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g Near-field Ptychography

st;ﬁg;;ﬁ,"fr @ Ptychography is a particular form of masked phase retrieval in which the collections of

Phase Retrieval masks are generated by taking one physical mask and shifting it in space
from Local
g;”,‘e.;:?:n @ Near-field Ptychography is when the distance between the lens, object, and detector are

Measurements small (microscopic imaging).
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Figure: "Wide-field, high-resolution Fourier ptychographic microscopy” - G. Zheng et al., 2013

2/14



Near-field Fourier
Ptychographic
Phase Retrieval

from Local
Correlation
Measurements

Mark Philip
Roach

Near-field
Ptychography

Near-field Ptychographic Measurements

Let x € C9 denote the unknown object
Let m denote the known mask, p the known point spread function (PSF).
The noisy near-field ptychographic measurements will be of the form

Yie = |(p* (Skm o X)? + Nee,  (k,€) € K x L S [d]x[d]

K: set of shifts, L: set of frequencies

Circular shift:  (Sxkm)n = Mpyk mod d

Discrete convolution: (u=v), = Zg;& Uk Vn—k mod d
Pointwise (Hadamard) product:  (uo V), = upVp

X

Forward
LED matrix z
P,

M
—PM
9, PSF1*(P:M)
o
<
Mask plane % PSF*(ErM)-0
(Pinhole) I d <
Object plane L R =
LA

Detection plane
(Sensor)  CFI[PSF+*(P:M)-O]*
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Matrix
Conditioning

Reducing To Inner Product Form

@ Consider the noiseless measurements Yy = [(p * (Skm o X)).[?, (k, ¢) € [d] x [26 — 1]
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‘;“i Reducing To Inner Product Form

Near-field Fourier @ Consider the noiseless measurements Yy = [(p * (Skm o X)).[?, (k, ¢) € [d] x [26 — 1]
Ptychographic
Phase Retrieval @ By letting Yy, = Yok ok, M) M ~ 5P om, (D), = p_n, one can show that
from Local
Correlation

Measurements Yk ¢ =|(m SkX>\2 (K,()) € [d] X [26 - 1].
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Matrix
Conditioning

Reducing To Inner Product Form

Consider the noiseless measurements Y, = |(p * (Skm o X))¢[?, (k,¢) € [d] x [26 — 1]
By letting Yi ¢ = Yok cek, rh([p’m) = S¢pom,(P)n = p-n, ONe can show that

Yie = KMP™ SR, (K, 6) € [d] x [26 - 1].

Fast Phase Retrieval from Local Correlation Measurements - Iwen, M., Viswanathan, A.,
Wang, Y. analyzes phase retrieval measurements of this form, by using a lifted linear

system involving a block circulant matrix M and 6 << d supported masks.
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Reducing To Inner Product Form

@ Consider the noiseless measurements Yy = [(p * (Skm o X)).[?, (k, ¢) € [d] x [26 — 1]
@ By letting Yk = Yok ik, rh([p’m) = S¢pom,(P)n = p-n, ONe can show that

Yie = KMP™ SR, (K, 6) € [d] x [26 - 1].

@ Fast Phase Retrieval from Local Correlation Measurements - Iwen, M., Viswanathan, A.,
Wang, Y. analyzes phase retrieval measurements of this form, by using a lifted linear
system involving a block circulant matrix M and 6 << d supported masks.

@ Let D = d(25 — 1). We then define the block circulant matrix M € CP*P via

Me My, ... My, 0 0 .. O
— 0 m0 \M1 eee \Mbq 0 e 0
M = )

M, ... My 0 0 0 .. M

where the matrices M € C20-1x(20-1) are defined entry-wise by

_ ()i () i, 0<j<o-k
M) =3 (M) (W)jpzs 20— 1+k<j<26-2Ak<6
0, otherwise
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Condition Number Bound

@ Then it is shown that vec(Y) = Mz for z € € being a portion of vec(xx*)
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@ Then it is shown that vec(Y) = Mz for z € € being a portion of vec(xx*)

@ Thenz =M"vec(Y) and we reshape z to recover X whose non-zero entries are
estimates of the xx*
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@ Then it is shown that vec(Y) = Mz for z € € being a portion of vec(xx*)

@ Thenz =M"vec(Y) and we reshape z to recover X whose non-zero entries are
estimates of the xx*

@ An eigenvector based angular synchronization is then performed on X to recover Xegt
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Condition Number Bound

Then it is shown that vec(Y) = Mz for z € € being a portion of vec(xx")

