let the axes be rotated through an angle @ Then equations of transfarmation are

x=XCosO—YSin0 (i)

y = XSinf+YCas (i)

Using (i) and (ii) in (1) we have

(X Cos0 - YSinON XSint + YCos0) + 4 XCosO - ¥8inf) —3( XS} + YCos)-10 =0

= X*CosOSind + X¥Cos” XYSin' 0 — Y SinfCos0 + 4 XCos0 — A XCosl) — 4YSinl) -3 XSink) —
3¥CasB-10=0

= X*Cas0Sinf  Y*SinbCos6 + XY (Cos*0 - Sin*0) X (4Cos0 —3Sin0) - Y(4Sin0 +
3Cos0)—-10=0

Now the equation (2) will be free from product term if
Cos’0—Sim0=0 = Sin’0=Cos*0

= Tan'0=1 = Tan0 =+l
Tan@ =1 - Tan@=-1is not admissible

=[p=45]

Puttng #=45"in (2) we have

il 1 1 o (o | | 4 3 4 3

R R 69 ) LR e b
Xtops o 7 :

Sy ) r[ﬁj—w:o

= X -+ X -72¥-10=0

Which is the required equation.

5xf—6xp+5y° -8=0 )

Let the axes be rotated threugh an angle @ then equations of transiormatlnn are

X = XCos0—YSinD (i)

v = XSint + YCosO (i)

Using (i) and (ii) in (1) we have

S(XCosO - YSin)' —6(XCast - YSinOX XSin0) + YCos0) + 3( XSin0 + YCoas0)' -8 =0

= S(.Y Cos’0 - 2XYCos0Sin0 + Y Sin‘0) — 6( X Cos0Sint) - XYCos*0— XYSin'0—
Y2Sin0Cos0) + 5(X>Sin*0 + Y*Cos*0 + 2XYSin0Cos@) -8 =0

= X*(3Cos 0 - 6Cos0Sind + 558in*0) + XY (~10Cos0Singd - 6Cus™0 + 65in0 +
10CosOSind) + ¥ (58in’ 0+ 6SiniCos0 + 5Cos 0)-8=0  (2)

Now equation (2) will be free from product term XV if
—10COSIind - 6Cos™0 + 6Sin* 0 + 10Cas08ind =0

= 65070 = 6Cos0 = Sin*0 = Cos™0

= Tanl =1 = Tanll =41

= Tan0 =1 - Tand =1 is not admissible — [7=45']

Put @ =15" in (1) we have
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— XY(0) +}"\[5[-13J2 6[%}(715—}5(%)2]—8:9

. [E—E +§]+ ¥ [§+§—+§}~8 == 1" [i}r % [E)—B =0
2 2 2 e 2 2 2

= 2X? +8Y' -8=0 = X?+4Y* -8-0 Which is the required equation.
The general Equation-of Sound Degreé:

A+ By +Gx’ + Fy+C=0

The most general equation of the second degree

ax’ 1 2hxy+ by’ +2gx+ 2 fy=¢=0_ (1)

represents a conic.

Here is called the discriminant (1) represents.

) An ellipse dr a circle if * —ab <0

{ii) Aparabolaif i —ab=0

(i,  Ahyperbolaif ' —ab>0

If the axes are rotated about the origin through an angle 8(8 <8 <90") where @

isgiven by Tan2f = ﬂ

a-b

If « =& or a=0=hthen the axes are rotated through an angle 45”.

Equation of transformation are

x=XCosO—1YSinfl (i)

v = XSinf) + YCos@  (ii)

Using (i) and (ii) in (1) we have the equation of the form

AN + BY +2GX +2FY +C=0

Solving (i) and (ii) for X, Y we find

X =xCosf + vSinf

¥ =—x8in0 + yCosO

Under certain conditions equation

ax’ + 2hey+ by +2gx +2 fy+¢=0

May not represent any conic. In such a case we say (1) represents a degenerate

conic one such degenerate conic is a pair of straight lines represented by (1) if

a h g
h b fl=0
g J c
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1. (i) ¥ -dp+y -6=0
=AY 42D+ ¥y =6=0 ()
Here g=4, h=-2 & b=2
In order to remove the term involving xythe angle through which axes be rotated
is given by.
2

e

Tan20 =
a—-b

= — 2?' —

T =22 _ A 2Tan0

4-1 3 1-Tard® 3
:—Eﬂ- :_?_ = 3land = -2(1=1Tan’@)
1-Tan'@d 3
= 3Tanl) =—2+2Tan*0
= 2Tan'0=-3Tan@ -2=10
= 2Tan’ 0 —4Tand) + Twﬂ—2=0
2 an@(4Tand) —2)+1(Tan —2) =0
(Tant =2)2Tand+1)=1
= fanll—2=0 or ZTan+1=0

Tan =2 Tan = l
: 2

Cotd = 1 (Not admissible) @ isin | guadrant.
2

Now Sec®0=1+Tan'0=1+4=5

Sec*0 =5 :?‘C‘o.'t? = ﬁ . §is in 1 Quadrant

E - 1 3
and Cosec’0=1+Cor'0=1+— =z

4

Cosec’ 0 =% <O <9
= Sinfl =—
| V5
Now equation of transformation are
X-=2Y
x = XCas0 - YSin() = (3)
Js
. 2X+Y
x= XSind+YCos0=——= (4)
NG

Putting these values x& y in (1) we have

’ T H 4 s _av oy ¥ ! .‘_‘—,.,r‘-:
R G Gl
J5 V5 45 J5
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i;-()(’ —4A'Y+4Y’)-%(2X’ —3XY—2Y=}+-E{4X: +4XY +Y*)-6=0

5 AXP=16XY +16Y —8X +12XY +8Y7 +4X7 +4XY +¥Y* -30=0

= 25V°-30=0 = S¥'-6=0 =V =%

= Y=+ f Which represents a pair of straight lines.
5 -

To find equation in xy plane we have from (3) and (4)

X =2V =+[5x (5)

2X-¥=—/5y (6)

By multiplying equation (5) by (2) and then subtracting (6) from it we have
2X -4Y =2/5x

XY= 5 ¥y

—5¥ =2\5x =5y

::>5Y=J§y—-2sf§.\'=v!§(y—2x} .

Y:—’:u-m

6
J_ J—(l’ 21’) 2=k ;

= +J_ y—2x

::-Zx—ytw/_=0

Pair of lines

2x-—_v+\/g:0 - Zx—y—vfgﬂl

(ii) X =2xp+y' =8x—8y=0

¥ 4+ 2(=Dxy+ )y —Bx -8y =10 )]

a=1, b=1l, h=-1

If ¢ is the angle of rotation to remove the xy term, Then
Zh

a-— b
= Tan20 = Z:h:J =-
Equation of transformation are

x=XCos45" - ¥Sind5' = ’( J (T)

Tan2( =

2 520-90° =0=45"

=>x= XJ; (1
v = XSin0 + YCos0 = XSind5" + YCos45”

X+Y o

S
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Using (i)zand (i) in (1) we have 2
A )

2
J(x—r wa _s[xﬂr x-r)zﬂ

2 2 2\
[.x' rﬁx-r}‘_s[x—rj;u}:()
ar’ 8ex)_,
2 2 ’

:}"-%X:O = ¥ =42x

= Y =42 2)

Which represents parabola.
Now from (i} and (ii) we have
X-¥=y2x (3)

X+Y =2y ()

Adding (3) & (4) we have

2X Z\{?TI“F'\EY:&(I“'}') = X=-Jl-§(x+y')
Subtracting (4) from (3) we have
2 =252y = 2Y =2y-2
Elements of the parabola are
Foci: '

X=12 Y=0

::\—}_E(x-t-y):\ﬁ %{y—xho

x+y=2 y=x=0
Now Solving
x+y=2
—x+y=0:|
2y=2
Putting y=1in x+y=2 we have
x+1=2 = x=1
Thus Focus in xy plane is (1,1)

Vertex:
X=0 Y=0
1 |
= —{x+y)=0 —(y-x)=0
\E( ¥ ‘\fz ¥
x+y=0 x—y=0
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Solving x+y=0 &x-y=0
We havex=0 y=0

Thus vertex: (0,0)

Axis of parabola Y=0
Directrix X =—/2

|
:75{1‘+y] = —\E

Sx+y=—2

=x+y+2=0
(im‘ F 42+ +202x-2M2p+2=0 (1)

a=l=b, 2h=2 = h=1

If @is the angle of rotation to remove xy term
2 2 2
a-b 1-1 0
=20=90° ::>
Equation of transformation are
¥= XCos@—¥Sind = x=“:/_; 10
y=ASin0 + YCosf = y=£ji—y (i)

Using (i))and (ii) in (1) we have z
ST e el R
5, ( X-¥Y X+Y

Then 7anig =

H
] +2X-2Y-2X-2¥+2=0

-——+_
V2 o 2
2 3 -
== [2'1() —4¥+2=0 = b § —4Y +2=0
2 2
= 2X?-4Y+2=0 = X?-2¥+1=0
= X*=2Y-1

Or ,\fl:z[y -%] (2)

Which represents a parabola
Now from (i) and (ii)
X-Y=+2x (i)
X+Y :-J?__y
2X= \E.(x-}- ¥)
Xty

X=
== _I‘):.

Also subtracting (iv) from (iii) we get
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COLLEGE MATHEMATICS-II i 4

2V =\2(x—y) = |V =

A 4
J2
Elements of the parabola (2)

From(2) 45=2= a,,l

2
Vertex:
X=0 X o =0
2
y:l
2
.
2
by adding

1

1
=0 =—
W T Tk

Thus yertex the parabola in

We have .

: 1o
xy-system is [___J
L 2222
Foci: v
: 11
= X=0 Y-—=-
22
Sl E AL T
2 2 2

= x+y=0 yj;:l.

= x+y=0 —x+y=\,5
Now by adding

x+y=0

_x+y=u\/_5; 5 =i
2,v=J§ o

V2
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\ 1 :
PULting y—— inx+ y=0
T2

We have ,H_I_,:n = x=—
V2

= gﬂ_

Thus Focus in xy system is (

"

Sl

Axis x =0 = "7“2':0
2
= x+y=0
Directrix: y_.l_:_l
2 2
1 1
Y=——t=- =V=0
2 2
x=y .
= ——==0 = x-y=0
N7 ¥
{iv) Crxy+y—-4=0a=1, 2=1, b=1
Here a=1, 2h=1, b=1
If @is the angle of rotation to remove the term involving xy.
The Tamg=21 =1 _1
a=-b 1-1 0
= 20=90" = §=45%"
Equation of transformation are
X-Y

x = XCosO~YSind = x= = X-Y=+2x
2
X-¥Y=y¥2x ()
X+Y

= X+¥=y2y (i)

i
Adding (i) and (ii) we have
x+y

2X =2(x+y) =|X ==

Subtracting (ii) from (i) we have
SR
2r-Jix—J§y =|¥= N/
Putting the value of x & y in (1) we have
X=tY X=X+ (X+EY
— =3 + -4=0
(&) LF )
X 2XY 41t XT-VE XTAVRA2XY
2 2 2
= X =2XY+ Y + X+ Y 4+2XY -8=0
I+ -8=0=3X+¥ =0

4=0
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3x:-r
= - —
8 8
2 74
=% +YT=I @
3
Which represents and Ellipse

Elements of the Ellipse

=1

Centre X =0 Y=0
X+y .‘I'—y

== =0 =0
V2 V2
x+y=0 x—y=0

Solving x+y=0 & x-y=0we have

x=() y=0

. Centre (0, 0)

F=8 = a=22

bzzﬁ — b:&
3 V3

Vertices

X=0 r_-ini
x+y _1_2"—

.1'+_v—0 —x+y—4, —x+y=-4
Solving x+y=0 & —x+y=-4
2y=4 = y=2, x=2
One vertex is (-2,2)
Solving x+y=0 and —x+y=—4
2y=—4 = y=-2then x=2
Thus vertices are (-2,2),(2,-2)

