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Preface

This work contains the transcription of the notes of the lectures of Calcolo delle Vari-
azioni held at Universita Statale di Milano. As these notes weren’t initially designed to
the students, I did a few additions and modifications in order to standardise the nota-
tion to that of the courses I previously attended and provide a more detailed contour of
some of the treated topics. Hence, I am the solely responsible for any possible mistake
the reader may find in this work. Also, as this work was previously written in Italian, I
apologize for any possible mistake due to a quick and inattentive translation. Finally,
keep in mind that these notes are meant to be accessible to all the students
for free, not to restricted clientelistic cults [f]

In Chapter 1, the reader will find a brief and systematic introductory treatment of
the Classical Variational Calculus, with the sole purpose of introducing a method of
solving some optimization problems through the Fuler-Lagrange equation.

Chapter 2 contains generic functional analysis topics we use in this notes, notably
the definition and the first properties of a differentiation theory in infinte-dimensional
Banach spaces, as well as an introduction to Sobolev spaces. For a general treatment
of the latest, I refer to [3].

Chapter 3 is devoted to the optimization problem for functionals that are defined
on generic Banach spaces, which involves an extension to infinite-dimensional Banach
spaces of known results of classical analysis, such as Fermat and Weierstrass theorems
and Lagrange multipliers.

In Chapter 4 the deformation lemma is discussed. This is a result that allows to
find contradictions in the proofs that will follow; moreover, a compactness-recovery
condition and three variants of the mountain pass theorem, which allows to prove the
existence of critical points for functionals on Banach spaces, are discussed.

In Chapter 5, a topologic theory related to odd functions is developed, in order to
enunciate a fourth and latest version of mountain pass theorem for even functionals.

The "subcritical" growth of some disturbances taken into consideration in these
chapters is in a certain sense fundamental to the examples of Chapters 1-5. There-
fore, Chapter 6 is finally left to a "critical" growth situation (the adjective "critical"
is related to the definition of Sobolev critical exponent). In these cases, sometimes,
the compactness condition defined in Chapter 4 is no longer holding, so that a weaker

TEvery reference to existent people and facts is absolutely intended.



version of it has to be formulated in order to prove the uniqueness of the solution for
n+2
the boundary-value problem related to the equation —Au = \u + un=2.

I wish you a good work,

G. Giacchi.



Chapter 1

Classical Variational Calculus

In order to find critical points in the interior of the domain of a function f € C*(R", R),
one has to find the solutions of the system of equations

Vf(x)=0.

The purpose of this chapter is that of introducing a model of problems which can be
faced and solved through the classical variational calculus.

In particular, we will search the critical points of a certain (non-necessarly linear)
functional defined on a space of functions E C C°([a,b]), proceeding in the direction
of a result that is an analogous version of Fermat theorem for differentiable functions
defined on open subsets of R". That is, a result that allows to trace the search of
solutions v € FE which minimize or maximize a functional J back to solving an equation
(as we expect, a differential equation) in the u variable.

The question of which functionals and which function spaces are well-suited for this
kind of problem will be clear once the Euler-Lagrance equation is presented.

Remark 1.0.1. As you probably noticed, we intentionally avoided the term "critical
point" of the functional J, when J is a functional defined on some functional space.
The reason why we did it is that we haven’t already defined what the differential of
such a functional is.

Let E be a space of properly regular functions, defined on some interval [a, b], in
order for the following argument to make sense. Let J € E* be a functional in the form

b
J(u) = / L (z,u(z),u(z)) dz (1.1)

(we call such a functional the action integral).
L is called the Lagrangian of the system and it is a function which is strictly related
to the problem we are modelling. In practice, we consider optimization problems for



some quantity which can be expressed as a functional J, which in turn can be expressed
as an integral of a function L on some interval [a, b].

For the moment, we suppose that L, as well as every function belonging to F, enjoys
every regularity property necessary for the argument that follows to make sense.

Let u € E be a maximum or a minimum for J and let h € CZF((a, b)) (so that the
support of A is strictly included in (a,b)). Since u is a maximum/minimum, for € € R,
the function

p(e) = J(u+e€h)

is well defined (as long as E is closed with respect to the sum of its functions with
multiples of C* functions with compact support) and it has a maximum/minimum in
correspondence of the value ¢ = 0. Under the hypothesis on L required for ¢ to be
differentiable in 0, by Fermat theorem:

0=¢(0) = tim PO AD iy L ne) - () =
b

1
=lim - [ (L(z,u+ he,(u+ he)) — Lz, u,u)) do =

e=0¢ J,
b n o /
— lim hL(m, u+ he, (u+ he)') — L(z,u, (u+ he) )d:c—i—
e—=0 J, he
b / !
L — L
+ llm h/ ([B7 U/, (u + h’€> ) ($7 u? U )d$ —
e—=0 J, h'e

(changing limit and integral)

b b
:/ hLu(az,u,u')dm—i—/ b Ly/(x,u,u')dr =

a

(integrating by parts and using the hypothesis on the boundary values of h)

b
d
= [ h|Ly— —Ly|da.
/a [ da ]x

The conclusion of the argument will follow from the following lemma:

Lemma 1.0.2. Let v € C%([a,b]) be s.t. Y € CX((a,b))

b
/ vedr = 0.

Proof. Seeking a contradiction, let xg € [a,b] be s.t. v(xzg) # 0 then, by continuity,
it would be v # 0 in a neighborhood I C [a,b]. Without loss of generality, we could
suppose v > 0 on I.

Then, v =0 on [a,b].



We need a function ¢ € CZ((a,b)) to turn the integral f; vedx on [;vdx.
Hence, let ¢ € C¥(a,b) be s.t. 0 < ¢ <1, supp(p) C I e p|; =1 for some I C I. This
function exists by the well known Urysohn’s lemma. Then, it would be:

b
O:/ vg@d:z:/vcpdx>/~vg0dx:[vd:n>0.
a I T i

This is a contradiction. O

Remark 1.0.3. A standard density argument allows to extend Lemma ([1.0.2)) up to con-
sider test functions v € C°(€2), where 2 CC R™ is open (this notation is reserved for
subsets of R™ which have compact closure).

Back to our problem, we showed that for all h € CZ(a,b) it is

b d
h|Ly,— —Ly| dx = 0. 1.2
[ ] ae=o a2

By Lemma (1.0.2)) (supposing that L enjoys of all the regularity properties needed to
ensure L, — d/dz L, to be continuous), u is a solution of the equation

d
Lu=-21L, E-L
- (E-L)

(called the Euler-Lagrange equation).

Remark 1.0.4. By this proof it is clear that a space of functions E, for which the
argument makes sense, can be

E = {u € C°[a,b]) and piecewise C*((a,b)) s.t. u(a) = a and u(b) = B}.

(this space is closed with respect to the mapping u € E +— u + ¢h for € small enough
and h € C¥).
In this case, the maxima/minima points for J solve the problem

L,=%L, on(ab),

u(a) = «,

In this example we can already glimpse an interesting flap of the method of variational
calculus: starting from the research of maxima/minima points of certain functionals we
come across the research of some appropriate solutions of some associated differential
equations. Most of the work of these notes will be that of inverting this consideration,
getting solutions of PDEs by finding minima/maxima points for some functional that
is related to the differential equation.



Remark 1.0.5. In (E-L)) we denoted with a subscript the derivatives in the variables of
L, i.e. the partial derivatives of L(x,u,u'). The symbol d/dx is left to the derivative
with respect to @ of Ly/(x) = Ly (2, u(x), v’ (x)).

Remark 1.0.6. Euler-Lagrange equation can be simplified in the case in which L, = 0.
In fact, by multiplying Euler-Lagrange equation for u/, we get

d
'Ly = u'%Lu/.

As we already observed, L can be interpreted as a function in the z variables in two
ways. Now, we consider L(z) = L(z,u(z),u'(z)) and we derive with respect to x:

d
d—L =L, +uL,+u"Ly=uL,+u'Ly,
T

therefore,

d
WL,=—L—u"L,.
dx

Using the chain rule for derivatives and Euler-Lagrange equation multiplied by v/, we

get:

d d d d
—L—4"Ly=v—L,y, = —L=— (uLy). 1.3
dx Y Y dx dx dx (u ) (1.3)

This equation can be directly integrated, to get:

/ L) ) = [ OL ot ule). ()

Zo

To simplify the notation, we re-interpret (|1.3]) in terms of anti-derivatives:
L(z,u(x), v (x)) = v (z) Ly (z,u(z), v (x)) + C. (1.4)

(1.4)) is called the Beltrami identity.

