
Principle of Virtual Work in terms of finite deformation 

∫ 𝑆𝑖𝑗𝛿𝐹𝑖𝑗𝑑𝑉
𝑉

= ∫ 𝑇𝑖𝛿𝑢𝑖𝑑𝐴
𝜕𝑉

+ ∫ 𝑏𝑖𝛿𝑢𝑖𝑑𝑉
𝑉

 

Proof: 

The right hand side of the equation = ∫ 𝑇𝑖𝛿𝑢𝑖𝑑𝐴
𝜕𝑉

+ ∫ 𝑏𝑖𝛿𝑢𝑖𝑑𝑉
𝑉

 

considering 𝛿𝑢𝑖 = 𝛿(𝑥𝑖 − 𝑋𝑖) = 𝛿𝑥𝑖 

𝑅𝐻𝑆 = ∫ 𝑇𝑖𝛿𝑥𝑖𝑑𝑉
𝜕𝑉

+ ∫ 𝑏𝑖𝛿𝑥𝑖𝑑𝑉
𝑉

= ∫ 𝑆𝑖𝑗𝑁𝑗𝛿𝑥𝑖𝑑𝐴
𝜕𝑉

+ ∫ 𝑏𝑖𝛿𝑥𝑖𝑑𝑉
𝑉

 

Using the divergence theorem for the first term above, we have 

𝑅𝐻𝑆 = ∫ (𝑆𝑖𝑗𝛿𝑥𝑖)𝑗𝑑𝑉
𝑉

+ ∫ 𝑏𝑖𝛿𝑥𝑖𝑑𝑉
𝑉

 

= ∫ 𝑆𝑖𝑗

𝜕𝛿𝑥𝑖

𝜕𝑋𝑗
𝑑𝑉

𝑉

+ ∫ (
𝜕𝑆𝑖𝑗

𝜕𝑋𝑗
+ 𝑏𝑖)𝛿𝑥𝑖𝑑𝑉

𝑉

 

Considering the equilibrium equation 
𝜕𝑆𝑖𝑗

𝜕𝑋𝑗
+ 𝑏𝑖 = 0, the second term vanishes and 

then it yields 

𝑅𝐻𝑆 = ∫ 𝑆𝑖𝑗

𝜕𝛿𝑥𝑖

𝜕𝑋𝑗
𝑑𝑉

𝑉

= ∫ 𝑆𝑖𝑗𝛿𝐹𝑖𝑗𝑑𝑉
𝑉

= 𝐿𝐻𝑆 

 

 