Equation of major axis
: xX+y
XN=0 =2——=0=x+y=0
5 z

Equation of minor axis:
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Eccentricity — o=

alla

)

x+y=0 —x+y=i7§—

SOIVing x+y=0 _x+y:i.4£

| V3
22 2P
5 2 R
oVing  yiy=0 & —x+y= 7
po22 2P
B V3
Thus required foci are

(zﬁ —2\5}3“,, {-25 2J5J

BB BB
(v) Tat —6/3xp+13y* ~16=0 m
Let @ be the angle of rotation to remove the term involving the product

v then
ran0 -8B _8B_ 5
7-13 -6

20=60" =
Now equation of transformation are
X-Y
2
X+3Y
2

x= XCos30" - ¥Sin30" =

y=XSin30" + YCos30" =

XY my verne )

=X

D y= & +2'J§Y = X +3Y =2y (i)

Putting values of x & y in (1) we get
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2 2
Lo BX-E) G BX-YVBXY) SBXeYY
2 2 ) 2 2
| 2 1) . 3 3
:7[” —2J2§xr+y) "f(\fsxuzx}'-q'irﬁn{x i 2+2J§XY]—16=0

= 21X 1B XY + TV = 18X =123 XY +8Y* +13.X° 43977 + 263 XY - 64 =0
= 16X +64Y  -64=0

16X% +64Y° =64
16X° : 64Y? 64
64 64 64

Xz Y}

-4—+ i =1 (2)
The equation (2) represent an Ellipse
From (2)

a=4 =>a=2

=1 =b=1

Using ¢ =g —b*=4-1=3 = =43
Now multiplying equation (i) by +/3 and then adding in (ii) we have

3X—\/§Y=2\«GX
X +J§Y:2y
4x = Z(ﬁx-i-y) = X:%

Now from (i) ¥ =J3X -2x

— :ﬁ[\ﬁxnty]_h: 3x -|-J§y—4:

2 2
,_ By -x
= ¥=
2
Centre X =0 Y¥=0
=>\ﬁx+y—.0 'ﬁy—x=0
=x=0 ¥»=0

— Centre in xy system is (0,0)
Focix =443 Y=0

= ng+y: 172\5 ﬁy—xr-ﬁ '
Put x=y3y in V3x+y =23 we have

_ ﬁ(ﬁy}ﬁv—hﬁ = 4_1':21ﬁ = y= .

|u|¢-,
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and x=J§[%}=:x=%§

So the foci of the ellipse in xy-system

are Eﬁ _‘ZE“_‘E
Fa2 2 2

Vertices

X=42, y=0

By B o

2 2
::Jir+y=14 :r=1ﬁy
Putting x =3y in/3x+y=4we get.
Ji{ﬁy}+y=4 =4y=4 = y=1
and x=3(-1) = x=-3
Thus vertices of the ellipse in xy plane are (Ji.l). (—Ji.—i)
Major Axis of (2) is ¥ =0

Bx+y

Le., T=0 :>J§I+y=0
Eccentricity: o= £
a
B
ie,e=—
2

Directrices of (2) are y —+<
=

oy ﬁx+'v;i£=iﬂ:i 4
2 3 3, 3
4

= ﬁx+y:t783-=> 3x+J§-——iS

Thus the equations of directrices in xy plane are 3x+./3 =48
(vi) 4 4y + 7Y +12x+6y-9=0 (1)
If @ is the angle of rotation to eliminate the xy-term. Then
Tan26 = 2h :i_ﬁ:i
a-b 4-7 -3 3
2Tunt 4 Tant) 2
= —=—= =—
1-Tan’d 3  |-Tan’@ 3
= 3eand =211 -Tan'0)
= anl) =2 -2Tan’ 0
= an'0+3Tan® -2 =0
= 2Tan’d + 4Tand - Tand -2 =10
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= 2Tan0(Tand +2)—(Tan0+2) =0
= (Tanl)+2)(2Tand -1) =0
>Tanf+2=0 or 2Tanf—-1=0

Tan0 = -2 Tantl = %

Since 0<@<90"
. Tan@) = =2 is not admissible.
: | Sin0 | =
NOW Tpmfl=— —S21" o
s Cos® 2
—28inf = Cos@ —> 48in*0 = Cos™9
45in*0 =1-Sin"0 = 58’0 =1
1 2
Sing=—|and oo =
J5 J5
Equations of transformation are
2X-Y
x = XCos0-YSinQ =
:}5
X+2Y
= XSinf+ YCosO =
i JS
2X-Y

=X =
NG

X+2Y

P xX+2vr=5y (i)

=2X-Y=\5x (i)

Putting the values of x & y in (1) we have

(B S o )2 e

] 3 2 ~2¥? - ¥
:4{4,1{ —4XY 1Y ]_4[2,\* +3XY -2V ]”[x +4XY +4Y J+£(2x4-)+
5 V5
6
X#2¥)-9=0
JS( )

= 16XI-16XY +4Y =8X* =12XY +8Y* +TX* +28XY + 287 +125(2X - V) +
6VS(X +2Y)-45=0

= 15X 1407 1 245X 12J5 + 645X +12J5Y ~45=0
15X +40Y2 +30V5X -45=0

= X 42X + oy =3=0
3
= X +25x +5+%r:—3+5

{,r+J5)=+§r’=s
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2
:@ﬁ =
Which is an Ellipse
From (2)
=8 = a=22
B =3 = b=13
From (i) and (ii)

2x+y _2y-x
X= s &Y= .,G
Using ¢ =a® - b*
=c*=8-3=5 =¢=v5
Eccentricity

c_A5

e =

a 242

-
E=m— ==

2¥2 B
Centre of (2) is
X+5=0 & Y=0
= X=-/5 1‘v—‘;{:()
V5

= y+1t —\{_
I“e‘i = 5 x:z
T—S Y

l (2)

= 2x+y=-5
Using x=2y in 2x+y==5
22y)+y=-5=5y=-5 = y=-|
and x=2(-1) =>x=-2
~.Centre of the ellipse in xy plane is (-2,-1)
Foci of (2) are
X+f5=t5 & r=0
= X==5+/5 2y-x=0
x=2y
2x+y==5%35
2x+y=0, 2x+y=-10
USing x=2y in 2x+y=-10
x=0 y=0
Putting x =2y in 2x+ y=-10we get

224 y=-10 => Sy=-10 _.,]:_,.;;21
and x=2(-2) =[x=-]

Thus foci of ellipse (2) in xy-system are (b,ﬂ} ) (4,-2)
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Vertices are

Y+5=222 -, " r-o0

tege X 2542 B e X g
V5
2x--y

= J: :—q@+2y@. . X=2y

Putting x =2y in 2x+y=-5+210
We gel 2(2y)+ y=-5+2J10 = 5y =—5+210

‘.-=._1+2‘/E__|+\j§and,
s ¥s

ol

Again putting x =2y in 2x + y=-5- 210

Sw=-5-2410 = y=-1 J?and

S

Thus foci of the ellipse in xy plane are

RO e

Major axis of ellipse (2) is
Y=0-= ot e =0 = x-2y=0
\E 3

~.Major axis in xy-plane is x-2y =0
Minor axis of ellipse (2) is

. 2xt ¥y
X=0 O
. Major axis is in xy-plane is
2x+y=0
Directrices\

=0 = 2x+y=0

NG

c
X a5 245
[ 5 _5
8 2

25+ ¥ 8 8
s S a5 =
J5 5 s

= 2y +y+5=148 ;
= v+ y=-5+8
2v+y=3, 2x+y=-13
Are the directrices in the xy-plane.
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OBJECTIVE
0Q.No.1 Given below are a few possible answers to each statement of which one is correct,
identify the correct one. (20)
1. The size of the circle depends on how near the plane is the vertex of the
(a) Triangle (b) Rectangle
(c) Cone (d) None of these
2. The Greek mathematician Apollonius discovered many intersecting properties of the
(a) Straight line (b) Plane
{c) Conic sections (d) None of these

3. The theory of conics plays an important role in modern

(a) Physics (b) Calculus
(c) Space mechanics (d) None of these
4. If c(h, k) is the centre and r is the radius of a circle then equation of the circle is
(@ (x+hi+(y+ki=r (b) (x—h)+(y—k\=r
() (xk=-h)+(y—-Kk=r (d) (x+h)+(y+k)=r
5. A circle with radius r=1 is called
(a) Point circle (b) Standard form
(c) General form (d) Unitcircle
6.  Acircle X’ +y" +2gx+ 2fy + ¢ = 0is centred at
(@ (g (b) (fio)
© (-g.-f (d) (g,
7.  Centreofthecirclex’ + y’ —6x+4y+13=0is
(a) (3,2) (b) (3,-2)
() (-3.-2) (d) (3,2
8. A chord which contain the centre of the circle is called a
(a) Radius (b) Chord
(c) Diameter . (d) None of these

9. The line y = mx + ¢ is tangent to the circle X + y* =@’ if c =
@  imyl+a’ (6)  +my1-a°
(€) zal-m’ (d) savi+n?

10.  The equation of normal to the circle x* + y* = a” at P(xy, y;) is

www.igbalkalmati.blogspot.com: u_’/r_nj,u%?i f_ag,:/{;z



www.iqbalkalmati.blogspot.com
www.iqbalkalmati.blogspot.com

www.igbalkalmati.blogspot.com

COLLEGE MATHEMATICS-II 477
(a) xv—yy=d’ (b) xx =)
() =xx +yy =a’ (d) =xy, =,
11.  For a conic the fixed line L is called a
(a) Eccentricity (b) Directrix
(c} Focus (d) Vertex
12. Parametric equations of the parabola y* = 4ax are
(a) x=ar;y=2a (b) X:I?f:, y=2a
(c) x=al, y=2at (d} x= ul:, y=dat
: Ly
13. If equation of ellipse is 2t pic 1 then directrices are
(8) x=4= | (b) x=1=
e e
() y=2% (d) »y= ii:
¢ . e
: Xy .
14. If equation of ellipse is ptgi=1 then vertices are
(@) |’ ta) (b) (+a,0)
(c) (+a,b) (d) (o, +b)
Xy /
15. If equation of ellipse is ptg=1 then centre is
(a) (0,0) (b) (o, b)
{c) (b, 0) (d) (-a,-b)
16. End points of the major axis of an ellipse are called its
{a) Centre (b) Foci
(c) Vertices (d) Co-vertices
2
17. If equation of hyperbola is ’Ei PR 1 then foci are ’
(a) (0, c) (b) (+c,0)
(c) (x0,0) (d) (0, +b)
18. If the equation of hyperbola is 7 —{i: 1 then vertices are
(a) (to,0) ' (b) (0, +a)
(c) (0O, +b) (d) (b, 0)

Aal) g w oy
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19, Asecond degree equation: ax’ + 2hxy + by’ + 2gx + 2fy + ¢ = 0 represents parabola If
(@ W -ab=0 (b) W -ab>0
() W -=ab<0 (d) None of these

20. If the distance of any point on the curve from any of the two lines approaches zero
then it is called

(a) Axis (b) Directrics

(c) Asymptotes (d) None of these -
SECTION | '
SUBJECTIVE

Attempt any 25 (twenty five) short question frorn Question 2,3 and 4, at least 12 short questions
from question 2, 12 short question from question 3 and 13 short question from question 4. All
question carry equal marks. s - (25x2=50)

V0. 2

i What is the general form of eq. of a circle? Also find its centre and radius.
ii. Find the eq. of a circle whose centre is at (5, —2) & radius is 4.
iil. Find centre and radius of the circle
ax* + 4y —Ex+12y—25=0
. Write the eq. of tangent and normal to the circle x2 + y2 + 2gx + 2fy + c =0 at the pt{x1, y1)
V. What is the condition that the pt. (x,, y1) lies outside, on or inside the circle?
X4y +2gx+2fy+c=0

vi, Determine whether the pt. (-5, 6) lies outside, on or inside the circle
eyt rax—6y—12=0

vii. Write the condition that the line y = mx + ¢ should be tangent to the circle x* + y* =
a’. Also write the eq. of tangent.

viii. Find the length of the tangent from the pt. P(-5 10) to the circle
5x* +5y° + 14x+ 12y —10=0

ix. Check the position of the pt(—5, 6) with respect to the circle X’ + ' = 81

Xe Define conic section & what the value of e when it-will represent parallel, ellipse
hyperbola.