In the following three applications of (E-Lf), we denote with ¢ the derivative of g
even when we are not deriving with respect to ¢, instead of ¢/, to lighten the notation
(for instance, (g”)? becomes §?):

Example 1.0.7. Geodesics of R?
Let P = (20,%0) and Q = (x1,1) be two fixed points R? with zg # 2.
In this example, we define

E={uc CO([xO,xl]), piecewise Cl((azo,azl)) s.t. u(zo) = yo and u(x1) = y1}

the space of piecewise C! paths which connect P to Q. In the spirit of the definition of
the distance induced by a Riemannian metric, we want to minimize the length of such
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paths and prove that the curve v(s) = (s,u(s)) (s € [a,b]), minimizing the distance
from P to @), is the segment that connects them.

Thus, we define
L(z,u,u') = L(u') = || = V1 + 42
(here, 4 = du/ds). We look for the minimizing curve among the solutions of (E-L):
d, _d_ i i
ds " ds1+4a2 (1 +u2)3/2

the denominator is always positive, hence it must be

0=1L,=

i =0,

so that, & = m € R, that is u(x) = ma + ¢ for some properly chosen m,q € R.

Example 1.0.8. Brachistochrone of R?

Let P and @ in R? be as in the previous example. We want the optimizing profile held
by a track that connects P to @ in order to minimize the comedown time of a point
subject to the gravity force which is initially located in P.

In this example, E is the set of the functions u : [xg,x1] — R for which the following
calculation make sense.

By the law of conservation of mechanical energy, the speed of a point at a height u(x)
is given by v(z) = y/2gu(z), so that the comedown time is given by

/“1 V1+u?
= dx

Using Euler-Lagrange equation:

d
L,=—L,.
dx

In this case:

_@_i 1 i _U\/ﬂm—u(ﬁu\/leiﬂ—l-\/a %:uz)
3229 dx \\2guv1+a2) V2gu(l +4?)
W(14-42) +2ui
i i _ 2uii(1+0%) — i (i1 + i) + 2uiil)
V2gu(1 + u?) 2v/29(1 + 02)3/2u3/2 -
2uii — U2 — ut

2\ﬁ( + 42)3/23/2

That is,

2uii — i — it = —(1 4+ u?)? = -1 — 20% — o

By simplifying the previous expression, we get:

14 42
2u

S
Il
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that is the equation that defines the cycloid.

Example 1.0.9. Isoperimetric problems

This example is typical of a class of problems in which the optimization is subject of a
contraint.

We want to maximize the area underlying a regular circuit with a fixed perimeter. In
order to simplify the question, we reduce to the case of symmetric curves (with respect
to x axis) which pass through the origin. Any of these curves is divided by the z axis into
two symmetrical branches. The superior arc is the graph of a concave function y = y(x)
defined on [0, ] (here, £ depends on the chosen curve) and such that y(0) = y(§) = 0.
Let L be the (fixed) perimeter.

The area underlying the curve is given by

L
J() =/0 yv/1— §Pds.

We write Euler-Lagrange equations for J:

d d vi (92 +yilv1 =3 + vy s
“a\Tvieg) T 7 i

Bl S
de Y dzx

9% +yil (1 — %) +yi?i ' — 9 — v
(1 —y2)3/2 (1—g2)32 "

While

Ly =12

Putting the two expressions above together, we get the equation satisfied by y:

We observe immediately that Vo € R\ {0} the function y,(z) = assin (x/a) is a solution
of the Euler-Lagrange equation associated to J.

These functions intersect the z axis in x = 0, kwa, k € Z. In particular, the arc we are
interested in is the one detected by the graph of y,(z) in [0, ax].

To get the value(s) of a under which the graph of y, has length L/2 we need to solve

the following equation:
T
L
/ \/ 1+ cos? (E)dac:—.
0 « 2

Remark 1.0.10. Beltrami identity (|1.4)) can be used to get the same conclusions as the
last two examples. Caution should be exercised, however, when eliminating in the right
way the degree of freedom provided by the unknown g in (1.3).

12



Remark 1.0.11. Consider .
J(u) :/0 z2u(z) de,
defined on
E ={u:[0,1] — R piecewise differentiable s.t. u(0) =0 and u(1) = 1}.
inf,ep J(u) =0, in fact, J(u) > 0 for all v and it is easy to see that the sequence

arctan (kx)
k() = arctan k
satisfies limg_, o0 J (ug(x)) = 0.
Moreover, observe that

0 z=0
lim ug(x) = u(x) =
b(@) = ulz) {1 € (0,1]
and, clearly, u ¢ E.
Actually, it is immediate to observe that the infimum cannot be attained on F since, if
there were u € F such that .
/ z?i*dr = 0,
0

then it would be 2242 = 0 on [0,1], so that 7 would be zero on [0,1] and u would be
zero as well, as u is continuous and piecewise constant function with zero integral. But
0¢ E, sothat u ¢ E.

In the next chapter we will often be in the situation of proving that the infimum m of
a certain functional J defined on a Banach space E is attained by some w € E. The
idea is that of starting from a minimizing sequence {uy}; and producing a converging
subsequence uy; to a certain function u € E, then using some lower regularity property
of J to prove that J(u) = m. Through this observation, we made it evident that a
powerful theory of this kind cannot be realized choosing E among the classical functional
spaces.

13
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Chapter 2

Topics of nonlinear functional
analysis

Let E and F be infinite-dimensional normed spaces. We denote with
BL(E,F)={T: E — F linear and bounded}.

BL(E, F) is a normed linear space with the norm defined by

1l gmr = sup [If(2)]p-
z€SE

We recall the following important relation between the Banach-ness|*|of BL(E, F') and
that of F'.

Proposition 2.0.1. BL(E, F) is a Banach space if and only if F is a Banach space.

2.1 Derivatives on Banach spaces

Definition 2.1.1. Let O C E be open and v € O. A mapping f : O — FE is called a
Fréchet-differentiable operator (or, brefly, an F-differentialble operator) in w if
there exists L, € BL(E, F) s.t.

oo W@t 0) = (@) = Lol

(2.1)
v=0 vl

The operator f’ : u +— f'(u) = L, is known as Fréchet derivative of f and it is
denoted by f’.

*T humbly beg your forgiveness.
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Ezxample 2.1.2. In finite-dimensional spaces, the previous definition is still well posed.
FE=R", F=R™and f:Q CR"— R™ is a linear mapping, then f is bounded and
F-differentiable in all the x € Q. Its Fréchet-derivative in €2 is the operator

f(@)[] = J(f)(z) - v.
A similar argument holds for f € C*(Q).
Example 2.1.3. Let T € BL(E, F), then T'(u) = T for all the u € E. In fact, by the
uniqueness of limits in metric spaces, if the limit in (2.1]) exists, then it is unique and
so is its Fréchet derivative. On the other hand,
T )~ Tu Tl

=0.
v=0 1]

Remark 2.1.4. If f is F-differentialble in u € O, then f is continuous in u.

Definition 2.1.5. If f is F-differentiable in v, Vu € O, and f' : v € E — f'(u) is
continuous, we write f € C1(O).

Definition 2.1.6. Let E be a Banach space and J € C'(E,R). u € E is called a
critical point of J if J'(u)[v] =0, Vv € E.

Definition 2.1.7. Let O C E be open. An operator f: O — F is called a Gateaux-
differentiable operator (or, briefly, G-differentiable) in v € O if Vv € E the limit

()] = lim L0E) = ()

h—0 h

(2.2)
exists.
Remark 2.1.8. As in R™

differentiable = every directional derivative exists,

F-differentiable = G-differentiable. The vice versa is not always holding. However,
if f is G-differentiable and v € E — ff(u)[v] is linear and bounded, then f is F-
differentiable in u.

Ezample 2.1.9. Let f : C?([0,1]) — C°([0,1]) be the operator
flu) =" +u?,
that is, f = d?/dz? + g with g(u) = u3. Then, f'(u) = d/dx?® + 3u?1, where 1(v) = v.
In fact,
(u+v)* —u? = 3u?v + 3uv? + v = 3u?v + o(||v] p2)
and, by the Example , the F-derivative of d?/dz? is d?/dx?.

16



Theorem 2.1.10. Let J : L? — L? be an F-differentiable operator. Then, J is linear.

/ \Vul|?da
Q

does not attains its infimum on C*(Q).

Ezample 2.1.11. The functional

Remark 2.1.12. We want practical results providing the critical points of differential
operators, in order to solve PDEs as we solved ODEs in the examples of the previous
chapter. First, we need to decide on which functional spaces E it is convenient to opti-
mize functionals such as the action integrals.