Then z = M~"vec(Y) and we reshape z to recover X whose non-zero entries are
estimates of the xx*

An eigenvector based angular synchronization is then performed on X to recover Xest

In the paper, it is shown that exponential masks rh(ffp’) defined by

—(n+1)/ 2mnint .
(P, = %'92671' nep] a:= max{4 70_1}
¢ In= - , = ,
0, otherwise 2

lead to lifted linear systems that are well-conditioned and allow for recovery guarantees.
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$ ey .
P Condition Number Bound
NS?;;%'S,Z::?CH @ Then it is shown that vec(Y) = Mz for z € C? being a portion of vec(xx*)

Phase Retrieval

from Local @ Thenz =M"vec(Y) and we reshape z to recover X whose non-zero entries are
Correlation estimates of the xx*
Measurements

Mark Philip @ An eigenvector based angular synchronization is then performed on X to recover Xegt

goach @ In the paper, it is shown that exponential masks rh(/fp’) defined by
_(n+1 2mint
iy _ | S e B, neld] 51
Matrix (M) = V25-1 , a:=max {4, —}
Conditioning 0, otherwise 2

lead to lifted linear systems that are well-conditioned and allow for recovery guarantees.

Theorem (Theorem 4 - M. Iwen., et al)

For collection of masks rhgp’ ), the condition number has the bound

25 1)2
K;=K(M)<max{144e2,W}s062, CeR*

Furthermore, M can be inverted in O( - d log d)-time.
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Admissable Selection of PSF and Mask

@ We seek to chose p and m such that rh((fp’) =S

pom
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Admissable Selection of PSF and Mask

@ We seek to chose p and m such that rh({fp’) =Spom

@ One can show that it is impossible to choose a p and m that are indpendent of ¢ that

accomplishes this
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Admissable Selection of PSF and Mask

@ We seek to chose p and m such that rh({fp’) =Spom

@ One can show that it is impossible to choose a p and m that are indpendent of ¢ that

accomplishes this
@ However we can approximate to a close enough degree
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Conditioning

Admissable Selection of PSF and Mask

@ We seek to chose p and m such that rh({fp’) =Spom

@ One can show that it is impossible to choose a p and m that are indpendent of ¢ that
accomplishes this

@ However we can approximate to a close enough degree

Lemma (Admissable Selection of PSF and Mask - Mark R.)

e+l /a nin
_min? ———ea1, nef] o1
Let (p)y = e 20-T,n € [d], (M), =4 Y557 for a := max {4, T}
0, otherwise

Let rh((,p'"’) = S;p o m. Then for p and m as defined, we have that
12
,h([p,m) — e T -rh‘[””).

Hence the matrices ﬁk remain unaltered, thus M remains unaltered, and the condition number
guarantees hold.
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7 SNR vs. Reconstruction Error

Near-field Fourier

Ptychographic 0 -
Phase Retrieval
from Local ‘\\
Correlation 50 e
Measurements = L
8 e,
Mark Philip £ ™~
Roach g 100
i} ~
S )
B AN
2150 “e
2 N
3 .
g -
[
Numerial -200
Simulations
-250
20 40 60 80 100 120
SNR (in dB)

@ Letd=2505=13and let pand m be our chosen point spread function and mask.

Y-N
@ Then the signal-to-noise ratio is given by SNR = 101logy, (%)

F
) ming [|x — e X egt][2
@ We measure the reconstruction error by 10log, (T) and we plot

X
2
based on varying levels of signal-to-noise ratio.
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Graph Theoretic Approach

@ Letx =x(m9) o x(0) x0) = (g% i1 ... %-1)T e CI.
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Graph Theoretic Approach

Near-field Fourier . . .
Ptychographic @ Letx = x(M9) o xO) xO) = (6% %1 .. eifa-1)T ¢ CI.
Phase Retrieval P -
from Local @ Let X = X(Mag) o X(60) X = X(mag) o X(0)
Correlation ’
Measurements

p— O _ ea(Hrﬂj), N etlij <0 _ eﬁ(@rﬂ,#l,‘,,‘), li—jl mod d <6
Roach ij 0, ij 0 ij 0, otherwise

Recovery
Guarantee
Theorem
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Graph Theoretic Approach

Near-field Fourier

Ptychographic @ Letx =x(m9) o x(0) x0) = (g% i1 ... %-1)T e CI.
Phase Retrieval —_ - —
from Local @ Let X = X(Mag) o X(60) X = X(mag) o X(0)
Correlation !
Measurements
Mark Philip O _ &0 %) o _ [ei <0 _ e (0i=0j+nij), li—jlmodd<éo
Roach ii =)o, ii ~ )0 i o, otherwise

@ Let G = (V,E)whereV =[d], E is the set of indices which differ by less than & (modulo
d).