Xi. What are the parametric eqs of the parabola y* = 4ax

xii.  Under what condition the eq, ax’ + by’ + 2gx + 2fy + ¢ = 0 represents a parabola?
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Q.No. 3
i

ii.

iii.

vi.

vil.

viii.

Xi.

xil,

Q.No. 4

vi.

vii.

Find focus, directrix of the parabola: x* = 16y
Find the eq. of parabola whose focus is F(-3, 1) & directrix x = 3

Find an eq. of the parabola having focus at the origin & directrix parallel to (i)
x—axiis, (ii) y-axis

Show that the ordinate at any pt. p of the parabola is a mean proportional between
the length of latus sectum and the abscissa of p.

Find an eq. of the ellipse having centre at (0, 0), focus (0, —3) and one vertex at (0, 4).

243
s ——

Prove that length of L.R. of the ellipse t—z + -‘&,— =]j
a b a
Define hyperbola.

What are parametric eqs of an ellipse? and What is the. parametric eq. of a
hyperbola?

What are the eqgs of the directrices of an ellipse when major axis is along x-axis?
What are the egs of the directrices of a hyperbola when transverse axis is along x-axis?

Find an eq. of the hyperbola where foci are (+4, 0) & vertex are (+2, 0).

Find eccentricity, vertices & foci of the parabola: %{6— - :9 =1

Find the eq. of the hyperbola whose focus (6, 0), vertex (4, 0) centre (0, 0).

S 420 =1 atthe pt xy, ).
Ty i

Write the eq, of tangent & normal to

-

Write the eq. of tangent & normal to hyperbola to -'L = :— = at the pt [xy ).

(7}
Find the condition that we line y = mx + ¢ should be ta ngent to the parabola y* = 4ax
& also find eq. of tangent.
Find the condition that the line y = mx + ¢ should be tangent to the ellipse

==y ;— =1. Also find eq. of tangent.
x

a

Find the condition that the line y = mx + ¢ should be tangent to the hyperbola
oy

—- ;)— =1. Also find eq. of tangent.

o B

Find the conditions that the 2nd degree eq. of the form Ax* + By +Gx+ Fy+C=0

sl Pugw ey
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represent a circle, ellipse, hyperbola or a parabola.
viii. Find the conditions that the most general eq. of 2nd degree

ax” +2hxy + by® + 2gx + 2fy + ¢ = 0 represent a circle or ellipse, parabola,

hyperbola.
ix. Find vertex & centre of the ellipse 9x” + y* = 18
X. Find eccentricity & directrices of x* + 4y’ = 16
o) 2 — 2 p
xi Find centre & axis of the ellipse (y+32) - (r_” ) =]
)
xii. Find semi major & minor axis of the ellipse 4x’ + 7y’ = 36

xiii.  Find eccentricity of the hyperbola 25x” — 16y’ = 400

SECTION I

Attempt any 3 (three) questions. (3x10=30)

Q.No.5

(a) Show the circles, X +y*+2x-8=0 and x’+y—6x+6y—-46=0 touch internally

(b) Find the co-ordinates of the points of intersection of the line 2x+y=5 and the circle
x’+y’+2x=-9=0. Also find the length of the intercepted chord.

Q.No.6 '

(3) Find the length of the chord cut off from the line 2x+3y=13 by the circle X+y'=26

(b) Prove that perpendicular dropped from the centre of the circle on a chord bisects
the chord.

Q.No.7

{a) Find equation of the circles of radius 2 and tangent to the line x-y—4=0 at A(1,-3)

(b) Prove that normal lines of a circle pass through the centre of the circle.

.No.8

(a) A parabolic arch has a 100 m base and height 25 m. find the height of the arch at
the point 30m from the centre of the base.

2 2 2

(b) Prove that the lactusrectum of the ellipse. :—1.+ % =1is —zai .

Q.No.9

(a) Find any point on a hyperbola the difference of its distances from the points (2.2)
and (10.2) is 6. Find an equation of the hyperbola.

(b) Find equation of the tangent and normal to y*=4ax

.
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Previous Board Questions

L. Define a circle? (Lhr—2008)
2. What is the centre of the circle?
3. Find an equation of circle with centre at (5, = 2) and radius 47
(Lhr—2007, 2008, 2009)
4, Find an equation of circle with centre at (\[5,— 33 ) and radius 2+/2 .
(Fsd —2009)
5. Find the centre and radius.
5x" + 5y +14x—12y—10=0 (Lhr —2008, Fsd - 2009)
6. What are the parametric equations of circle x* + y’" = /2.7
(Mtn ~ 2009)
o Find an equation of circle with ends of diameter at (-3, 2) and (5,-86).?
(Grw — 2005, Lhr — 2008, Mtn - 2009)
8. Write standard equation of the parabola with x — axis as its axis?
(Mirpur— 2009)
9, Find the vertex and focus of parabola x* — 4x — 8y +4 =07
(Lhr — 2006, 2008, Fsd — 2009)
10. What do you mean by major and minor axes of ellipse?
(Mtn —2009)
11. Define hyperbola? (Lhr = 2008)
12 Find the centre and equations of directrices of the hyperbola
y:* x2 . :
189 : (Mirpur —2009)

13. Find the equation of hyperbola with centre (0, 0), focus (6, 0) and vertex (4,0)?
(Lahore — 2007, 2008)

14. Check the position of point (5, 6) with respect to circle x2 + vz =81,
(Lahore - 2010) Group — |
15. Find the equation of parabola having focus at (0, 0) and directrix y=2.
(Lahore — 2010) Group - |

16. Find the equation of the normal to the circle x2 + y2 = 25 at (4, 3).
(Lahore - 2010) Group — I
17. Prove analytically that the line joining the centre of a circle to the mid point of its
chord is perpendicular to the chord. ;
(Lahore - 2010) Gro up =l

18. Check the position of the point (5, 6) with respect to the circle x2 + yz =64.
(Gujranwala - 2010)

19. Find an equation of parabola with focus at (-3, 1) and directrix x = -3
{Gujranwala — 2010)

Al a8 g
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Vectors

Definitions

A physical quantity which is defined only by its magnitude.
A physical quantity defined by its magnitude and direction also.

. Magnitude or Length or Norm: S ENEREINE of vector is called magnitude or

>
length or Narm |AB|

4. IRIALe g A vector whose magnitude is unityor 1, 0 = V]
-3 = .
5, TUER s eles Two vectors AB and CD are equal if they have same magnitude and

— —

direction |AB| = |CD|

6. PR Saees Two vectors are parallel if and only if they are non-zero scalar

mullible of each othera = Ab

» >
: AGELUIEEE |f AB and BC are two sides of triangle then

—F —* g
AB + BC = AC is called triangular law.

I= ||'q

B, P aeng The vector of whose initial point is the origin O terminal peint is P

If magnitude of a vector is zero then it is called zero vector.

10. R A L AU RO, Let £ = xi + yi + zk be non-zero vector and
«, [3, v are angle formed between r and i, j, k respectively then a, 3, y are Direction
angles and cos, cosf), cosy are Direction Cosines.

If u and v are non-zero vectors in a plane with same initial
line then their dot product is u. V= |u| |v| cosO

12. SR A e as If u & v are non zero vectors then

uxv=(ju} jv}Sin6) A (Sargodha 2008)
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Important Formulae
—3 -
1. Vector = AB or U r 5 Scalar=AB or U or |AB|
—> Vv
3. Magnitude = |AB| 4. Unit \arector=9:|—;—t
- = —
5. Triangular Law of addition AB + BC = AC
o — >
6. Equal Vectors |AB| = |CD| 7. Position Vector = OP
na+gqb
8. Ratio Formular= PETG2 9. Direction angles e, [3, ¥
‘IJ+({
L . X y Z
10. Direction Cosines cos a = 5 Cosp = roCosy=7
1% Tripfes can be direction angle if CosZa + Cos2[3 + Cosy=1
12, Scalar product or Dot product of v and vu. V= |u| |¢| CosO
13. Perpendiculary .v=0
14, Parallelu=2av or uxy=0 -
15. Vector product or Cross Product = u = v = |u| |v] SinBA
i |k .
i * Uu=u,i+u, [+u k
16. wxy=|Y1 Y2 U3 where _ =
vi v3 v3 V=V i+V, J+V Kk
- =
17. Area of parallel gram ABCD = |AB = AC|
1 = =
18. Area of Triangle ABC =3 |AB x AC|
19, Volume of parallelepiped =u . v x w
20. U, v, ware coplanarifu.vxw=0
1
21, Volume of Tetrahedron = 5 (u.vxw)
22. Work done=FE. D 23. Moment of Farce =r x F
Uy uz u3
24, u.vxw= |Vl V2 V3| = 25 U.VXW=EV.WXU =W.UXV

Wy w2 w3
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1. () P2,3), Q(6,-2)
PO=(6-2)i+(-2-3)j=4i-5]
(i) P(0,5), Q(-1,-6)

-
PO=(-1-0)i+(-6-5)j=—i~11j
2. (i) u=2i-7i :
U=/ + (=77 =VA+49 =53
() u= i+] '
= il =07 + () =vi+1 =42
(i) w=[3,-4] (Sargodha 2009)
=3i—4j

Then |y| - \,'(3)3 +(-4)" = m = :\,"’2_5 =S (always + ve)
3. () u=2i-7j,v=i-6j,w=—i+j (Sargodha2011)

u+v—=w=2i-7))+(i-6j)—(=i+))
=4i-14/ :

(i) 2u=3v+dw=2(2i~7j)~ 3~ 6j)+(=i+ j)
4{—14£—3{+18£—{#=U{+§j

sae oA 1

(iii) —2_‘£+E£+E.’£=‘2'(£+11+!£)

b
~ L 2i-7)41-6] -4+ =+ Bi-12))=1-6)

a, A(1,-1), B(2,0), C(-1,3), D(-2,2)

_>
AB =(2,-1)i+(0- (-IJ)i' = :'+£f

_>
CD =(-2,+1)i+(2-3)j=i-j

-
AB+CD = (i+ j)+(=i-j)=i+j—i-j=0i+0i=0
- >

5. AB=4i-2j, B(-2,5), AO =?, 0(0,0) (origin) (Sargodha 2010)
- =5 - —r
AO = AB+ BOand BO=(0+2)i+(0-5)j

4i-2j+2i-5] =2i-5]
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=6i=7}
6. (i) 2i— i' (Sargodha 2009, Lahore 2010)
jx|—,/ 2P + (-1 =Ja+1=4/5
. 2i-j Qi
Then 2+ - == (Ar=
bl Vs f
. 1. 3
(ii) y= E-l_-!-Tj (Sargodha 2008,10, Lahore 2010)
2 | 3
Then |\]= (1) + ﬁ = L — = i:
Z 2 4 4 4
1|5 Tl L
i+
Yy s AN
T == ety
v ] 2° 2°
i 05 V3. 1.
iii e —
r==t 21
3 2 2 ';
Then [vl— —ﬁ +[—l] = —--r—]—: i=l
2 ) 4 4 4
SR
v M I 5 ! :‘.i’ D y) & Cu.tlar
7. (i) Suppose p){x,y) thenin ABCD
_.}
Parallelogram A# is parallel. -
to DC So _ 42,-4) _
> —3 B8(4.0)
A= DC where

o, RO AB=(4-2)i+(0~(4))j =2i +4;
0 2i+4 —(I—x)g+(6—-y)_i‘[DC:“_“HHG_}'JJ

= 2=(l-x) & 4=(6—))

ar 2-1=x 2= y

= x= l&y=2

So ()(-1,2)is required point.
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f (1.6 = B(4.0)
_} L
(ii) ADBC is Parallelogram so AD is
| =¥ = —
|.'r) CBso AD=CB
So (x—2)i+(y+4)j =(4=1)i+(0-6); g iy
(x=2)i+(y+4)j=3j=3i=6j=>x-2=3 & y+4=-4
So D(5,-10) =>x=5 & y=-10 '
8. (i) Suppose 4(x,y),then ABCD is
Parallelogram is required point
LS —> Ly L (=80} > gi=23
s0 A8 is parallelto DCso AB=DC
(d—x)i+(1-)j =(-2+8)i+(3-0)j=>@-x)i+(1-))/ =6i+3]
=24-x=6& 1-y=3 = -x=6-4 & —y=3-1 "
=-=x=2 & —J’=2 =>x=-2 & y=-2 s bk
S0 A(-2,-2)is required point.
(ii) Suppose E(.x,p) is required point A_E}'is
T ey (=R .0) . Bl
to DB so AE=DB b2
(x=(=2)i+(y—(2)) =@-(-8)i+(1-0);
(x+2)i+(¥+2)j=(4+8)i + j= (x+2)i+(y+2)j =12+ ] i
Sox+2=12 & y+2=1 So x=10 & y=-1 e i

So E(10,-1) is required point.