We know that the classical C* spaces are not even closed, so that the realization of
the infimum is not granted there. On the other hand, Theorem tells us that
even L? is not a well-suited space where results, such as Fermat theorem, that allow
to establish which the critical points of operators f are by computing the zeros of its
Fréchet derivative, can be stated.

Hence, we search for "intermediate space", on which there exist F-differentiable, non-
zero and closed operators.

Ezample 2.1.13. Let E = CL(Q) and g € C°(R). We set
G(s) :/ g(t)dt
0
an antiderivative of g and we consider the operator I : C5(Q2) — R defined by
1
I(u) == / |Vu|*dx +/ G ou(x)dx.
2 Ja Q
For all v € CL(Q),
I(u+v) —I(u) = 1/ IV (u+ v)[*dx +/ Go (u+v)(zr)de — 1/ |Vu|*dx — / Gou(x)dx =
2 Ja 0 2 Ja 0
—/Vu-Vvdx+1/ \VU!de—i—/ (Go(u+v)—Gou)dr =
Q 2 Ja Q
= / Vu - Vodz + o(||v]|) + / (vgou+ o(||v])) de.
Q Q

So that, I is F-differentiable with
I'(u)[v] := / (Vu-Vu+uv(gou))de.
Q
The critical points of I are the u € F s.t.

/Q (Vu-Vo+uog(u))de =0 (Vo€ ChH(Q)). (2.3)

17



If u € C%(Q2) (we take u compactly supported in order for —Au+ g(u) to be continuous
up to ), we can integrate by parts:

/ (—Au+gou)vde =0 (2.4)
Q

and this relation holds, a fortiori, for all v € C&F () (since it holds for all v € C5(R)).
By Lemma , is equivalent to searching solutions belonging to C2(Q) of the
problem

{—Au—i—gou:() on {2,

u|aQ =0.

2.2 Sobolev spaces

The best-suited spaces for the development of an optimization-on-Banach-spaces theory
are the so-called Sobolev spaces.

We start by weakening the concept of differentiation, defining the "weak deriva-
tives" of any locally integrable function as the function (if it exists) that behaves as its
derivative when integrating by parts. More precisely:

Definition 2.2.1. Let Q C R" and let u € L}, (Q). A function v € L}, () is called
the weak i—th derivative of v in 2 if Vp € CZ(Q2),

/uawdx:—/vgodac.
o Oz Q

In the which case, we write

= =

Remark 2.2.2. If it exists, each weak derivative is unique.

v D;u.

Ezample 2.2.3. The function f(x) = |z| defined on R is differentiable in the weak sense
on R and its weak derivative is given by f'(x) = sgn(z), while it is not strongly differ-
entiable (that is, differentiable in the classical sense) in any neighborhood of z = 0.

Vice versa, if u is differentiable in the classical sense in 2 C R, then u is obviously dif-
ferentiable in the weak sense in €2 and its weak derivative coincides with the classical one.

Definition 2.2.4. Let p € [1,+00]. We define the Sobolev space W!?(Q) as the
space of LP functions having all their weak derivatives belonging to LP.

WP(Q) is a normed space under any of the two equivalent norms

n
lallwrs = Ilull, + > I1Dsull, ;

i=1
n 1/p
= (HUHi +> IIDiUH§> :
i=1

18



(clearly, as long as the second norm is concerned, it must be p # oo). With an abuse
of notation we will denote with ||-|| 1, any of the two equivalent norms defined above.
The same abuse of notation will be used over and over in this work when equivalent
norms are involved.

Proposition 2.2.5. The space (W'P(Q), | [lyy1p) is
(a) a Banach space if p € [1,+00];
(b) reflexive if p € (1,4+00);
(c) separable if p € [1,+00).
Definition 2.2.6. Let p < n. We define the Sobolev critical exponent of p as

* np
n—op

Remark 2.2.7. As it is easy to see,
o 2" = 20 and 2% — 1 = IE2;

e p*>1forall p<n.

Theorem 2.2.8 (Sobolev embedding theorem). Let Q@ CC R™ and p < n. Then,
WP(Q) — LY(Q)

for all g € [1,p*] (i.e., the embedding is continuous). In particular, for all u € WP(Q),
Jull, < C s

for all g € [1,p*].

Moreover, if ¢ # p*, in the previous theorem, the embdedding of WP in LY is
compact, as it is stated by the next result.

Theorem 2.2.9 (Rellich-Kondrachov). Let Q@ CC R™ and p < n. Then,
WhP(Q) — L(Q)

for all p € [1,p*) and the embedding is compact, that is any of the following equivalent
conditions holds:

(a) for all the bounded sequences {up}n C WLP(Q), there exists a subsequence {un, }r C
{un}n which converges in L1(€2).

(b) for all the A C WHP(Q) bounded, A CC LI(R).

19



We set
HY(Q) .= W2(Q).

H' is a Hilbert space under the inner product defined by

(u,v) 1 :/Vu-Vvdx—i-/uvda:.
Q Q

Remark 2.2.10. It is pretty obvious that C(Q) C WhP(Q) for all p € [1, +o0].

We set Wi
WP (Q) == CF(Q)

In particular, for p = 2, we set
1,2
H(Q) == Wy (Q).

These spaces can be characterized as the spaces of the functions v € WP s.t. ulgg = 0
almost everywhere.

Lemma 2.2.11. Let a,b € R and let € > 0. Then,

5 1
bl < Za? + —bv2.
labl = 5™+ o

Proof. It’s an easy consequence of

(velal - jg|b|)2 > 0.

O]

Lemma 2.2.12. Let (E,||||p) be a normed space, {un}, € E a sequence of elements
of E and let w € E. The following conditions are equivalent:

(a) up — u asn— oo (in E);

b) for every sequence {un, tr C {un}n there exists a subsequence that converges to u
k
(in E).

Proof.  (a) = (b) it’s obvious;
(b) = (a) Seeking a contradiction, if u,, # u in E as n — oo, then
Je>0t.c.Yn>03In>ntc |[|[u—uyl >e.

In particular, there exists n; > 1 such that ||u — wuy, || > €; there exists ny > 2
such that |[u — up,| > €, etc. The so-defined subsequence is s.t. ||u —up,| > €
for all k, so that it does not admit any subsequence converging to u. This is a
contradiction.

O]

20



Lemma 2.2.13. Let T be a compact linear operator on the Banach space E taking
values in the Banach space F. Let {ur}r C E be a sequence that weakly converges to
u€ E. Then, Tuy — Tu as k — oo (in F).

Proof. Let {uy; }; be any subsequence of {uy}. Then, uxy — u as k — oo (in E), {u}
is bounded and, a fortiori, {ukj }; is bounded. The operator T' is compact, hence there
exists a subsequence T'uy; that converges in the norm of F' to Tu € F. Hence, any
subsequence of {T'uy}r C F' admits a subsequence that in turns converges to T'u in the
norm of F'. The assertion follows by the previous lemma. O

In particular, if @ CcC R® , E = WYP(Q) (with p < n) and F = L4(Q) (with
q € [1,p*)), by Rellich-Kondrachov’s theorem the immersion « € BL(E, F') is compact
and the following corollary follows.

Corollary 2.2.14. Let Q@ CC R"™, p < n and let {ur}r, C WIP(Q) be s.t. up — u in
WLP(Q). Then, for all ¢ € [1,p*), ur, — u as k — oo in LI(Q).

At the same time, by the proof of (2.2.13)), we get the following corollary.
Corollary 2.2.15. Under the same assumptions of on E and F, if {up}p C E

is a bounded sequence, then {uy}r converges in the norm of F' up to subsequences.
1
2.3 The space H;(?)

We defined the space H} () as the closure of C¥(f2) in the norm of W12() and said
that H' is a Hilbert space under the inner product

(u,v) g1 = / Vu - Vodr + / wvdr = (Vu, Vo) 2 + (u,v) 2.
Q Q

H} is closed in H!, so that H{ inherits from H! the structure of a Hilbert space under
the same inner product as above. However, when H& is involved, it is convenient to
define an equivalent norm, induced by a slightly different inner product.

Lemma 2.3.1 (Poincaré inequality). There exists a universal constant C' = C(n,€) > 0
such that, Yu € Hg(Q),
[ull; < CVull; -

In particular, if u € H}(Q)
IVully < flully + [Vully = llullg < (14 C) [Vaully,

so that the H! norm of u is equivalent to the following one:
: 2
Jull e = 19l = [ [Vuld.
Q
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This is actually a norm on H& that is equivalent to that of H! and it is induced by the
following inner productlﬂ

(u,v)Hé = /QVU -Vodr = (Vu, V)2

for all the u,v € H} ().