Recovery
Guarantee
Theorem
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Graph Theoretic Approach

Near-field Fourier

Ptychographic @ Letx =x(m9) o x(0) x0) = (g% i1 ... %-1)T e CI.
Phase Retrieval —_ - —
from Local @ Let X = X(Mag) o X(60) X = X(mag) o X(0)
Correlation !
Measurements
Mark Philip X _ e, NO _ e XO OO, i~ jimod d <6
Roach ii =)o, ii ~ )0 i o, otherwise

@ Let G = (V,E)whereV =[d], E is the set of indices which differ by less than & (modulo
d).

@ ThenX =(1+Ag)oxx’,X = (1 +Ag) 0 XestXs,

Recovery
Guarantee
Theorem
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Graph Theoretic Approach

Let x = x(ma9) o x(0) x(©) = (g% 01 ... g%a-1)T e CC.

Let X = X(mag) 5 X(0), X = X(mag) & X(6)

X0 (T o[ g [T, i jimod d <o
& 0, b 0 I 0, otherwise

Let G = (V, E) whereV = [d], E is the set of indices which differ by less than 6 (modulo
d).

Then X = (1 + Ag) o XX, X = (1 + Ag) 0 Xesi X,
We now utilize results from Phase Retrieval from Local Measurements: Improved
Robustness via Eigenvector Based Angular Synchronization - Iwen, M., Preskitt, B., Saab,

R., Viswanathan, A.
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Near-field Fourier

Ptychographic @ Letx =x(m9) o x(0) x0) = (g% i1 ... %-1)T e CI.
Phase Retrieval —_ - —
from Local @ Let X = X(Mag) o X(60) X = X(mag) o X(0)
Correlation !
Measurements
Mark Philip O _ &0 %) o _ [ei <0 _ e (0i=0j+nij), li—jlmodd<éo
Roach ii =)o, ii ~ )0 i o, otherwise

@ Let G = (V,E)whereV =[d], E is the set of indices which differ by less than & (modulo
d).
@ ThenX=(1+Ag)oxx’, X =(1+Ag) 0 XesiX:

est

@ We now utilize results from Phase Retrieval from Local Measurements: Improved

Recovery Robustness via Eigenvector Based Angular Synchronization - Iwen, M., Preskitt, B., Saab,
%:Jafaﬂtee R., Viswanathan, A.
eorem

Lemma (Theorem 3 - M. Iwen, et al.)

Let G = (V, E) be unweighted graph. Let g denote the spectral gap of the Laplacian Lg. Let
x) e ¢ denote the obtained phase estimate from angular synchronization. Then we have that

est —

5 ©) _ x(©)

min (X9 - exO|, < C- V251 - u, CeR*
¢$€[0,2m) est TG
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NFP Recovery Theorem

Lemma (Corollary 3 & Corollary 1- M. Iwen, et al.)

Letd >4(6-1),6 > 3. Let Xmin = m[idr]1|x,-|,n € CP be the vectorization of the noise matrix . Then
1€

IX® - x| < C

x V26 —1|Inll2

|xmin|2

53
o C'(ﬁ), C,C eR*
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NFP Recovery Theorem

Lemma (Corollary 3 & Corollary 1- M. Iwen, et al.)

Letd >4(6-1),6 > 3. Let Xmin = m[idr]1|x,-|,n € CP be the vectorization of the noise matrix . Then
1€

X - Xz

< ck¥26 —Tiinll2

|xmin|2

’

(6 0
>c(?), C,C eR

G

Theorem (Phase NFP Recovery Theorem - M. Roach., et al.)

Suppose d > 4(5 — 1), 6 > 3. Then we have that for our admissable choice of p and m

min
$el0,2n

)||xfs)t - x9N <C-

d?|In|j2
Xeminl? ”

CeR*

G
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NFP Recovery Theorem

Lemma (Corollary 3 & Corollary 1- M. Iwen, et al.)

Letd >4(6—1),0 > 3. Let Xmin = min|x,-|,n € CP be the vectorization of the noise matrix . Then

X — X Ol <

o V26 ~1linll2

, C'( ) C,C eR*

|xl'ﬂll'\|2

G

Theorem (Phase NFP Recovery Theorem - M. Roach., et al.)