9. Ssuppose P(x, y),(0(0,0) origin) A=(-3,7), B(1,0)
-
Given OP=AB

(x=0)i+(y=0)j=(1+3)i+(0-7)/
xi+yj=4i-Tj>x=4 & y=-7
So point is p(4,-7)

—=
10. AB = A(0,0), B(a,0), C(b,c), D(b—a,c) (Sargodha2010)

_>

DC=(b—(b—a))i+(c-c)j=F-bra)i+0)
e = —>

=ai AB=DC so ABis parallel to DC

_.)
Now AD=(b-a-0)i+(c-0)j=(b-a)i+cj
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—3
BC=(b-a)i+(c-0)j=(b-a)i+c]j

= —> —> -

AD = BC so ADis parallel to BC

— e I < —

AB is parallel to DC & BC'is parallel to AD so ABCD is parallelogram.

- -
11. Suppose A(x, y)and given B(l,2), C(-2,5), D(4,11) so AB=DC

(1-x)i+(2=y)j = (@=(=2))i+(11-5);
(1-x)i+@2-y)j=@+2)i+6] = (1-x)i+(2-y)j=6i+6]
= 1-x=6 & 2-y=6 = —-x=6-1 & —y=6-2

—x=5 & ~y=4=2>x=-5& y=-+4

So A(—5,~4)is required point.

12. Suppose
ais pvof C soa=2i-3j ¢

bis pvof Dsob=3i+2]
r is p.v of point P which divides it into ratio4:3 or p:gso

qa+pb 3(2i-3/)+4(3i+2))

Y=

Pty 4+3
6i-97+12i+8) 18 1 .
r= e = e e ] ;
- 7 PR A0 e =g =3

13. ais pvof C soa=5j
his pvof Dsob=4i+j

pig=2:5
. _4a+bp 3(5/)+2(4i+ j)
—  pt+gq 343

25/+8i+2) 8 27 .
= e—— _[+_ j
—— ¥ 7 7 == Ha)

14. Suppose that a, b, ¢ are position vectors of
A, B, C respectively (Sgd 2010)
o+ (usly fave)

Then pvof D= g+d ”{a: ""LHJQ

2
pyvof E= % £ \

IS
L9

!
o
r';'l
=
[ o}

&
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- - — - = o . '
BC=0C-0B=c~b & DE=0E-0D=“2 —(g;'f—’)
— 1 1 T '__b
—E(q‘*‘s _JS! )
= 1 =
DE—-E(Q—Q) =—BC
= 9§ =>
So DE e BC Hence proved.
15. Suppose that a, b, ¢, d are position vectors of A, B, C,D respectively then
- (Fsd 2011, Sgd 2012)
A
pvc}*f;l?:gﬁ!-é d
& oy
Nd) G Clg)
‘, {)"_ ﬁ‘ — .éﬁ
5 2
,_c+d H
prof G=52 S o]
. a+
pvof H== Q A E £(0)
> ' —> =g e
U“_UI ()F_bi(, qub £+£‘)-§- b;g_?g

=3 - » =

FG=0G-0F =& f—(i—H ]zﬁ g o-e d-b
2 2 2 2

—» > — ) - R =

1G = 0G f)ffzg*d—[g”’]z‘“ﬁ g i
2 2 2 2

— =3

EIT = Ol1-OF = gf—{g"“’):g*g_—"b:é"—’
2 2 2 2

—> —3 —> 3

EF = HG = EF is parallel to HG

— —> =1 —>

FG = EH = FGis parallel to EF{
So EFGH is parallelogram.
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Theorem: Prove that Cos’a + Cos® f+Cos’y =1 (Sargodha 2009,11)
Proof: Suppose a vectorr s.t

r=xi+yj+zk &|r|=x*+)* + 22
orr=yx"+y* +2°

> rl=x+y +28— |
In a right triangle 04p

X
Cosa =~ Similarly
Y
, P4 z
Cosff=—" & Cosy=
Y Y
2 2 2 7] 2 iz 2
x ! Z X +y +z =
So Cos’a+Cos® f + Cos’y =—1-+y—‘,t+—_1 =.4_J”1_= =]
v r r r -

Sl g T
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COLLEGE MATHEMATICS-II m ;
s A S S S g s
Exercise 7.2

A(2,5), B(~1,1), C(2,-6)

1. (i)
-
AB=(-1-2)i + (1-5)j = -3i— 4]
- —
(i) 2AB-CB
_)
Now AB=(-1-2)i+(1-3)j=-3i-4,
—
CB=(-1-2)i+(1+6)j=-3i+7j
> =
Then 2AB-CB=2(-3i-4/)-(3i+7]))
= 6i-8j+3i-7j=3i-15]
- —>
(i) 2CB2CA
—
Now CB=(—1-—-2){+(l+6)i=—3§+7£
_)
C‘A=(2—2)g’+(5+6)__j:—-0§+1!£
-
.'ZCB—C'J-I=2(--3g‘+?£‘)—l1i=—6{+14£—1!j=6f+3_;‘
2. () w=i+2j—k,v=3i-2j+2k, w=:'u'—j+3!.
w2y w=(i+2/-Kk)+2(3i=2)+2k) +(5i = j + 3k)

=;+;i—}£+6g-41+4}1+3;—-i+3ﬁ;:125~3__;+6!£
(i) v—3w=3i—2j+2k—3(5i—j+3k)=3i—2j+2k —15i +3j— 9% (Sgd 2009)
—12i4 Tk ¢ ) 3
(iii) 3v+w=3(3i-2j+2k)+5i— j+3k=9i=6j+6k+5i— j+3k
3ubw=14i-7+9% K ) :
B+l = J(14) +(=7)" + (9)F =196+ 49+ 81 =

() v=2i+3j+dk
Magnitude =|v| = y/(2)" +(3)’ +(4) = /4+‘)+16 =./29
4

Direction of Cosines are Cosa = \fz— Cosfl = J— yCosy =
2 29 29
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(i)

(iii)

v=g=j=k

Magnitude =|v| = (1) +(=1)* +(-1)® =VI+1+1 =43

1 -1
Direction of Cosines are Cosa = —,Cosf3 = Losy =—
5 Cosh= oo =12

v=4i-5j
Magnitude =|y| = J(4)’ +(-5) = /16+25 - /41

4 )
Direction of Cosines are Cosa = 7—4_7 LCospf = _\/4__!"
lai+(a+1)j+2k|=3 'ﬁ“’:‘.n 52-';1*"52" +4
or Ja* +(@+1) +(2) = 2a° +2a+5 =3
Squaring both side
2" +2a +5=9
2" +2a+5-9=0 or 2’ +20—4=0 + by a* +a-2=0
a’' +2a—a-2=0 or a(@+2)-Ha+2)=0 or (@a+2)a—-1)=0=0
a+2=00ra-1=0 a==2 ora=|

1!:{'-#—2{'-&

Then [y = (1)* + 22 +(=1)" =/1+4+1 =J€

itvetiss Motk 2 =K o w3

nitvertices = =———=—_j4— j——
b Ve V6 Vel Js

u=3{—j—4£,é=2i—4£—3£,g=§+2i—§. (Sed 2008, Lahore 2010)

Sa-2b+4e =33~ ]~ 4k) - 220~ 4~ 3) + 40 + 2~ k)
=9i=3/~12k+4i + 8 +6k +4i + 8 — 4k
=17i+13 ~10k

3a—2b+4¢|=J(17)° + (13 +(~10) = V289+169 + 100 = /558
3u=2b+dc VTi+13j—10k

Ba-20+a — V558

17 . 13 . 10
~ 558 Jssal Jess

Unit vector=

-2 e T S
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7. (i) magnitude =4 & v=2i-3j+6k (Sargodha 2008, 09)

=20 + (-3 +(6) =A4+9+36 =149 =7
.~y 2i-3j+6k

V==

M7

(2i-3j+6k) 8. 12 ., 24
7 Sy ogil g
(ii) Magnitude =2 & y=—i+ j+k
V=1 £ P + (@) =V1+1+1=+3

Required vector =4 x

Ay —itjtk
V=—=—
M B
A " Wi+ 2. 2 . 2,
equired vector =———— = —F=i+—F= ] +—F—=K
V3 NERR
= — -
8. AB=u=2i+3j+4k, BC=y=—i+3j-k,AC=w=i+6j+2zk,
‘ (Guj 2010, Sgd 2011)
If u, v, w represent sides of triangle then u+v=w
or (2i+3j+4k)+(—i+3j-k)=(i+6] +zk)
or 2i+3j+4k—i+3j—k=i+6j+zk
ori+6j+3k=i+6j+zk = z=3
—>
9. Position vector of Ais O4 =2i— j+k A.8.C andQ
—
Position vector of Bis OB =3i+ j
S
Position vector of Cis OC = 2£+4£—2&
_'}

Position vector of D is 0D=—i—2__{‘+ﬁ
- = —
.43-'—OBfOA'=3f+i—(3.f-i+£)=3[+i—2£+i-—ﬁ=j+2i—£_
- o
CD=0D-0C=-i-2j+k—(2i+4)-2k)

>

CD=-—§—2__;:+I_:—21—4,_F_+2£
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_)
(T!)=3{—6£+3g=~-3(j+2£—-[{)
— —
CD==-3AB
=y —
Hence AB is parallel to CD

10. (i) v=2i-4j+4k

=y = (20 + (4 +(d)? =4+16516 =36 = 6

~ v 2i=4j+4k

V=—p= — —

Iy 6

2% —dj +4k 2i—4j+4k
Required vector 2x = - = Same direction
O 3
~(2i-4j+4k) -2i+4) -4k :
= 3— = 3— opposite direction -

(ii) v=cw
(1=3j+ 4k) = elai +9/ ~12k)
=37+ 4k =aci+9¢j—12ck

ac=1—/ & -3=9¢ D e——

L]

(i) v=i-2j+3k
= + (27 @) =I+479 =4

vi i=2j+3%
Mo Vie
Required vector in opposite direction

IXCENGE-2/+3k) s 10 . 15

=i -k
N7 ia- it ha-

=22

(iv) nw=cy
3{'—j+4_&z('(nj+b£—2&}
3i—j vk = aci+bej—2ck

-2 e T S
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ue=3——1 be=—1 u -2c=4 i

’ ’

Solving 11 c=-2
Put value of cin|

a(=2)=3 :>a‘——?
Putvalueofcinll

L 1

h(-2)=—1 =>b=—

(-2) 5
11 (i) _=3i—i+2g

— =B + 1) + @7 =O+1+a=+14

Direction Cosines are Cosa = L2 Cospf = — Cosy = .=
| T i

=6i-2j+k (Gujrawala 2010)

o] = (6 +(=2) + (1) =36+ 4+1=+41

131

I=

6 -2 1
Direction Cosines are Cosa =——,Cosff =——,Cosy = —
Ja1 A Ja1 d Va1l

—)
(i)  PQ=(1-2)i+(3-1)j+(1-5)k =-i+2j-4k P(2,1,5) ©(1,3,1)
— A
PQ‘ = JE @+ (4 =V1+4+16 =21 g
Direction Cosines PQ are Coa'az;l Casﬂ=—g- Cos gt
N T N TR A 7

12. (i) Here a =45, 8 =45,y =60)°
Then Cos’a + Cos® f+ Cos’y = Cos*45° + Cos* 45" + Cos" 60’

1 2 1 2 1-2
= —=| +| —= | +| —
[JEJ [JE] (2J
1 1 1 242+1 5§
=—t—t—= =—=#]
2. 204 4 4
So given triples are not direction angles.