From now on, we denote with H'LLHH(% = ||Vul|2, for all u € H}, that differs from
the norm [|[[ g1 = [[-[lo + [IV-]2.
To sum up:

Proposition 2.3.2. (H&(Q), HHH&) is a Hilbert space with respect to the inner product

('7 )Hé

fWe stress the fact that the equivalence holds only on H{, not on the whole H*!.
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Chapter 3

Optimization in Banach spaces

3.1 Introduction

Classical variational calculus deals with solving optimization problems involving func-
tionals defined as action integrals, reproducing the standard procedure for the searching
of a real-valued function’s critical points in the interior of its domain 2 C R™:

1. one defines the function f : (a,b) C R — R to be optimized;

2. one searches the maxima and/or the minima of f among the solutions of the
equation f'(z) = 0.

This is essentially the exact procedure we followed in the first chapter, with the action
integral f = J and the role of f" = 0 played by Euler-Lagrange equation.

Modern variational calculus uses Sobolev spaces instead of the classical C* spaces,
while preserving the above-mentioned model for the searching of solutions. The power
under this subject lies in the possibility of flipping the point of view, searching solutions
(initially weak ones, then one studies their regularity) of some differential equation as
critical points of a related functional J : £ — R:

1. one considers a certain differential equation, which has the form F(u) = 0 for
some appropriate differential operator F' which usually, in our examples, turns
out to be the sum of —A and another differential operator;

2. one associates an energy functional to F, say J. In the case in which F' is the
sum of some elementary differential operators, J is also the sum of "elementary"
functionals each of which corresponds to an addendum of F;

3. one finds out that the critical points of J satisfy the initially given differential
equation, so that solving F(x,u, Vu, D*u) = 0 is the same as solving J'(u) = 0.

Remark 3.1.1. The energy functional associated to the differential equation

~Au=0, wu€H}Q)
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(or, equivalently, to the differential operator —A), with Q@ CC R", is given by
1 2 1 2
T = 5 [ [Vufds = 5 luly.

Ezample 3.1.2. In the example (2.1.13]) we observed that, if g € C°(R), the functional
associated to
—Au+gou=20

on  with boundary conditions u|gn = 0 is given by
1
I(u) = / ]Vu|2d:n—|—/ G o udzx
2 Ja Q

where G is a suitable-defined antiderivative of g. Under further hypothesis on g, the
same argument extends to H&. In fact, the contribute of I related to the addendum
I(u) = —Au is given by % [, [Vu|?dz which is well-defined on H} and F-differentiable
on H& with Fréchet derivative given by

I (u)[v] = /QVU - Voudz.

We show that, under the following growth condition:
e for certain constants ¢y 2 > 0, one has g(t) < ¢1 + ¢2|t|P for some p € [1,2* — 1],

set G(s) = [ g(t)dt, the functional

I(u) = /Q G (ul(z))do

belongs to C(H}(12)).

1. I is well defined
In fact, for all u € H}(Q) and for all p € [1,2* — 1]

H(w)l 5/ / g(t)t dxﬁ/ / (c1 + calt]?)dt d:cg/ <c1!u+ c2 yu\p+l> da.
@170 @70 Q p+1

By Sobolev embedding theorem, u € L4() for all ¢ € [1,2*]. In particular, u € L*
and, as p € [1,2* — 1], u € LPT! (since p + 1 € [2,2*] C [1,2*]). So,

1
()] < du[Jully +da ullyi; < oo

2. I is G-differentiable
We prove that Vo € H{ (),

Iy (w)[o] = /Q o(2)g(u(x))dz.
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We have to prove that for all v € HE ()

lim I(u+tv) — I(u)

lim , — Itz (u)[v] = 0.

We fix v € H& once and for all.

Let

G(u(z) + to(z)) — Glu(z))
t
so that the assertion takes the following form:

plz,t) = — g(u(z))o(z),

lim [ ¢(z,t)dz = 0.
t—0 Q

If we prove we can change limit and integral, we have finished. In fact, by Lagrange
theorem, there exists J(x,t) € [0,1] s.t.

G(u(z) + tv(z)) — G(u(x))
tv

v(z) = v(z)g(u(z) + t(z, y)v(z)).

So,
oz, t) = v(x) [g(u(:x) + tﬂ(x,t)v(m)) - g(u(x))]v(a:)

By the boundedness of ¥ and the continuity of g, then,

li = 0.
lim o (z, ) = 0

Therefore, it is enough to exhibit a dominating integrable function for |¢| and
change the integral and the limit.
Ast— 0,

ol < Jvl (Ig(u + t90)| = lg(u)]) <ol (1 + ealu+ tI0[” + €1 + eaful’) <
< Clof (L + (ful + [o)? + [ul?) .

We know that v € H} C L4 forall ¢ € [1,2*]. We need to show that (1 + (|u| + |v])? + |ulP) €
LY where ¢ is the conjugate exponent of some appropriate g.
We take ¢ = 2*. Then, v € L1(Q) by the Sobolev embedding theorem and

2*

2*) = .
@) =53

Since u,v € H} C L%, for p € [1,2* — 1] one has uP,vP € L¥/P. Q is bounded
and p < 2* — 1, so that
2%* 2%
—_— >
p — 2¢x—1

— L¥/P(Q) c LE ().

Therefore, all of the addenda of (1 + (Ju| + |v|)? + |u|P) belong to L&) (Q). By
Hoélder’s inequality, |v| (1 + (Ju| + |[v])? + [ulP) € L1(€Q).
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3. I is F-differentiable
The operator

@wzkwmzéwwm

is linear in the v variable. If we show that it is continuous in its v variable, then
the F-differentiability of I will be a consequence of Remark (2.1.8).

By Holder’s and Sobolev inequalities, that provide an upper bound of the L*"
norm through the H' norm (which, in turn, is equivalent to the H& norm on H&),

[ Ju(v)] < /Q lg(w)l[vldz <{lg o ully- jouy 10l < Clvllza llg 0 wllye jge -

But,
2" -1
* * __ 2
ool oo s < ( [ e calu /)
As () is bounded, it is enough to check that u € 2‘22; to get the desired bounded-
ness (which is uniform in v). As p € [1,2* — 1],
2*
1< < 2*
Spmr—7 <

and, by Sobolev embedding theorem, u € L? for all ¢ € [1, p*]. This concludes the
example.

3.2 Existence of minima and maxima

The purpose of this section is that of providing infinite-dimensional Banach spaces ver-
sions of classical results such as Weierstrass and Fermat theorems.

Definition 3.2.1. Let I : E — R be a functional on the Banach space E. [ is

e weakly continuous (WC) if whenever u; — u in the norm of E, then [(ux) —
I(u) in R;

e weakly lower semicontinuous (WLS) if whenever u; — w in the norm of E,
then I(u) < liminfg o I (ug).

Ezample 3.2.2. Let E be a Hilbert space with respect to the inner product (-,-) and let
I : E — R be defined by
I(w) = [|lu]]? = (u, ).

I is WLS. In fact, if up — v in E, then

0 < Jluk —ul® = (u—wp,u —wg) = ||ull® = 2(w, ug) + [Jug))*
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Therefore,
2 2
2(w, ug) — [Jul]” < [Jugl]”.

If u— wuin E, then (u,ur) — (u,u) in IR so that by taking the liminf, we get

I(u) = liminf 2(u, ug,) — |Ju|® < liminf ||ug||* = lim inf T (uz).
k—o0 k—o0 k—o00

Ezample 3.2.3. Let E be a Hilbert space with inner product (-,-) and L € BL(E, E)
be compact. Let I : E — R be defined as

I(u) = (Lu,u).

We show that I is WC.

Let upy — w in F, then for Lemma (2.2.13]), we have Luy — Lu in E as k — oo.

Therefore, (Lug,u) k—> (Lu,u) by the continuity of the inner product.
—+00

|(Lug, ug) — (Lu, w)| < |(Lug, ug) — (L, ug)| + [(Lu, ug) — (Lu, u)| =
= o(1) by weak conv.

= [(Lug = Lu, ug)| +0(1) < |[Lug — Lul| - sup [ugl| + o(1).
S— k

= 0(1) for the reasons
indicated above

Example 3.2.4. We define the 1-dimensional torus as the measure space

dx
T:=(]0,27),dt .= —
(10,20 dt:= 22

where dx is the Lebesgue measure on R. With an abuse of language, we denote with
T the interval [0,27) as well. Observe that there exists an obvious identification of T
with S1.

If f: R — R is a 2w-periodic function, it induces a function that, with an abuse of
notation, we denote with f, f : T — R through the restriction to [0, 27).

Vice versa, a function f defined on T induces a 27-periodic function f : R — R, though
the following definition:

f(z) = f(t) if x =t + 2k7 for some k € Z.