Suppose d > 4(5 — 1), 6 > 3. Then we have that for our admissable choice of p and m

min ||x(6
$el0,2n)

ei¢x(0)||2 <C-

linll2

"
Xeminl? ” CeR

»

Theorem (Theorem 4 - M. Iwen, et al.)

We have that rFm [[Xest — €9X|l2 < [X]leo

¢l

m|n ||x(0) —eloxO|, + C - d'/*xlnz, C € R*

»
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;‘ﬂ NFP Recovery Theorem

Near-field Fourier
Ptychographic Lemma (Corollary 3 & Corollary 1- M. Iwen, et al.)

Phase Retrieval

gg:elLafirA Letd >4(6—1),0 > 3. Let Xmin = min|x,-|,n € CP be the vectorization of the noise matrix . Then
Measurements . \/207”“”
6 (6) ck 2 , ,
Mark Philip IX® — Xl T kB C( ) C,C eR"
Roach min y
Theorem (Phase NFP Recovery Theorem - M. Roach.,, et al.)
Suppose d > 4(5 — 1), 6 > 3. Then we have that for our admissable choice of p and m
n
min [x&, - x|, < C- L3 , CeR*
e[0,2m) Xeinl2
v
Recovery

Guarant
e Theorem (Theorem 4 - M. Iwen, et al.)

We have that rpm |[Xest — €X|l2 < [IX[loo m|n ||x(0 — x| + C - d"/* k[In[l, C € R*

¢l

»

Theorem (NFP Recovery Theorem - M. Roach, et al.)

Suppose d > 4(6 — 1), 6 > 3. Then we have that for our admissable choice of p and m

X]loo
min e — &% < G- (dlpl - s g5 i), € e
o€l

v
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Improved NFP Recovery Theorem

@ In On Recovery Guarantees for Angular Synchronization - Filbir, F,, Krahmer, F.,, Melnyk, O.,
a tighter bound of the phase difference is given, using a weighted graph apporach

10/14



\\\\1 r

Near-field Fourier
Ptychographic
Phase Retrieval

from Local
Correlation
Measurements

Mark Philip
Roach

Recovery
Guarantee
Theorem

Improved NFP Recovery Theorem

@ In On Recovery Guarantees for Angular Synchronization - Filbir, F,, Krahmer, F.,, Melnyk, O.,
a tighter bound of the phase difference is given, using a weighted graph apporach

Theorem (Corollary 3 - F. Filbir, F. Krahmer, O. Melnyk)

Consider the associated weighted graph Gy = (V, E, W) with weight matrix W defined
S W, _ (%P, 0<li-jimodd <5
o0, otherwise

: i X — X|
Then we have that min [x&), — e®x@|, < C VT + Xl - u, CeR*
gel02m) N
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Improved NFP Recovery Theorem

@ In On Recovery Guarantees for Angular Synchronization - Filbir, F,, Krahmer, F.,, Melnyk, O.,
a tighter bound of the phase difference is given, using a weighted graph apporach

Theorem (Corollary 3 - F. Filbir, F. Krahmer, O. Melnyk)

Consider the associated weighted graph Gy = (V, E, W) with weight matrix W defined
S W, _ (%P, 0<li-jimodd <5
o0, otherwise

: i X — X|
Then we have that min [x&), — e®x@|, < C VT + Xl - u, CeR*
gel02m) N

@ X - Xl < «in|l;
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Improved NFP Recovery Theorem

@ In On Recovery Guarantees for Angular Synchronization - Filbir, F,, Krahmer, F.,, Melnyk, O.,
a tighter bound of the phase difference is given, using a weighted graph apporach

Theorem (Corollary 3 - F. Filbir, F. Krahmer, O. Melnyk)

Consider the associated weighted graph Gy = (V, E, W) with weight matrix W defined
S W, _ (%P, 0<li-jimodd <5
o0, otherwise

: i X — X|
Then we have that min [x&), — e®x@|, < C VT + Xl - u, CeR*
gel02m) N

@ X - Xl < «in|l;

Theorem (Improved NFP Recovery Theorem - M. Roach, et al.)

We have that for our choice of p and m

- 82Inl| :
f o 2 1/4
min [Xest — €l < C - YIXIR +IXI% - Z22 +d* 6 ylnlz), C e R
$€l0,2m) A /TGW
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Near Field Ptychography via Wirtinger Flow

@ In "Phase Retrieval via Wirtinger Flow: Theory and Algorithms - Candes, Li,

Soltanolkotabi", quadratic equations of the form y, = [(m;, ), n=1,2,...,N are

solved by applying a gradient descent like algorithm
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Near Field Ptychography via Wirtinger Flow

@ In "Phase Retrieval via Wirtinger Flow: Theory and Algorithms - Candes, Li,

Soltanolkotabi", quadratic equations of the form y, = [(m;, ), n=1,2,...,N are
solved by applying a gradient descent like algorithm

@ We compute the estimate z, via a spectral method and then compute T iterations of

Zi1 =27 —

Hrit
llzoll?