(i) Here o =30",5 =45,y =60"
Then Cos’a + Cos® B+ Cos’y = Cos* 30" + Cos* 45" + Cos* 60"
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2
B 1Y (1Y
{ 2 V2) \2
3 1 1 3+42+1
o S e G =
4 2 4 -+
So given triples are not directions angles.

(iii) Here g =45°, = 60",y = 60°
Then Cos’a+Cos’ f+Cos’y = Cos*45° +Cos*60" + Cos>60°

(%) +(3+(3)

1 1 1 24141 4
=4+ —4+—= —— 1
2 4 4 4 4
Here given triples is directions angles.
e bo 4s°
! /
S = A
J3. 4 it ==
Cos 2 Z Jz
Tar l
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Prove that . v=vu (Sargodha 2008)

dutt
u. v =|ul]v] cos 0 o g//nnef e g
=[v|lu| cos(-0) 0 {re

= |v||u| cos@

u.v=1v.u Hence proved. ; ¢ U
Example No.9: Prove that Cos(a — 1) =Cosa Cosf + Sina Sinfj (Sgd 2011, Lhr 2010)

= -3
Proof: Let 04 and OB be two unit vectors.

—»
Then  OA = Cosai+ Sina j ) A
=9 ; O | /'
and OB = Cu.r/f[+b'fﬂﬂ__{ Note |g4l= (_}3' = L
L B ,&//' ]
We know that \ P
-3 = [=>|| > %o
OA . OB =04 ||0B|Cos(e— ) V- - _ > x
or (Cosai+ Sina j).(Cospi+Sinf j) =l|[}| Cos(a - f)
Cosa Cosfl + SinaSin = Cas(a — )

or Cos(a~ f1)=Cosa Cosp+ Sina Sinf} ¥
Hence proved.
1 (i) wu=3i+j-k & v=2i-j+K (Sargodha 2008,11)
wy =i+ j—k) . (2i- j+k)=32)+ WD+ (1))
=6 1P 3
| =G + (1) +(=1) =Vo+1+1=+11 ,
= @) + (=17 + (1) =Ja+1+1=6 —[};‘”, ( D’I,/!!C*’J Y

“ 4 4 “3
Cost) = e 4._;_ /['}FV,

|"|H V116 m J66 605@‘ \'j'—;\

(i) u=i-3j+4k, v=4i— j+3k

“-":(1._31""4_{‘) (4 J +3k) =(1)(4) +( 3)(=1) +4(3)
=4 +34+12=19

il = () + (=3 4 (@) =1+9+16 =426
=@ + (=17 +3) =V16+1+9 =26

&
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Cosh =2 L L
lu [y V26726 (V26)* 26
(i) u=[-3,5]=-3i+5j & v=[6,-2]=6i-2 J (Gujrawala 2010)

(iv)

2. (i)

(i)

u.y=(=3i+57).(6i-2/)=(-3)(6)+(5)(-2)=-18-10=-28
| = J(-3) +(5)* =\/9+25 =33
V| = (6)* +(=2)* =36 +4 = /40

Cos =2-% 28 . —28
IH]-'BI ‘JJ_\/_ VIx2x2%x2%x2x5
-28 —~ =7

T 2x2J17x5 4485 85
[2,-3.1]=2i-3j+k, v=[2,41]=2i+4j+k
Uy=(2-3j+K). 2i+4]+k)=22)+(-3)@) =+1)1) =4 -12+1=-7
lu|= 2 + (37 + Q) =Va+9+1=+14
[ = 27 + (@) + (1) = Ja+16+1 =21

u

]'r'

Cosf =22 =f = =7
lu] Jv| J_\/— VIax21  2x7x7x3
-7
7\1’2:‘3 ’}'J_ T

a=i-k,b=j+k (Sargodha 2010,11)
la| = JOF =07 = TFT =B g =(i= K).(j +K)=0+0+(- 1)(1)--/1/|5
B = () +(1)F =1+ I 99 S s P

et 1
Projection of @along b = TT _1 = 7 A
Projection of b along a = =8 i
~ 4 V2
a=3i+j-k,b=2i-j+k (Sargodha 2009,12)
ab=Gi+j=k)(-2i—j+k)=3(-2)+ (D)~ +(-)())=-6-1—1= -8

la| = J3) + Q) +(-17 =O+1+1 =TT
6= \/(—2)-’ +=DT (1) =Va+1+1=6

Al a8 g
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Projection of aalong.b = -“—{?- = i
T bl e
Projection of b along a = i = ;i—
B la] V1
3. () u=2ai+j-k,v=i+aj+ 4k, u & vy are perpendicularif u .v=0
Or (2ai+j-k) ({+az’+4£):0 {Sgd 2010, Lhr 2010)
or (2a) D)+ (M) +(=1)(4) =0 = 2a+a-4=0
4

3d-4=0 = 3a=4 :}u:_3.
(ii) u=ai+2aj-k, v=i+aj+3k, u & vy are perpendicularif u .y =10
Or (ai+2aj—k).(i+ aj+3k)=0
(@)1)+Qa)a)+(=1)3)=0 = a+2a’-3=0

2a +a—-3=0o0r 2&° +3a-2a-3=0
or a(2a+3)-1(2a+3)=0= La+3)(a-1)=0

204+3=0 or a-1=0 ::*az?ara-——l

4, A(1,-1,0), B(-2,2,1) C(0,2,z)are perpendicular if u .v=10

iy H
Now  AB=(-2-1i+(2+1)j+(1-0)k=-3i+3j+k

=)
CB=(2-0)i+(2-2)j+(i-2)k==-2i+0j+(1-2)k

_)
A(.‘:{O—I)§+(2+I)z+£z—0)& =—i+3j+zk

P Since right angle is at C so
; - =
AC . CB=0 A ¢
Or (=2i+(1-2)k). (-[+3i'+zf.'_)=0
2M)+(1=2)2)=0 or 2—2+z=0
'X'hy -1
22 —2-2=0 orz*-2z4+2z-2=0
2(z=2)+1(z=2)=0 or (z=2)(z+1)=0

z-2=0 or z+l1=0 = z2=2 or z=-1
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s¢-

(i)

(i)

Suppose y = v i+, i + v,k ] (Sargodha 2011)
Then v.i=0 :{x-,;‘-t-v:i-f-v_:g),!‘:{]:;p'i=0

v.j=0 = (witv,j+vik) j=0=w,=0

v. k=0 = (itwj+vk) k=0=v,=0

So v =0i+0/+0k+0 (Null Vector)

+5kc=2i+ ) ~§k, (Sargodha 2009)
2

b+c=a

So a, b, ¢ are sides of triangle

Now a.¢=(3i=2j+k). (2i+ j - 4k)
=32)+(2)D)+(1)(-4)=6-2-4=6-6=0

Side aand ¢ are perpendicularand a, b, ¢ are sides of triangle so given sides are of

right wfangle.’ _

P(1,3,2), Q(4,1,4), R (6,5,5)

—»
PO=(4-1)i+(1=3)j+(4-2)k=3i-2j+2k

—>
OR=(6-4)i+(5-1)j+(5—4)k=2i+4/+k
i

PR =(6~1)i+(5=3)j+(5-2)k =5i+2,+3k
=

PO+ QR =3£"2£+2ii+2i'*'4i+i

-
=5i+2j+3k=AC

Hence A, B, Cis triangle,
- =
Also PQ, QR=(3j—2£'-+- 2k). (25’+4£+_}g)
=3(2)+(-2)4)+2(1)=6-8+2=8-8=0
Both conditions are satisfied so PQR are vertices of right triangle.

-2 e T S
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(\7 \. M is mid point of hypotenuse
32 I Now Co-ordinate of M are M [{—;— g} 08
A W b b
9 a
1:14 = [+ —— = e e o'
(2 al! ( )5 2% 2% u(33)
e b . a. b :
_"
BM =20 |i+ 2 ;=-‘i£-é_,'
2 2 = 27 2=
— 2 2 3 2 2 2
AM| = _EJ g 2] \/if__ b_ Ju +b Ja +b
2 2 4 4
.-.-) 1 ¥ T
BM g_ J a’ +b \[ a’ +b’
2 . 4
= fraY (b :_vki ﬁi_Ja +b° _J + b
il [2] *(ZJ “Nd T4 N e N
= —> = Ala)
AM|=|AM|=|BM| Hence proved.
Q. Suppose a, b, ¢ are position vectors of A, B, C then
_ﬁ? . = é’ —
Position vectorof D, OD =
- .
Position vector of £, OF = g-¢
2 a+bh

Position vector of I, O =

= = = k= =% =2 =»
AB=0B-0A=b-¢c, BC=0C-0B=¢c-b, CA=04-0C=a—c
—> S =2 P

Now QD is perpendicularto BCso OD . BC =0

O(bc

—> — - -
OF is Lar toCA so OF .CA

[

)(c =0 = (c+th)c-b)=

=0

a+c

www.igbalkalmati.blogspot.com: L;,fgj,d-(;fi[_ag,;‘/{'/
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Adding I & I]
e —b'=0
@’ = =0
a -b'=0
Or (a-b)a+b)=0 or (a— _)(u Fb]=0
— -

= ABis perpendicular (o OF Hence proved.

8,/  a, b carevolAB,C (5gd 2010, Fsd 2011) =
AD is parallel to A so A?J=wg
— — —
Od=aq OB=h OC-=
i) o
AD is Lar to BC so g

a.(c=b)=0=a(c-b)=0
or a.c—a.b=0 =a.c=a.b—>1

= N © o B(Y)
BE is peapendn ularto OB so BE=b

—
Altitude BE isto CA so b.(a-¢)=0

=b.a-be=0=b.a=bh. e=a.b=

Comparing I & Il a c=bec =

ALM ﬂ:!’

S f‘c"
= Hence Proved. £ (./%al G AT H;'d- "'é J—'U/.ﬁ‘ e a f’ﬂﬂe,,g /
é!f Take any point ’(x, y) semjcircle. AlsoA( a 0) and B(a,0) are endsnfD:arneter

'f# =

..-)
Now AP. BP =| (x=(-a)i+(y=0);].[(c~a)i+(y~0) J]
=[(x+a)§+y£‘] . [(-"—H)E+J-‘£J=(r ta)x—a)+y’ Pl

(b—a)ec=0s0 43 is Lar to Altitude C‘F

2 2 ‘s 2 2 F:
=X —a +y =x+y'-q
We know in circle x” + y* =r” =@® so

e A= ) — —
AP. BP =a” —«" =0S0 AP. is perpendicularto BP A(=a,0) 0 Ban)
Hence proved. "» \o
. 3
Angle between 4P & BP isof 90" \ L\ (\
/\r‘

\\4’

Al a8 g
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) i _ =3 =
(1__1" s Cos(a + ) = CosaCos 3 — SinaSinf} Suppose OA and OB are unit vectors.

then OA=Cosai+ Sina i

_)
OB=Cosfli+ Sinﬂi
- = |2 |

0A . OB = |04|. |0B| Cos(a + )

(Cosai+Sina j) . (Cosfi-Sinf J)

=1. Cos(a+ f)

CosaCosfi — SinaSinfl = Cos(a + 2)

Or Cos(a+ f#) = CosaCosfi - SinaSinaf

¥zl () b=c CosA+aCos
'_4-‘,,{ —> = —» 1
: Inany triangle AB+ BA+CA=0 or a+bt+corb=a+¢

'X"' Dot product by b

~b.b=b.a+b.c

—b" =|b||a| Cos(z —c)+|bl|e| Cos(z —4) Note : Cos(w — A) = —CosA
—b" = ab(-Cosc) + be(—Cosd) = —abCosc — beCosA

+ both sides by -4

bh=cCosA+vaCosc  Hence Proved.