We denote with
LU(T) == L9([0, 2r). db),

so that

/ fwdt= = [ flo)da.
T

27'('0

*See the weak convergence theory results.
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Hence, the spaces W1P(T) are well-defined and, in particular, H'(T) it is well-defined.
Let f € CO(T), we define

I(u):/Tfoudt.

We show that I is WC.

By the theory that follows by the Sobolev embedding theorem, in particular by Morrey
Theorem, HY(T) < C%/2(T) (the embedding is continuous). In particular, v € H'(T)
admits a continuous version (that is, a continuous representative of u) and, therefore,
f ow is continuous.

On the other hand, by Ascoli-Arzela theorem, COY/2(T) cc L®(T) ¢ LP(T) for all p.
Using Lemma (2.2.13)) again, if u; — u in HY(T), then u; — u in L™ and, therefore,
in LP for all p E

Hence, by uniform continuity H,

T(u) — I(u)] < / £ 0w~ £ oulds < sup|fl ux — ul o p =0
T

as k — oo.

Ezample 3.2.5. Let E = H}(2), where Q CcC R". Let p € [1,2*) and I(u) = [[ull} for
u € FE. If up — u in the norm of E, then ug — w in LP for the values of p considered
in Corollary ([2.2.14]). Then, by the continuity of the p-norm on LP,

lim / ]uk]pdx:/ |ulPdx.
k—oo Jq Q

We will use frequently the following lemma in order to prove that certain functionals
are WLS.

Lemma 3.2.6. Let [ : E — R be WC and J : E — R be WLS. Then, [ +J : E — R
is WLS.
Proof. Let up — uw in E. Then,
(I+J)(u) = I(u)+J(u) = Im I(ug)+J(u) < lm I(ug)+Hliminf J(ug) < lminf(7+J)(ug).
k—o00 k—o00 k—o0 k—o00
O

We recall the following definition:

Definition 3.2.7. Let E be a Banach space. K C F is called a weakly closed
subspace of F if whenever up — u in E, one has u € K.

fObserve that ||H]pT < ||-H00’T.
#The torus is compact.
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Theorem 3.2.8. Let E be a reflexive Banach space and K C E be weakly closed and
bounded. Let I : K — R be WLS. Then, I attains its infimum on K.

Proof. Let m = inf,cx I(v) and let {ug}r C K be a minimizing sequence.

K is bounded = {uy}y is bounded = there exists a subsequence that converges in
E by the Banach-Alaoglu theorem (here is where we use the assumptions on E). Let @
be the limit of such a subsequence.

K is weakly closed = u € K.

m is the inf on K of the values of I and u € K = it must be I(u) > m.

I'is WLS == liminf; o0 I(ug;) = limg o0 I(ug) = m > I(u).

We proved (>) and (<). The conclusion follows. O

Remark 3.2.9. We recall that Hilbert spaces are always reflexive.

Remark 3.2.10. In the previous theorem, if I were weakly upper semicontinuous (with
the obvious modification of WLS definition), we would have the same assertion with
appropriate assumptions on the sup. In particular, if I is WC, then I attends both its
sup and its inf.

We will often work with operators defined on the whole E. E is not, in general,
bounded, hence Theorem cannot be applied in most of the cases we will deal
with.

However, if we add an assumption on the functional I which prevents I "having its inf
at infinity", we recover the assertion of Theorem for reflexive unbounded Banach
spaces.

Definition 3.2.11. Let F be a Banach space. A functional I : E — R is called a
coercive functional if lim, |00 1(v) = +00.

A coercive functional, therefore, goes to infinity as ||v|| — +oo. Hence, if it attends
its infimum, this must be in a bounded region.

Theorem 3.2.12. Let E be a reflexive Banach space and I be a WLS coercive func-
tional. Then, Ju € E s.t. I(u) = min,ep I(v).

Proof. As I is coercive, by the definition of limit, there exists R > 0 s.t.

inf I(v) > m.
lvl[>R

By Banach-Alaoglu theorem, the closure of Br(0) is weakly closed, hence we can apply

Theorem (3.2.8) using K = Bg(0). O

The following result is, instead, a version for infinite-dimensional Banach spaces of
Fermat theorem:
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Lemma 3.2.13. Let E be a Banach space and I : E — R be F-differentiable in a
weakly closed subset K C E. Let u € K be s.t. I(a) = infyex I(u). Then, I'(a) = 0,
i.e. I'(w)[v] =0 for allv € E.

Proposition 3.2.14. Let E be an infinite-dimensional reflexive Banach space and let

o

K C FE be conver and bounded. Let I : E— R be WC. Then, I(K) C I(0K).

Proof. As FE is infinite-dimensional, there exists a sequence {ex}r C E s.t. |lex]| =1 for
all k and e — 0.
Let u € K. We must show that there exists a sequence {uy}y C 0K s.t. I(ug) — I(u)
as k — oo.
For all k, let t;, € R be s.t. ug := u + trer € 0K.
Since K is bounded, an easy contradiction argument proves that {t;}; is bounded as
well, so that up — wu.
I is WC, hence I(uy) — I(u). This concludes the proof.

O

Corollary 3.2.15. Let E be a reflexive Banach space. Let K C E be conver and
bounded. Let I : E — R be WC. Then,

sup I(v) = sup I(v)
veK vEIK

and

inf I = inf I(v).
Inf I(v) = inf I(v)

3.3 Applications

We apply the previous section’s results.

n-body problem We consider a potential V' € C}(T x R™, R), for some V = V (t,q)
2m-periodic in the variable .
We put on V' a coercivity assumption:

lim V(t,q) =400

lgl—o00

(uniformly in ¢). We look for solutions of the following system of equations, with a
disturbance, in a particular case:

Q1(t) = LV (ta)

in(t) = 22V (t,9)
or, shortened,

G(t) = —V(t,q).

G(t) a7 (t,q)
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Here, we denoted with the dots the derivatives with respect to ¢, differently than what
we did in Chapter 1.
For instance, we can choose

V(t,q) = la®) + f(2),

where f € CO(T) is 27-periodic and E = (HY(T))", i.e. if ¢ = (q1,---,qn), qx € H*(T)
forall k=1,...,n.
F is a normed space, with

. I
lally = [ (4P + la@® Pyt = o [ (4@ + la(w)P)da
T T Jo
and it is reflexive. We define the operator I : E — R by

1= [ (jor+vio)a= o [ (Jaorvin)w

I is WLS. In fact, adding and subtracting the remaining term to trace back to the
expression of the norm of E, we get:

1) =5 [P +laoPyir+ [ (Viea - ) .

= |lg|l% WLS by (3.2.2) WC by (3.2.4)
WLS by (3.2.6)

In order to prove that there exists a solution ¢ of ¢ = dV/dq, we need to show that
I € C! is coercive.
We define

a(0) = /T w(t)dt = % /0 7 @)z

the mean of ¢ and proceed with the proof of the coercivity.
Observe that, as V is the sum of an H! function and a continuous periodic one, V is
bounded. In particular, V' is bounded from below and, therefore, 95 € R s.t.

1 2

— t,q)dt > —p.

Seeking a contradiction, let {g;} C E be a sequence s.t. |gx||z — oo and

1 [ g(t)? 1 [
I(q.) = = dt + — toan)dt <
(qr) 2/0 5 +5- ; V(t,qr)dt <

for some a € R.
Using the boundedness of V', we would get

2
;ﬂ/o k(1) 21 < 2(a+ B) =: C.
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But,
lakll g = llaxlls + [1dxlls -
~—— ~——

— 00 <C

Hence, we would have that, if ||gx|| ; — oo, then ||gx||, = oo as k — oc.
Hence, as k — oo,

2 2w 2
lim V(t,qp)dt = lim / || ?dt + f(t)dt = const + ||qi||5 — oo.
k—o0 0 k—o0 0 0
= const < 0o
However,

(g) = — /27r 6el* gy, 1 QWV(t )t < o < +
= — —_— — o) 00
K 2 Jo 2 2 Jo i - ’

>0 — +oo

which is clearly a contradiction.
As we want to use the Banach spaces’ version of Fermat theorem, we observe that

I €CYE,R):
1 .
I(q) =2/T!q2dt+/TV(t,q)dt~

we know that it’s easy to see
ecH(H") that € C1(H!)

This, allows us to conclude that 3G s.t. I(g) = min,eg I(v) and for all v € E one has
I'(g)[v] = 0. That is, Vv € E,

/d@dt—i—/I/(J(t,cj)vdt:O:/(ij—V},)v:O.
T T T

This implies that g is a weak solution of the equation

v
q_dq

as we wanted to prove.