Vf(z.), where f(z) is a quadratic loss function.
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Near Field Ptychography via Wirtinger Flow

@ In "Phase Retrieval via Wirtinger Flow: Theory and Algorithms - Candes, Li,
Soltanolkotabi", quadratic equations of the form y, = [(m;, ), n=1,2,...,N are
solved by applying a gradient descent like algorithm

@ We compute the estimate z, via a spectral method and then compute T iterations of

_ ||F:+||12 Vf(z.), where f(z) is a quadratic loss function.
0

@ Wethen let Xes; = 27

Ziy =2

. Number of Shifts vs Reconstruction Error SNR vs Reconstruction Error
20
.
0 . 40
S 0 S 0 h
£ <
g 5 e
5 -100 & 80
5 5 .
S 150 5 -100
5 §
8§ -200 8§ -120
« 4
{ Y
-250 1 -140
> o o
300 ® e o o o 160
1.2 3 4 5 6 7 8 9 10 1112 13 14 15 16 20 30 40 50 60 70 80
Number of Shifts SNR (in dB)

d = 16, p low-pass filter, m fixed mask, £ = [d], averaged over 20 tests
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Near Field
Ptychography via
Wirtinger Flow
Open Problems
References

Questions

Open Problems

Finding recovery guarantees for when p is a low pass filter
In particular, finding what choice of m accomplishes this

Allowing m to have full support in spatial domain, with perhaps small support in the
frequency domain

Providing recovery guarantees for when less shifts have been used
Compute weighted spectral gap for improved recovery theorem
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Any questions?
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Input: 1) Variables d,6,D = d(26 — 1)

2) PSF p € €9, mask m € C9, supp(m) C [6]

3) Ptychographic measurement matrix Y € C4x2-1
Output: Xeg With Xest = €/7x for some 0 € [0, 271]

1) Compute collection of masks ri‘l((,p/m) = S;p o m € C? and corresponding matrix M e CPxP
2) Rearrange Y by Yi ¢ = Yok r4k

3) Compute z = M~"vec(Y) € CP.

4) Reshape z to obtain a matrix Xes With estimated entries of xx*

5) Let u € C be the largest eigenvector of Xes;. Then

Xest = vdiag(Xest) o sgn(u)
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;‘ﬂ Phase Retrieval via Wirtinger Flow

Near-field Fourier
Ptychographic
Phase Retrieval

from Local @ In "Phase Retrieval via Wirtinger Flow: Theory and Algorithms - Candes, Li,
Correlation Soltanolkotabi". quadratic equations of the form

Measurements
R yo=Km, %R, n=1,2_.N

Roach

are solved by applying a gradient descent like algorithm to solve the non-convex
minimization problem

L
1 2 d
minimize f(z =N ; Im;z| —y[ , zeC

@ For our measurements, by letting Yk ¢ = Yk ¢k, We can rewrite this system as
—(p,m)
(vec(Y))n = |<S'K(ij)m£(n mod L)rx>‘2: Vn e [KL]

where vec represents the row vectorization, K = |X|, L = |£]
@ We can then apply the Wirtinger flow algorithm to these set of equations.
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Sﬂ Wirtinger Gradient Descent Algorithm

Near-field Fourier
Ptychographic
Phase Retrieval

from Local
Correlation
Measurements

MakEAlD Algorithm NFP Wirtinger Flow

Roach

Input: 1) Variable d € N, set of shifts K C [d], set of frequencies £ C [d], # of iterations T

2) PSFp € €9, maskm € C9, ﬁ(fp'm) =Spom

3) Measurements Yk = [(p = (Skm o X))[2, (k,€) € K x L,K = K|, L = |L]|
Output: Xeg € C9 with Xesr ~ €19x for some 6 € [0, 27]

1) Rearrange measurement matrix such that Yi ; = Yi r.k

2) Compute initial estimate zq via spectral method

3) Compute Wirtinger Flow non-convex optimization with T iterations

forte[T]do

Zop =27 —

L

m)
Viz), 1) = i Y (S g bimmos ) 2P - vo)
=1

Hret
llzolI?

end for
4) Let Xegt = 27
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