(ii) c=a CosB+ bCosA

= —p
In any triangle AB+ BA+CA=0
or a+b+c=0 C,._.tb £k

or—c=a+b

Taking Dot product by ¢
—¢c.c=¢c.a+ec.b

—¢* =|d||a|Cos(r — B)+ cbCos(x — 4)
—¢* =ca(-CosB) + ch(—CosA)

—¢* =—a ¢CosB —be (;:osA

+ by —c¢
c=aCosB+bCosA
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| - 5 >
(iii) We know that in any triangle AB+ BC+ CA =10 (Sargodha 2009)
or a+b+c=0
or —b=(a+c¢) ~ )

Taking dot product by — &
=b.(b)=(a+¢). (-b)
b.b=(a+c).(ate) Use-1
b* =a. a+ac+ca+ce

‘b? =a’ +2ac+c’

b' =a’ +¢’ +2|d|| ¢|Cos(z - B)

P =a* +¢* 4 2ac(~Cosf)
b* =a’ +¢* —2acCosf

(iv) ¢'=a*+b*-2ab CosC

_ - - -
We know that in any triangle AB+ BC+CA=0

or a+b+c=0

e /& I )
Taking dot product by —¢ (@J ,5/ ) 4 J, \)Q
—¢. (¢)=(a+b). (-¢) o \k\ (—,& :
e, (a+b)(a+b) Use—1 \\/L\\ R ,1}1\

¢’ =a.a+abrba+bb N @8} .,n&‘h Qk.

c* =a’+2ab +b° (ab=b.a)

¢ =a'+bte2falelCosir-c) SRR
C: = (12 + b1 +2t¥b(—(..0-5‘(‘) VI&-;;:& 5 \6‘ \.*\“'\
l,-j = u": +b'1 =2abCosC l@\

Hence proved. A1 . _ i
1= )J'J? KK =
II'J‘;‘j‘K) K'I.:O

B T
fud g 2 B

145 g o B2
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Exercise 7.4 ‘

L) a=2i+j-k&b=i-j+k

i j k _
axb=12 "1 ~l|=i(l-1)—j2+1)+k(-2-1)=3-3k
fege - R %
i 7 &
bra=[1 =1 1|=i(l=1)-j(-1-2)+k(1+2) =3/ +3k '
2 Al =1

Now @.(axb)=(2i+ j—£),(-3j -3 =13+ (-1)(-3)=3+3=0
So a & axb are perpendicular .
b(axb)=(i—j+k).(-3]-3k)=(=1)(-3)+(1)(-3)=3-3=0

b & axb are perpendicular
b.(bxa)=(i—j+k).(3j+3k)=(DB)+(-1)(3,=3-3=0

b & bxa are perpendicular
a(bxa)=(2i+j-k).(3j+3k)=3-3=0

a & bxa are perpendicular.

(ii) a=i+j&b=i-j
i

J

=R E TS

axh=

=i(0-0)— j(0-0)+k(=1-1) =2k

—
ro—

" .
bra=l =1 0]=i(0-0)-(0-0)+k(1+1)=2k

a.(axh)=(i+ f) (—2k) (~2k) = =2(0)+ ~2(0) = 0
blaxb)=(i- j)2k),=2(0)+2(0)=0
a(bxa)=(i+)).2k,=2(0)+2(0)=0
b.(bxa)=(i- j). 2k =2(0)-2(0)=0-0=0

Hence all above are | ar so proved.
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() @a=3i-2j+k &b=i+ (Lahore 2010)

i J k .

3-2 1 =i(0_1)—£(0—1)+.’£(3+3)=-{'+i+5£
| R |

IS
ba
(ks ]
Il

i j ok _

bxa=1 1 0/=i1+0)-;(1-0)+k(-2-3)=i-j-5k
521 Al 3

L 4. (@xb)=0Gi-2j+k)(i+ j+5K)=-3-2+5=0

Hence g & axp are perpendicular

i g.(ﬁxg]_z,(Bj—Zi#!i).(;‘—i‘—5&)=3-¢.~2—5=0
Hence a & bx a are perpendicular

iil. Q.-(c_.rxé')=(j+£).(—;’+__{+5&)=—l+l+0=0
Hence b . & axb are perpendicular .

iv. b.(bxa)=(i+)(i-j-5k)=1-1-0=0
Hence b & bxu are perpendicular

(iv) a=-4i+j-2k & b=2i+j+k (Sargodha 2009)

iJ ok .
axb=|-4 1 =2/=i(1+2)~ j(-4+4)+k(-4-2)=3i- 0,6k
2.4
i j k
bxa=|2 1 1 =';j(—2_1)-g(4-}4)+g(2+4)=3;~0£'+a£
-4 1 -2

3 @.(axb)=(~4i+j—2k).(3i-0j—6k)=-12-0+12 =0
Hence a & axb are perpendicular

i, b .(axb)=(2i+j+k).(3i-0j~6k)=6-0-6=0
Hence b & axb are perpendicular

i@ (bxa)= (204 j+K)(-3i—0j+6k)=—6-0+6=0
Hence a & bxa are perpendicular

iv. _b_.(ng)=(2{+£+£).(-3[—01+6£]=—6-0+6=0

Hence b & hxg are perpendicular

Al a8 g
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2. (i) a=2i-6j-3k,b= _+3£‘—*£ (Sargodha 2011, Guj 2010)
A Y
axb=[2 -6 -3|=i(6+9)— j(-2+12)+k(6+24)=15i 101'+30g
4 3 =1

la x 8= J(15)" +(=10)* +(30)° =+/225+100+900 = 1225 = 35

axb 15i-10j+30k 3 2 | ¢ _
= L=k /AN 4
lax 8| 35 s a0 G
Qﬂwﬂ: e 1;‘9@
Now |a] = /(2) +(=6)" +(-3)" =V4+36+9 =49 = 7

Required unit vector =

lé|=J(4)"+af+(—1f=J16+T=J£ Ef”f”“"W
S:';ra—laxbl 5 ¢ Wféfﬁf
ol =7~ Fx 7]
(i) a=-i—j-k b=2i-3j+4k A
6L Ik Ares of forjro] UV
axhb=-1 -1 -1/=i(-4-3)- j(-4+2)+k(3+2)=-Ti+2+5k
2.-3 4

ICI x b‘ J— +(") (5)3 =JM=J7—3
Required unit vector= it 2j vk _1, . Jj+ 3 k

Tis vl T
Now [a| = y/(=1)’ +(=1)’ + (-1) =\

|Q|=\/(2)“+(—3)2+(4j3=\/4+9+1 =29
1 —l I
0 Tl -

() a=2i-2j+4k,b=~i+j-2k
i j k
axb=|2 -2 4=i(4—4)- j(-4+4)+k(2~-2)=0i-0j+0
-1 1 =2

=0 or Null Vector
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(iv) a=i+ __;:, b=i —ii (Sargodha 2012)
Y R
axb=|l 1 U=g‘(0+0)—i'(0—0)+£(—1—1)=0{—0£’—2_fg
1 -1 0

la x b= {0) + (0 +(=2)* =2 =2
axb —7k La
|a>cb] 2

Now |a|=/(1)" + (1)’ =2
6l =+/(1) 1 (=1 =2

Required unit vector=

Sinf =—

Iallb! "V 2
3..() P(,0,0), 0(2,3,2), R(—LL-")
—
PO=(2-0)i+(3-0)j+(2-0)k=2i+3/+2k — —%
5 = - o of 4 - f/ﬂ’“’/
PR =(- 1—0)!+(1—0)_]+(4 0)k =—i+j+4k
- — L Jk
POxPR=| 2 3 2= {12—2)--!'-(8-!-2)+-@(2+3)=10i—10j+5£
-1 1 4

PO x PR|=\J(10)’ +(10)° +(5)’ =V100+1007 25 = 225 = 1

PO x PR

|
Now Area of triangle POR = =

il 15 IS
—5{ 3)= 5 - 5q. Units.

(ii) P([ ~1,—1), Q(2,0,1), R(0,2,1)

!’Q (2 l)r+{U+]);+( I+l)k—f|_;

—
PR=(0-1)i+(2+1)j+(1+ 1k =—i+3] + 2%

-2 e T S
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e Y
- = = K _ :
POxPR=|1 1 0 =;‘(2—0)—£(2—0)+I;(3+1)=2_¢—21+4£
=] 3 2

PQxPR| J P H(=2)" +(4)! =A+4+16 =24 =2x2x6 =26

Now Area of triangle POR =E|@ X PR' = TJ_ =-\/6 Sq. Units.
'k 4. (i) A(0,0,0), B(1,2,3), C(2,-1,1) D,(3,1,4) (Sargodha 2012)
' —
AB=(1-0)i+(2-0)j +(3-0)k =i+2/ +3k
_>
AC=(2=0)i+(-1-0)j+(1-0)k =-2i - j+k
| . B
- - =
ABx AC =| 1 2 3|=i2+3)-j(1-6)+k(-1-4)=5i+5) -5k
2 1 1
- o] =
AB x AC|=\[(5) +(5)" +(=5) =25+ 25125 =75 =/5%5x3 =53
-Area of Parallelogram = lﬂ X E(-:| = 5\[.'; Sq. Units.
(ii) A(1,2,-1), B(4,2,-3), C(6,-5,2) D,(9,-5,0)
___)
AB=(4-1)i+(2-2)j+(-3+1)k=3i-2k
_)
AC=(6-1)i+(-5-2)j+(2+Dk =5i-7j+3k
i 7k
= = =
ABxAC=|3 0 =2[=i(0-14)— j(9+10)+k(-21-0)=—14i ~19/ - 21k
§5 =7 3
- — = 3
AB x AC =J(—l4)‘+(—l9)‘ +(=21) =196+ 361+ 441 = /998

Area of Parallelogram ABCD = \Zﬁ X B‘El =+/998 Sq. Units.

(iii) A(-1,1,1), B(-1,2,2), C(-3,4,-5) D(-3,5,-4)

_-*
AB=(=1+1)i+(2-1)j +(2~Dk=0i+ j+k
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e
AC:(—3+1)g‘+(4—l)£+(—5—1)£:_=—2{+3£—6£
J k
= = =

ABxAC=| 0 1 1 ={(-—6—-3)—l(0+2)+£(0+2)=—9{—2£+2£

2 3 =6

I~

Area of Parallelogram ABCD = J( -'E\’)2 +(=2)" +(2)* = /89
5. 1) wu=5i—j+k, v=j—5k, w=-15i+3j-3k,
w.v=(5i—j+k)(j =30 =DM+ (N-5)=-1-5=-6+0
Not Perpendicular
v. w=(j—5k)(-15i +3j—-3k)=(3) +(-5)(-3) =3+15=18 =0

Not perpendicular
u. w=(5i- i k). (15 + 31'- =3k)=5(-15)+(-1D)@3)+1(-3)=-75-3-3=-81#0

Not Perpendicular {
Now w=-15i+3j~ 31::-3;5;-;+k) SLP

w=-3u  sou&w are parallef‘f( Vs e
?}“H .F {‘ﬁlf \!':‘ZI b r X
(i)~ w=i+2j—k, v=—i+j+k, w=—=itnj+k

e
5“4:4 ,_17/ 2 e/ Veedo s

.|ﬂ

- For parallel

_x‘ <
w=—-i-mj+—k=
W=k

-

—mi+2n j+nk -
i 25 ——”{sz k)

-
w=—u Sou & w are parallel.

Now for perpendicular
wv=>+2j-k)(—i+j+BO)=1=D+2D)+(-DD)=-1+2-1=0

For u & w no need to check for perpendicular bécause they are parallel.