Generalized pendulum We consider the damped pendulum equation:

G(t) = Asin(q(t)) + f(t) (3.1)

under the requests for ¢ and f to be 2r—periodic.
We have immediately a necessary condition for a periodic ¢ to be a solution of (3.1)):

Lemma 3.3.1. Let ¢ a 2w-periodic solution of . The 1£(0)] < A.

$We denoted with f(0) = + 0277 f(x)dx, the 0-th Fourier coefficient of f.
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Proof. q is 2m-periodic => ¢ is 2w-periodic. In particular, by integrating on [0, 27r] both
the sides of (3.1)), we get

2 2
/ gt)ydt = A/ sin(q dt+ f(t)dt
0

e[ 1,1]

= q(27r) —4(0) = —_——
€ [—2m, 27
which implies that
R 1 27
F0) =5 [ (e € -4, 4]
™ Jo
that is the assertion. O

We still don’t know whether this condition is also sufficient. However, we have:

Theorem 3.3.2. Let f € L2(T) be s.t. f(0) = 0. Then, there exists a solution

g € HX(T) of (3.1).

Actually, we want to prove a more general theorem. For, we enunciate and prove
some preliminary results:

Theorem 3.3.3 (Wirtinger inequality). Let ¢ € H'(T). Then,
lla = 4(0) [l < llgll, - (W)
Proof. If g € C>°(T), with ¢(t) = ;f’ioo G(k)e**, using Parseval’s inequality:

+oo
~l12 A
la—dllz =) la(k) Z | = ik(a)(R)* = 15

k=—00 k=—o00
k#0 k#0

and the assertion follows by the density of C*°(T) in H'(T).

O
Lemma 3.3.4. Let F € CYT x R, R), F = F(t,z = (z1,...,2,)) be a T; periodic
function in its variables x; for i =1,...,n. Then, the system
i(t) = Fyu(t,u) (3.2)
1.e€.

U1 (t) = Fu1 (t, u)

tin (1) = Fu, (y,u)

admits a 2m-pertodic solution.
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Proof. F' is continuous and periodic in all its variables, hence it is bounded: 3C7 > 0
s.t.
|F(t,x)| < Cy Y(t,z) € T x R".

We define the energy associated to (3.2)) as follows:

1 27 |- 2 1 2
L S 0] dt+/ F(t, u(t))dt.
27T 0 2 27'(' 0

>0 € [-C1,C]

I(u) = ;/T|u(t)|2dt+/TF(t,u(t))dt:

I is bounded from below by the constant —Ci:

m = inf I(u) > —C1,
uel

where E = (H'(T))". Let {u®}; C F be a minimizing sequence for m, i.e. I(u®)\
m as k — oo and observe that it is a bounded sequence in R, since it converges. By
the definition of I(u(®)) and by the boundedness of the second addendum, there exists
Cy >0s.t. Vk >0

1 27
/ W ®) 124t < C3.
0

2

By Wirtinger inequality applied to u(*),

oo w00, < 0], <.

Then, by the Sobolev inequality,
Hu(k) - a“f)(o)HE < CCy = Cs.

On the other hand, since F' is periodic, for all ¢ = 1,...,n and for all u € FE, set
{€i}i=1,..n the canonic basis of R",

1
I(u+ Tie;) = 2/ || ?dt + / F(t,u(t) + Tie;)dt = I(u).
T T

It follows that, if {u(¥)}, is minimizing for I, then

{u(k) + Z afTiei}
=1 k

is still minimizing for all a¥,...,a* € Z and, therefore, we can choos af (i=1,...,n)
properly so that @Ek)(()) + Tie; € [0,T5).

For this new minimizing sequence, that we still call {u(®)}, with an abuse of notation,
we have

[a®)(0)] < C? Vk.
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Using Wirtinger inequality:

2 L[ L e
Hu( >H :/ a®)| dt+/ u®)|2dt <
E 2 0 2 0

1 27 1 1 27
< — / [a®) 2dt + —|u® — a®) (0)2dt + — / 1a®) (0)[2dt <
2m Jo 27 2m Jo

< Co+Cy+Cy

Hence, {u(k)} % is bounded. Since F is reflexive, by Banach-Alaoglu theorem there exists
a subsequence u*7) which weakly-converges to some @ € E.
Moreover, it is immediate to observe that I is WLS by Lemma (3.2.6). Then, as u € E,

m < I(@) < liminf I(u*)) = m,
j—00

so that, @ is a solution of the Euler-Lagrange equation associated to I that, in our case,
is exactly the assertion.

O

We define the measure space of T-periodic functions similarly to how we did for 27-
periodic one, with normalized measure dt/T and so that ||9HH3([0,T)) =1/T fOT |g|2dt.

Lemma 3.3.5. Let f € L%([0,T),R) be a T-periodic function. Then, the equation
ii(t) = f(t) admits 1! T-periodic solution which belongs to HL([0,T))

if and only if [, f(t)dt = 0.

Proof. (=) follows trivially integrating the equation i = f.
To prove (<), let

T u 2 T
() = % /0 H;)’dtJr; /0 F@)ult)dt

be defined on H¢(R). J is WLS. Since H{([0,7)) is a Hilbert space (hence, a reflexive
Banach space), in order to prove the existence of a solution it suffices to prove that .J
is coercive. We have,

) ) 1 (Tla@w))? 1 (T ) L,
J(u) = J (u—a(0) +a(0)) = = =T F@)(u(t) — a(0)dt + i F)a0)dt >
1< £l Tlu — ()] — 0 by assumption
1 . 1 .
Zgllullifg([o,m)—llfllz [Ju —a(0)]l, 2§Ilquq3([o,T))—C Ifllo lally =
< Cifl, by Poincaré < N3+ 1o lall3
by @2Z11)
1
> 7l o,y — C £l
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Hence,
lim J(u) = 4o0.
Hu‘|H6([07T))_>OO

As far as uniqueness is concerned, if u; and wug are solutions of it = f, then

d2
ﬁ(U1 — U2) =0.

Hence, for all the functions ¢ € C*>(]0,7)),

1 [T g2 1d T | Ty
0=—= — — dt = | =— - - = — — bdt.
T/O g2 (11— w2)e [T gt “2)“0]0 T/O TR
=0 by th;})eriodicity
of u1 — us

Therefore, for ¢ = u; — ug

| 2
0= T/O |ul —UQ’ dt = Hul _UQHH(%([O,T))'

This concludes the proof.
O

The more general result (more general than Theorem (3.3.2)) we prove is the fol-

lowing;:

Theorem 3.3.6. Let f: R — R be a T-periodic function s.t. fOT f(t)dt =0. Then,
i(t) = Fult,u) + £(1) (33)
admits a solution.

Proof. By the previous lemma, there exists one (and only one) solution v € H{ ([0, 7))
of v = f.
Let u(t) = v(t) + y(t). In order for u to be a solution of (3.3)), it must be

O+ =F,(t,o+y)+ f.

Recalling that © = f, one has § = F,(t,y + v). Following the steps of the proof of
Lemma ({3.3.4)), with

I()—l/TWdt—i—l/TF(t +o)dt
y _T 0 2 T 0 7?/ v b

we get the existence of y and, therefore, that of w.
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Elliptic equation with boundary conditions Let Q cC R™. We look for a H} (1)
solution of

(3.4)

—Au+g(z,u) =f onQ,
uloa =0,

with the following structural hypothesis: set G(z, s) fo
o fe L)
e g C%(QxR,R);

e there exist constants C € R, ¢,d > 0 s.t. |G(z,s)| < ¢+ d|s[PT! for some
p€[l,2*—1) and G(z,s) > —C.

The functional associated to the equation —Au + g(z,u) — f =0is

/ \Vu|?dx +/G(m, /fuda:

2 Jo Q

—_———

= 1/2||u||§{6 (WLS) € BL(H&,IR) = WC

(by def. of the weak top.)

It’s easy to see that I € C*(H}) with Fréchet-derivative given for all v € H} by

I'(a)[v] :/QVqudw—k/Qg(w,u)vda:—/vadac.

Moreover, the mapping u fQ G(z,u)dx is C', hence continuous and, using Rellich-
Kondrachov theorem and Lemma (2.2.13)), it can be proved that it is WC.
We show that [ is coercive:

1
I(u) = IUI|H1+/G( ) dx — /fudrc 5 lullz = €198 = I£ 1l llully >
—_———

~—— < C 1l lull g1
_— < £l Nl 2T
> |0

L, 2 2, 1 2 L, 2 2
> 3 Jullze — €l = C (CHsz tio HUHH3> =1 [ullz = €l = C?|flz,

which gives the requested coercivity.

Therefore, 3u € H(Q) s.t. I(i) = minz I(u). By Lemma (3.2.13), we have I'(u) =
Equivalently, 4 is a weak solution of —Au + g(z,u) = f. Finally, since u € H}(Q
upn = 0.

0.
);

3.4 Second order elliptic operators

Let Q CC R™ and let a;5,c € L*>®(Q) with a;; = aj; for all i,j =1,...,n.
Let A = A(x) be the matrix

A(z) = (aij(2)); =, € R
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We consider the second order differential operator in the divergence form:

Lu=— Z 9 <aw(x)(§);> + c(x)u = —=div(A(z)Vu(x)) + c(x)u

“— Ox;
i,j=1

with uniform ellipticity condition: 3A > 0 s.t. V€ € R”

n

Y ai(@)6ig; > Mgl

4,j=1

holds for a.e. € Q.

We consider the problem:

Lu = on £,
/ (Lo)
u’ag =0
with the associated form a : H}(Q) x H(Q2) — R defined by
- ov Ov
a(u,v) = / ij (@) 57— + c(z)uv | dz
0 i;l ox 81']

(this is called the Dirichet bilinear form).

Definition 3.4.1. A function u € H}() il called a weak solution of (L) if

a(u,v) = (f,v)r2

Remark 3.4.2. a is a continuous bilinear form. In fact, using the boundedness of the a;;
and that of ¢:

dx—l—/\uv]daz <
Q

la(u,v)| < C Z/

= Ox; 83:]
(ZZ - + el ) <
j=1i=1 i Lj 2 SN———
< Cllull gy Mol gy
< Clully

< C (Ilull gy 10l ) -

We consider the particular case in which ¢ = 0 a.e., in the which case, Dirichlet

bilinear formula reads as
ou Ov
(u,v) / Z aij(z T@de
3,j=1
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for u,v € H(Q). Moreover, using the uniform ellipticity condition

-~ ou 0
aofus) = [ 3 aii(a) 2o 2 x [ Vuds = Al

ig=1 alm xj
and the coercivity of ag follows.
Theorem 3.4.3 (Lax-Milgram). Let H be a Hilbert space and ¢ : H x H — R be a

bilinear, bounded and coercive operator. Then, for all T € BL(H,R) there exists 1!
u € H s.t.

Tv = ¢(u,v) Yve H.

Applying Lax-Milgram Theorem to the mapping
v € HY Q) — / fodz = (f,v)r2
Q

and ag, we get the existence of 1! u € H}(Q) s.t.
aO(”)”) = (f>U)L2 Vo € H&(Q)
That is, we have a result concerning the existence and the uniqueness for the solu-

tion of (Lo|) in the case ¢ = 0.
Actually, the procedure above extends immediately to the case in which ¢ # 0 in L*°(2).

Remark 3.4.4. Consider the equation in (3.4) with g(z, s) = s|s[P~!, p € [1,2* — 1]:
— Au+ululP7t = f(x). (3.5)

In this case,

1
Glz,s) = ——|sP*1 >0
(@.5) = —lsl"" =

and (3.5 admits 1! solution.
However, for p € [1,2* — 1) the system

—Au—ululP~t=f onQ,

admits infinite solutions. If, instead, p = 2* — 1 and €2 is a star domain, the unique
solution for this last problem is u = 0 (see (6.11])).
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3.5 Constrained optimization

The purpose of this section is that of studying optimization problems for functionals
defined on Banach spaces, along some constraints expressed by equations involving other
functionals. The first result we enunciate is a Banach spaces version of the implicit
function theorem:

Theorem 3.5.1. Let X,Y, Z be Banach spaces, O C X x Y and ® € C*(0O, Z).
Let (xo,y0) € O be s.t.

L4 (I)(x()ay()) = 07.
L4 q)y('IanO) 7& 0.

Then, there exist a neighborhood U = U(xg) € X and a mapping ¢ € CH(U,Y) s.t
Ve elU

(a) (z,¢(z)) € O;
(b) ®(z, p(x)) = 0;
0 ¥io = 32

We see an example in order to clarify our goal: we define a functional £ : H} () — R
for @ CC R" as

E(u) = /Q Vudz.

Theorem 3.5.2. Let Q and € defined as above. Let S = {u € H(Q) : ||ul, =1}.
Then, there exists ug € S s.t. E(up) = infyes E(u).

In other words, we’re gonna prove that £ attains its inf not with respect to the whole
H{g, but on one of its proper subsets, that is {u € H} : J(u) = 0} with J = ||-||, — 1.

Proof. Let {ur}r C S be a sequence s.t. £(u) \ym = infs €.

Since it converges, {€(ux)}x is bounded in R. Moreover, since £ is the Dirichlet norm
of H}, the sequence {uy}y is bounded in H{ with respect to the norm of Hi. By the
Banach-Alaoglu Theorem, there exists a subsequence {uk }; which converges weakly to

a function up € H} (). As, by Example (3.2.5 -, ||| is weakly continuous on H{,
2 _ o 2
[[uoll jggoHuijQ

ie. ug €S.
On the other hand,

m < E(ug) < liminf & (uy,) = m.
ug €S J—00

This concludes the proof. ]
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Hence, we proved the existence of a minimum for the energy £ along the constraint
S. The problem, now, is that of finding a differential equation which is satisfied by this
constrained minimum: while the minimum of € on HE () is a weak solution of Laplace
equation, we still don’t know whether the constraint minimum is a solution of —Awu = 0
as well.

As a general fact, if the minimum of a functional I € C'(E,R) is the weak solution
of some differential equation, there is no guarantee for the minimum of I along a certain
constraint to be a solution of the same differential equation. In our example, we’ll see
that the minimum of £ on S is a solution of —Awu = Au for some A > 0, not one of
—Au = 0. Actually, this result is a consequence of the following theorem:

Theorem 3.5.3 (Lagrange multipliers). Let E be a Banach space and let I, F €
CYE,R). Let S = {u € E: F(u) = 0} be a constraint and uy € S be a minimizer for
I|g s.t. F'(ug) #0. Then, IX € R s.t.

I/(UO) = )\F,(U()) (36)
Proof. Let ug be s.t. I(ug) = ming I.

1. We use the implicit function theorem to "parametrize" S

e Jw e E s.t. F'(up)[w] = 1.
In fact, F'(ug) # 0, hence 3w € E s.t. F'(up)[w] # 0. F'(up) is, by the
definition of Fréchet derivative, a linear mapping, so that it is enough to
prove that w = W

e F'(up) is a functional, so that Fy := ker F”(ug) has codimension 1 in F, i.e.
E = Ey @ span{w} = Ey ® Rw.
Consider the mapping ® : Fy x R — R defined by
O(v,t) = O(v+tw) = Flug + v + tw).
As far as ® is concerned, we have:

(a) ®(0,0) = F(upg) =0 (ug € S = ker(F));

(b) Dy®(0,0) = F'(ug)[w] =1 (by the definition of w);

(c) Dy®(0,0) = F'(up)[0] = 0 (since F'(up) is linear).
In particular, we can invoke the Theorem ({3.5.1) to grant both the existence

of a neighborhood V' = V(0) C Ey and that of a function ¢ € CY(V,R) s.t.
O(v,0(v)) =0 Vv €V, ¢(0) =0 and, finally,

20 = =0, 0(0))”
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By the definition of ®, this implies that
0=2(v,9) = F(uo + v+ wp(v)),

that is, up + v + p(v)w € ker(F) = S for all v € V.
Hence, we found a neighborhood U = U(ug) C S of ug (with respect to 5) s.t.
Vu e U

u=1uy+v+p)w

for some v € V. That is, we found a local parametrization of S.

2. We show that ker(F'(ug)) C ker(I'(uo))
Let I : V — R be defined as

I(v) = I(up + v + ¢(v)w),

t~he "local restriction" of I to S.
I is F-differentiable as a composition of F-differentiable ones. Since I has a
minimum in ug, / has a minimum in v = 0. Therefore, I'(0)[u] = 0 for all
u € Ey = ker(F'(up)).
Hence, for all u € Ej,
0= I'(0)[u] = I'(uo)[u + ¢'(0) w] = I'(uo)[u].
~——
=0
Therefore, I'(ug) = 0 in Ey, i.e. in the point in which F'(ug) = 0, I'(ug) = 0 as
well.

This is equivalent of claiming that ker(F”(ug)) C ker(I'(ug)).

3. Conclusion
We exhibit a A € R s.t. Vv € E,

I’ (ug)[v] = MNF'(ug)[v].