6. 3‘:4 QX(_Q+Q)+QX(§+Q)+QX-(Q+Q)=O (Sargodha 2007, 11)
LHS =ax(b+c)+bx(c+a)+ex(a+b)
=axb+axce +bxa+bxa+cxa+¢xb

=t=h+a—c+tb—d=
m—aﬂl—t -a;ﬁ (l/((, +b/ ﬂyf(b;
Bukﬁéx-az

= CJ
bihen f'éxa,
C‘Jmn‘;c’ -0 X 6 =

www.igbalkalmati.blogspot.com: ;.,_’,f_w'u}(ﬂi[_ag;/{'/



www.iqbalkalmati.blogspot.com
www.iqbalkalmati.blogspot.com

www.igbalkalmati.blogspot.com

COLLEGE MATHEMATICS—II ' VECTORS
7. f a+b+c=0 (Sargodha 2010)

Take cross product with a
ax(a+b+c)=ax0

axa+axb+axe=0 =0+axb+axe=0
axb=-axc —>axb=axe (1)

Take cross product with &
bx(atb+ec)=bx0=bxa+bxb+bxc=0
bxa+0+bxc = —axb+bxc=0
bxc=axb  (II)

Combining / and // then axb=bxc=cxa

8. ‘,ﬁ Sin(a— p) = SinaCos 3 — CosaSinf (Lahore 2010, Sargodha 2012)

-
Suppose two unit vectors OA4 & OB A
._.)
OA = Cosai + Sinat j
- it B
OB =Cosfi+Sinpj _ i\
e e 3
We know that OBx OA = |OB||OA| Sin{a - [)k
{ J k| > |-
A B
Cospp Sing 0|=1.18in(a— Pk
Cosa  Since - 0 Ef-’ffw.n'ﬂheyure
unit Vector

i(0-0)= j(0=0)+ k(SinaCos § = CosaSinf) = Sin{a — Bk
(SinaCos f — CosaSinf)k = Sin(a — f)k
Hence Sin ‘an(ﬂ' — [Nk = SinaCosf — CosaSinf

9._;; a.b=0

:}[Q{Q‘ Cost) =0
= Cost=0 = 0=Cos™(0)
d=90"°

Soa & b are perpendicular

Aol g w oy
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axb=0

= |a||b| Sin0=0 = Sing=0
= @=S8in"'(0)=0

0=0,n
So a & b are parallel.

At the same time parallel and

perpendicular not possible so one vector should be
Zero or null,

Example 7 of (7.5) (Sargodha 2008) J
The Constant forces 2/ -5+ 6k & —i+ 2j+k act on a body which is
displaced from position P(4,-3,2) 1o O(6, 1.=3), Find work done.

Sol. F=2-5]46k F,=—i+2j—k

PB4l =2-5]+6k—i+2j~k=i-3j+5k

Displacement =PQ=(6—-4){'1—(1+3)z’+(4~3+2)£=2{-!—4
d=2i+djk '
Workdone F . d =(i-3j+ 5k).(2i+4j-k)
:2“-12—-_S= —15=15r;‘.(always+ve)

J

Example 2 of (7.5) (Sargodha 2008)
Prove that A(-3, 5,-4). B(-1L1,1). C(-1
—
Sol. .-18:(—I+3);'+(]——5)i+(]+4)&=2§—4__{+5ﬁ
_),
AC = (—I+3){+(2—S)2+(2+4){c_ = 2{—-3;}6&

y2.2), D(-3,4,-5)are Coplanar

—
AD = (—3+3);‘+(4-5)£‘+(—5+4)&=05‘—i—k

Si o=y 2 -4 5
AB. ACxAD=]2 -3 6 =2(3+6)-(—4)(—2—0)+S(—2+0)=18—8—10=0
0 -1 -1

Hence Coplanar.

-2 e T S
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Unseen of (7.5) (Sargodha 2010) )
Find volume of parallelepiped u =2i+j—k, ¥ :§~2J_f+3_fg, w=i-7j-4k,
2 1 =1
Volume of parallelepiped u . vxw=|{l = 2 3
1 -7 -4
=2(8+21)-1(-4-3)+(-D(-7+2)
=58+7+5=70

Example 5 of (7.5) (Sargodha 2008)

Proved that
A(—6i+ 3£'+ 2k) B(3i— 21‘ +4k), C(5+ ?__}: +3k), D(- 13i+1 71—1_:) are

coplanar

—5 —
0.4=—6{+3i+2£ OB=31'—2£'+4}_\:

- >
OC =5i+7j+3k OD=-13i+17j+k

- > =
AB=0B-0A4=3i—2j+4k+6i-3j -2k =9i—-5] +k
_}

> —
AC =0C—-0A=5i+7j+3k+6i-3j-2k=11i+4]+k

- > —
AD=0D—AD = —13i+17j —k+6i—-3j -2k =~Ti+14/ -3k

ARl | el
UB ACx AD=|11 4 1|=9(-12-14)—(-5)(-33+7)+2(154 + 28)
=7 14 —3

=-234-130+364=0

Hence coplanar.
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V/{a / '3‘,11

Theorem 01: __,,_’._,:' |
a b ¢ %

¢y ”ﬂ ('af)w!!ﬂel' _d:,_z/;/gxll (0)564'{”}9; yd (/
Cy ¥ - -

Provethat u . v x w=la, b,

a, b,

Proof Suppose u = wji+b j+c k. v =a,i+b,j+c,k. w =a,i+b, j+c.k.
'] k

Then vxw=ia, b, «¢|=i(bc,—cb)-alac,—a;c,)+k(ab, —ab,)
a, by ¢
Now u v x w=(ai+b j+ c,&).L(b._,c., —&,h,)i —(ae; —aye, )J+(ab;, —ab, }&)J

= a,(byey —¢3b,) = b (ac, —ac,) + ¢, (ah, —ab,) (/)

la, & ¢
Now =\a, b, ¢ |=a(byey—c,b)—b(a,e, —agc,)+cla,b, —ab,) (1)
|I(fl b-. [ 5

Comparing 1 & /I 50

u. . ¥yxw=la, b ¢

Theorem 02:
Provethat u .vx w=yv WX uU=W ,UXYy

=—|a, b ¢ |Interchanging g and R,

a, b, ¢

=|a, b, ¢ |Interchanging g, and R
a b ¢

U .VXW=V . WXU
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a, b, ¢
Now y .wxu=la, b ¢
. a b ¢
a; b ¢
=—|a, b, «¢,|Interchanging & and R,
a b ¢

=(=)-)|g, b ¢ |Interchanging R, and g,
a, b’ ¢
v.owxu=w . .uxy——]l

Comparing / & //wehave i . ¥ X W=V . WXU=W . UXY

1 () w=3i+2k,v=i+2j+k, w=—j+dk

Volume of parallelepiped = n.vxw

3 0 2
=1 2 1
0-1 4

=3(8+1)-0+2(-1-0)=27-2=25
() w=i-d4j—k,v=i-j-2k w=2i-3j+k
Volume of parallelepiped =u.yxw

1 -4 -1
=Il =] =2

2-3 1
=1(=1=-6)=(-4)(1+4)+(-1)}-3+2)
=-7+20+1=14

(i) w=i-2j+3k,v=2i-j-Kk,w=j+k
Volume of parallelepiped =

uyxw

1=2 3 :
=2 -1 -1

0 1 1

=1(=1+D-(-2)2+0)+3(2-0)=0+4+6=10
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2.

4. (i)

(ii)

a=3i—j+5k, b=4i+3j-2k, c=2i+5j+k

3-1 5
abxc=4 3 ~20=3(3+10)+1(4+4)+5(20-6)=39+8+70=117
2 5 1
4 3-2
bexa=2 =5 5/=4(25+1)-3(10~3)-2(-2-15)=104-21 4 34=117
3-1 5
2 5 |1
c.axh=3 -1 5[=2(2-15)-5(-6=20)+1(9+4)=-26+130+13 =117
4 3-2

Hence u. bxe=b. exa=axb
u=i j+3k,v=-20+3j-4k, w=i-3j+5k (Sgd2008,09 Guj2010)

wyxw=-2 3 —4{=1(15-12)— (-2)(-10+4)+3(6-3)=3-1249=12-12=0

S0 given vectors are coplanar.
Find the constant ¢ such that
1= J+k, i=2]-3k and 3i—a j+5k are coplanar
According to Given condition.
I =] 1.4
1 =2 -3=0 = 1(-10-3a)-1(-1)5 +9)+1l(~a+6)=0
S~ 5
-10-3a+14-a+6=0

o 4a+10=0 = 4a =10 =>(z=?:>a=§-
u=i-2aj-kyv=i-j+2k, w=ai-fj+k
w.v.w are coplanar if y.vxw=0
1 =2« -1
So |1 =1 2=1=1+2)=(2a)1 -2a)+(=1)(-1+a) =0
a =P 1

or ~14242a-4a’+1-a=0
= —da’+a+2=0Mulliplyby (=]) = 4da‘-g-2-0

-2 e T S
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Using quadratic formula

(DY) -4@4)(-2) 1441432 1433
2(4) 8 8
5. (i) 2ix2j.k=4(ixj)k=4k k=4()=4

(i) 3jkxi=4j.j=3(1)=3

I

(b)  MYXWH+VWXUAWUXY=3UYXW
a b o H:‘ﬁf'*'bL_f'i'Ua!E
Nowu .vx w=la, b, ¢, v=a,i+bhj+ek
a, by ¢ w=a;ith jtck
a, b, ¢
=—la, b ¢ |Interchanging R and R,
a, b, ¢
a, b, ¢,

~

=SPWXU = WVXW=V.WXU (1) =

Similarly we can prove = W.uxv=uyxw (1) :‘s\‘

= UV KW= VXU = WHXY %f;.:{)

Now L.H.S= iy X W+ VWX U+ WU XV w 1> 155

SUNXWHUYXWHUYXW -:; ,’\%{ f;)(-‘

=3uyxw=RHS Hence proved. 1}\’51 w 0SS
6. () 4(0,1,2) B@3,2,1) CA.2,1), DG,56 V. —

o L, ( L] '\Q

AB=(3-0)i+(2-1)j+(1-2)k=3i+ -k H

._)

AC=(1-0)i+2~-Dj+(1-2)k=i+j-k

___>
AD=(5-0)i+(5-1)j +(6-2)k=5i+4 + 4k
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BRSO SR
AB.ACx AD =1 1 =1|=3(4+4)=1(4+5)+(=1)4-5)
54 4

=24-941=16

o W A L
Volume of tetrahedron =% .4B.AC>:.4D];—(;——: Sq. Units.

= 3

(ii) A(2,1,8) B(3,2,9) C(2,1,4), D(3,3,10) (Sargodha 2009 Lahore 2010)
/;; =(3-2)i+(2-Dj+(9-8k=i+j+k
_C}'=(2—2);_'+(l-l)i'+(4—-81£=0[‘+0£‘—4£
.;5:f3—2){'+(3—1)£+(10-8)k =i+2j+2k

= = =K 1 1 !
AB. ACxAD=10 0 —4|=1(0+8)-1(0+4)+1(0-0)=8-4+0=4
I 2 2
F=2 = = '
Vulumeof‘.elrahedron=E{AB.AC'>< .JUJJ —{4)— Sq. Units.
7 P,(S,l.—l!), AP3(2|4n6)$ £=4i+3i+5£

_.>
d=PBP,=(2-3)i+(4-1)j+(6+2k=—i+3+8k

Work done= F.d = (4i+3) +5k)(—i+3j +8k)
=4(=1)+3(3)+5(8) =—4+9+40=45N

8. A(L,2,3), B(5,4,1), F, =4i+£“3£! £, =3.‘:_£_£
F=F +F,=4i+j-3k+3i-j-k
—7f—4k

d—le—{S—l)r+(4 2)j+(1=3)k=4i+2)-2k
Work done F.d = (7i—4k).(4i +2j - 2k)
=7(4)+ (-4)(-2) =28 +8 = 36N

9. A(5,-5,-7) B(6,2,-2)
Ey=10i—j+11k F,=4i+5/+% F =-2i+j-%
£;L,+!_.+!' =10i—j+11k+4i+5;+9% -2i
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10.

12.

11.

-~ L -
d = AB= (5—Hi-+ 4= t:(1 =3k =4i+2j—2k (o5 )44 *

Work done FF.d

= (12i+5/ +]1 1k).(i+7 ) +5k)

=12(1) +5(7)+11(5)=12+35+55
=102 = 67 (given in book)

let u=2i-2j+k A(1,2,3) B(5,3,7)

lu|= @) +(=22 +(1) = Va+4+1=T =3

2i-2j+k ~ CEx(2i-2j+k
Mzg-:———1 4 — Now F-6._f=-———x(' ‘{;)
Ty 3 T 3
F=4i-4j4+2k
_>

d=AB=(5-1)i+(3-2)j+(T-3)k =4i+ j +4k
Work done F.d §

=(4i—4j+2k).(4i + j+4k)

= 4(4) +—4(1)+2(4)

=16-4+8=20

F=3i+2i-4k A(1,-1,2) B(2,-1,3) (sargodha 2009)

—
£=BA=(1=2)i~(-1+1)j + 2~k =ik

Moment of Force = M =rx I

i J  k
=-1 0 -1
3 2 =4

=i(0+2)= j(4+3)+k(-2-0)=2i=7 -2k
= 4{.*3;_‘ A(Z,"Z.S} B“!_'svl)

=
r=BA=(2-1i—(2+3)j+(5-Dk=i+j+4k

Moment of Force = M =rx F

i J  k
=l1 1 4
4§ 0 =3

=i(=3-0)-j(-3-16)+k(0-4) =-3i +19/ -4k

Aol e w oy
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13. F= 2H—j 3k A, 2,1) B(2,0,-2) (Sargodha 2011)
rﬁBA =(1-2)i+(- 2 U)_}+(l+7)k—-—-f—2j+3k
Moment of Force = M =rx F
I f Kk .
==, =00 13
¢ 1 =3
={6=3)=j(3-6)+k(~1+4)
:3i+3j+3£ .
8. F=i-2j, F,=3i+2j-k, F,=5i+2k, A(,1,1) P(2,0,1)
E=R+F+F, "
=i-2i+ 3:+2_;—k+5r‘+2k—9f+k
r—AP (2=Di+0-1)j+(1-Dk=i-
Moment =M =rx F t
i J  k
=1 =1 0
9 0 _
=£(—1—{1)—j(l~0}+_¢(0+9)
=i j+9%
15. E=T7i+4j-3k P(1,-2,3) 'Q(2,1,1) _ (sargodha 2008)
-

£=QP=(1~2)£*1(—2—1)g+(3~1)i=—£~3g+2£
Moment of Force = M = rx I/
ik
=-1 =3 2
7 4 =3
:{{9—8)—1(3—14)4-&(—44»21)
=i+11/+17k

O I
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TEST YOUR SKILLS ‘ Marks 100
OBJECTIVE
Q.No.1 Given below are a few possible answers to each statement of which one is
correct, identify the correct one. (20)

1. A physical quantity that can be specified by a number along with unit iscalled a
(a) Vector ‘.{M/ Scalar

(c) Constant (d) Variable
2. A physical quantity that possess both magnitude and direction is called a
{a) Scalar (b) Variable
(c) Constant )y Vector
3. A unit vector is defined as a vector whose magnitude is
(a) Zero MY Unity
{c) More than1 : (d) Lessthan1
4. If terminal point B of vector AB coincides with its initial point A then it is called
(a) Unit vector (b) Zero vector
(c) Null vector ud)” soth(b) & (c)
5. The vector, whose initial point is the origin 0 2 + whose terminal pointis P i.e., OP
is called :
(a) Unit vector (b) Null vector
Positian vector (d) Scalar

6. Magnitude of the vector xi + yj is

(@ iy (b) Jx -y
(€ ¥-y M‘ fot 32

7. If cos o, cos [3, cos y are direction cosines of a vector g then
(a) CosaCosy (b) Cosa + CosP+Cosy=0
{c) Cosa+CosP+Cosy=1 s _{@)"Cos’ a+Cos’ B+ Cos y=1
8. Fortwovectorg&b:a.b=
(a) a+b (b) a-b
(c) ab Wd] b.a
9. For unit vector {c:, k . g =
(a) 0O (b) -1
(c) 2 ) 1
10. If the angle 0 between the vectors u & v is nt then the vectors are
(a) Perpendicular (b) Collinear
(c) Parallel {d) Both (b) & [c}
11. Ifj &j are two unit vectors then i x j=
(a) O (b) 1

() -1 uer” k

12. Two non-zero vectors a & b are parallelifax b=
(a) 1 (b) -1
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(c) © (d) -bxa
13. The zero vector is regarded to be parallel to:
(a) Everyvector (b) Insome cases
(c) Both(a)&(b) (d) None of these
14, If g & b are vectors along two adjacent sides of a parallelogram then area of a
paralielogram is
(@ lal.lg] (b) a.b
(@ laxs| (d) laxb]
15.  li g, b & c are three non-zero vectors then scalar triple product of these vectors is
(3 a.bxc (b) axb.c
(c) Both (a) & (b) (d) a.b.c
16. If g, b & c are three non-zero vectors then vector triple product of these vectors is
(8) a.bxc (b) axb.c
(c) axbxc (d) Both(a) & (b)
17.  If three edges of a tetrahedron given as vector & @, b & ¢ then the volume is
(a) “;‘(g-_bxg) (b) %(Q-QXEJ
1 1
() Zla.bxg) (d) Zla.bxg)
18. Moment of force F about a point is given by
(a) Dot product (b) Cross product
{c) Both(a)&(b) > (d) None of these
19. The vectors lying in the same plane are called
(a) Collinear vectors (b) Perpendicular vectors
(c) Coplanar vectars (d) Parallel vectors
20. Moment of a force about a point is:
(a) Vector quantity (b) Scalar quantity -~
(c) Zero (d) None of these
SECTION 1
SUBJECTIVE

Attempt any 25 (twenty five) short question from Question 2,3 and 4, at least 12 short questions
from question 2, 12 short question from question 3 and 13 short question from question 4. All
question carry equal marks.

Q.No. 2

i
il.
iil.
iv.
V.

(25%2=50)

Find a unit vector in the direction of the vectorv=i+ 2j — k

Find a vector of magnitude 4 & is parallel to 2i — 3; + Bk

Find ctso that | cj+ (o + 1)j+ 2k | =3
What are direction cosines of v= 2/ + 3] + 4k

Find two vectors of length 2 parallel to the vector v = 2i — 4j + 4k
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i, Find the constant a so that the vectors v = - 3 + 25 and w = al + 9 — 12k are
parallel.

vii. Find o and b so that the vectors 3/ — [+ 4k and g/ + bj — 2k are paraliel.

viii. Check whether the triple (i) 45°, 45°, 60°, (ii) 45°, 60°, 60°
be the direction angles of a single vector.

iX. Find a vector of length 5 in the direction opposite that of v=i - 2j + 3k

X Find a scalar ‘e’ so that the vectors 2/ + «f + 5k and 3/ + j + «k are perpendicular.

. If u=ayf+ by + ik

V=0 + by + Gk

Prove that u . v = {a;)(a;) + (by)(b;) + (c;)(c:)
xil. Find the angle between y=2i—j+k

Yoy=—it

O.No. 3
i Calculate the projection of a along ba =1—k, b =+ k & the projection of b along a.
ii. If visavectorsuchthatv.i=0,v.j=0,v.k=0find v.
iii. Find a vector perpendicular to each of the vector ¢ = 2i + j + k and

b=4i+2; k
iv. Find a unit vector perpendicular toa & b
a=2i-6/-3k : b=4i+3j-k
v, Prove thatax(b+¢)+bx (c+a)+cx (a+b)=0
vi. Find the volume of the parallelepiped determined by u=i+2j-k -
v=i—-2j+3k
w=i-7[ 4k
vii. Find ax so thatoi+j, i+ j+ 3k & 2i + | — 2k are coplanar,
viii. fa=3i—j+5k b=4i+3j-2k&c=2i+5/+kfinda.bxc
iX. Prove that vectors i —2j + 3k, —2i + 3] — 4k & 1 — 3/ + 5k are coplanar.
X. Find the value of (i) 2i = 2} k, (ii) 3f . k = i, {iii) [k i 4], (iv) [i{ k)
xi. Find work done by £ = 2/ + 4/ if its pts of application ta a body moves if from A1, 1)
to 8(4, 6)
Xii. A force F=7i+4j— 3k is applied at P(1, -2, 3)

Find its moments about the pt Q(2, 1, 1)

Q.No. 4 >\

i. Find a vector from A to the origin where 48 =4i 2j& B= (-2, 5)

i If u=2i+3j+k
v=4i+6]+2k
w=—6i-9j—3k >8
(@) ' Find|u v w| '

(b) Show that u, v & w are parallel to each other.
ii. If OC =2i—3jand OD =3i+2j
Then find a position vector of a pt which divide it in the ratioc of 4 : 3
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iv.  If OF =5/, OF =4j+j
Then find position vector of a ptwhich divide it in the ratio of 2 5.
v, Define direction cosines & direction angles of a vector.
Vi. What is the geometrical interpretation of u . (v x w) (scalar triple product)
vii, lfaxb=0&a.b=0
What conversion can be drawn about gorb?
viii, Define scalar & cross products of two vectors.

iX. What is geo metrical interpretation of axb.
X, What is null vector?
xi. What are equal vectors?
xii. What is position vector of a point?
xiii.  Find a, so that |a i +(a+1) j + 2k|=3.7
SECTION il
Attempt any 3 (three) questions. (3x10=30)
Q.No.5
(a) if for.e F=7i+4j-3k is applied at P(1,-2,3). Find its moment about the point Q(2,1,1)
(b) Prove that cos® & +Cos® f# + cos® y = 1
Q.No.6 '
(a) Find the value of | so that i+), i+j+3k and Zi+j-2k are coplanar.
(b) Find the vector from the point A to the origin where AB =4i-2j and B is the point
(=2,5)

Q.No.7
(a) If a+b+c=0, then prove that axb=bxc=cxa.

. . _ A 1. V3,
(b) Find a unit vector in the direction of the vector v = 5 i +——2—.;
Q.No.8
(a) Prove that sin(a + /) = sina cos f +cos a sin yij
(b) If u=2i+3j+4k, v=—i+3j-k and w=i+6j+zk represent the sides of a triangle. Find the

value of z. :

Q.No.9
(a) Prove that in triangle ABC. b%=c’+a’~2cacosB
(b) Find area of triangle , determined by the point P, Q and R,

P(1,-1,-1):Q(2, 0, -1): R(0, 2, 1)

Aal| g w oy
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Previous Board Questions
AL
1., What is null vector? S (Lhr — 2000)
2 What are equal vectors?
3. What is position vector of a point? (Mirpur = 2009)
a.  Finda,sothat jai+(a +1)j +2k|=3.7

(Guj — 2007, Lhr — 2008, Fsd — 2009)

o Show that the diagonals of a parallelogram bisect each other?
: (Lhr = 2007)
6. What are direction angles of a vector? (Mirpur — 2009)
7. Find the value of [E,f.}]? {Lhr — 2006)
8. Define scalar product? (Lhr—2008)
9. Find a vector of length 5 in the direction opposite to V.= i+2j+3k?
i {Mtn - 2009)
10. Find the value of 2 x 3}.4!2 ? (Grw = 2005)
\ 11, Show that L.ixﬁ=1? (Grw — 2007)

L 12. Find if ai+j.i+i+3k,2i+j~25?
(Mtn — 2009, Mirpur — 2009)
13, What are coplaner vectors?
14, What is unit vector?
15. Eind the vector perpendicular to the plane of 1 + j and i—].
(Faisalabad — 2009)
16. Find a unit vector in the direction of vector 2i — j. e
(Lahore — 2010) Group — |
17. Findaxbwhena=(2,3,1)andb=[1,0,2].
(Lahore — 2010) Group — |

3o ik
18. Write a unit vector in the direction of the vector =~ i -3 I
(Lahore — 2010) Group — Il

19, Prove that (vectorially) that cos (& — B) = cos B + sina sin B.
(Lahore ~ 2010) Group — ||
20. Find the direction cosines for the vector a = 6i — 2f + k.

(Gujranwala — 2010)
21. Find the cosine of the angle B between u and y where u = [-3, 5],

v =[6,-2]). (Gujranwala — 2010)
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