Recall that E = Ey @ Rw. If v € Ey, i.e. if F'(ugp)[v] = 0, we have proved that
I'(ug)[v] = 0 as well and, therefore, (3.6) trivially follows.
If v € Rw )\ {0}, then, v = tw for some ¢ # 0. Defined

_ 1'(uo)[w]

A= F o))

= I'(ug)[w],
one has
I’ (ug)[v] = tI'(up)[w] = tAF' (ug)[w] = NEF (ug)[tw] = AF' (ug)[v].

And the assertion follows.

O]

The next paragraph consists of an application of Theorem (3.5.3) concerning the
research of the minimum of € on § = {u € H}(Q) : ||ull, = 1}.
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Eigenvalues of —A Theorem (3.5.3]) can be used to derive the differential equation
satisfied by the minimum of £ along the constraint

S = {u e HY(Q) : u]? = 1} = {ue H\Q) : F(u) =0}

where we set F(u) := [jul3 — 1.

By Theorem (3.5.2)), we know that there exists ug € S s.t. S(ug) = m = infs €.

On the other hand, as F € C}(H{, R), F is G-differentiable and its G-derivative coincide
with its F-derivative, so that:

Fl(ug)[o] = tim L0 = Fluo) / wvdz.
h—o0 h Q

In particular,

F'(ug)[ug] = 2/ |u?dx = 2 # 0.
Q
By Lagrange multipliers theorem, there exists A € R s.t. Vv € H(Q)
E' (up)[v] = MNF (up)[v].

Hence, Vv € H} ()

2 /Q VuoVudz = &' (ug)[v] = A (ug)[0] = 27 /Q wdz. (3.7)

That is, ug is a weak solution of —Au = Au.

Remark 3.5.4. By Poincaré inequality, using (3.7) with v = ug, we get
2 1
A= [ |Vupl|“dz > = [Jull, = = > 0.
Q C

Moreover, by linearity

Vul?dx
A = |lug|3 = inf _ g JalVulde

We set A1 := A.

Definition 3.5.5. )\; is called the principal eigenvalue of Laplace operator. The
associated eigenfunction e; € S, that is the function e; € H}(Q) s.t.

—Ae; = Aeyq,
e1lon =0

is called the ground state.
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We look for the other eigenvalues and eigenfunctions: we observe that, if there exists
A g {0,\1} s.t. —Av = v for some v € H}(Q), as e; is a weak solution of —Au = \ju
and v is a weak solution of —Awu = Au, by applying the definitions of weak solution to
both of the cases with v and e; as test functions respectively, we get:

Jo VerVudz = \; [, eqvdz,
fQ VoVerdr = A fQ verdx.

Hence, as A1 # A, it must be:

{fQ verdr = 0,

fﬂ VoVeidr = 0.

In particular, vle; in L? and in H' (hence, in H}).

Let By = {u € S : [yueidz = 0}. Let Ay = infycp, £(u). Repeating the argument
above, we get the existence of es € E7 (use the weak continuity of the inner product of
L? on H& to prove that es € E1) s.t. —Aey = Agey. Obviously,

0< A < Ao
By induction, we get the existence of a sequence m of eigenvalues of —A s.t.
0<)\1 §)\2§)\k§)\k+1 <....

As a non-decreasing real-valued monotonic sequence, { A} is either bounded (and thus,
a converging one) or divergent. The second is the one that actually holds.

Proposition 3.5.6. limg_,., A\py = +00. In particular, there are infinitely many eigen-
values of —A.

Proof. We show that limg_,,, Ay = +00. Obviously, this is enough to grant the fact
that { A} is infinite.

We know that { A}, is a non-decreasing real-valued monotonic sequence, hence it cannot
be oscillating.

Let {ex}r be the sequence of eigenfunctions related to the family of the eigenvalues of
—A we get iterating the above-mentioned argument, so that

— Aek = )\kek Vk Z 1,
||ek||2 =1Vk Z 17

/ eiejdr = 0 Vi # j,
Q

/ Verl2da = flexlZs = M Wk > 1.
Q

TA possibly definitevely constant sequence, as E; = {u € S : fQ uerdr = 0 Vk < j} may be empty.
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Seeking a contradiction, if A\ 4 400, then A\, — Ay € R4 as k — oo. However,
||ek\|?qé = M. Hence, the sequence {e}; would be bounded in H} and, therefore, by

Banach-Alaoglu Theorem, there would exist a subsequence {eg; }; weakly converging to
eo € HE(Q). On the other hand, by Corollary 7 ek; = €o as j — o0 in the norm
of L%(Q).

But the ey, are pairwise orthogonal in L? . Hence, Vi # 7,

2 = lews s + llew 13 = 2

Heka‘ ~ Ck;

which contradicts the fact that, as it converges in L?, the sequence {ekj }; is Cauchy in
L2
O

Remark 3.5.7. Observe that, according to the results illustrated in this chapter, set

vk > 0,
Ek:{uES:/ejudx:Ongk}
Q

and uy the eigenfunction associated to Ag, one has

2 )
Ak = llewlyy = nf £(u).

Moreover, even if it’s not that essential, it’s worth to observe that the k-th eigenfunc-
tions can be thought as belonging to the intersection between the (k — 1)-th constraint
(Ex—2) and the constraint {u : [, ex—judz = 0}.

Moreover, it’s worth to point out the the following characterization for the eigenvalus
of —A holds:

Theorem 3.5.8 (Courant-Hilbert). For all k =1,2,3,..., let
& = {Ex C Hy(Q) : By, k-dimensional subspace of Hj } .

Then,

A = inf  sup E(u).
ErCEk ueELnS

There are situations in which Lagrange multipliers cannot be used to find solutions
of differential equations. We clarify this fact with the following example:

Example 3.5.9. Let 2 CC R™. We consider the nonlinear problem

(3.8)

—Au = ufulP~t on Q,
ulon =0,

for p e (1,2 —1).
We want to use Lagrange multipliers in a smart way, to provide a non-zero solution of
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(13.8). For this purpose, we need to exhibit the minimum of an energy functional on a
certain constraint.

Let € : H}(Q) — R the usual functional defined by
E(u) = / \Vul|*dx
Q

and let F(u) = -1+ HuHiE We denote with

S={ueH)(Q): F(u)=0}.

In order to use Theorem , we need to provide a minimum for £ along S.

Let m = infs & > 0 and {ux}r C S be a sequence s.t. E(ug) — m as k — oo.

By the definition of &, the sequence {uy} is bounded in the norm of H}(2) and, hence,
by Banach-Alaoglu Theorem there exists a subsequence {uy, }; that converges weakly
to up € H} () in H&%(Q)
Asp+1 <27, ||H]]§i1 is WC (see Example (3.2.5)). So, |lugl[,;; = lim; 4 Huij
1. That is, ug € S.
£ is WLS, so that

p+1

m < E(up) < liminf & (ug;) = m.

J—00

Hence, we found a minimizer ug € H}(Q) for S. It remains to prove that F”(ug) # 0.
However, this follows immediately by the fact that

Pl = (p+1) [ fuoPudds = p+1£0.

We can apply Lagrange multipliers to provide a differential equation satisfied by wug:
there exists A € R s.t.

E (ug)[v] = 2/QVu0Vvdx = )\/Q(p + 1)|uo [P~ ugvdz = F' (ug)[v] (3.9)

(3.9)

Vv € H3(Q). In particular, if v = ug, we get

A
m = &) = [Vul} = 50+ 1) [ juop*do.
=1

Hence,
2m

A= ——
p+1
and, for all v € H}(Q2), substituting in (3.9)

2m
2/ VugVovder = ——(p+1 / uo P L ugudze,
i e [ |
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that is
/VUOVvdx :m/ luo [P~ tugvda (3.10)
Q Q

for all v € H}(Q).
For this reason, Lagrange multipliers didn’t provide a solution of (3.8)), but one of

— Au=m - ufulPL. (3.11)

Luckily, the equation (3.8]) is homogeneous, so that it suffices to search for a solution
% € H}(Q) in the form @ = aug for some a > 0, so that

/VﬂVvd:c:/ |a[P~ avda (3.12)
Q Q

for all v € H}(Q) (that is the equation that a solution of (3.8) has to satisfy).
Since ug is a solution of (3.11)), u = awug satisfies

a_l/VﬂVvd:I::ma_p/ |a|P avdz.
Q Q

This implies that the parameter « in correspondence of which (3.12) holds satisfies

that is

In conclusion, we derived a non-zero solution of (3.8)):

1

U = mPpr—Tuyg.
Remark 3.5.10. In this example, it is evident that the homogeneous nature of the equa-
tion (3.8)) is crucial in order to apply Lagrange multipliers and solve (in H}) an equation
as

—Au = f(u),

finding the minima of £(u) = [, |Vu|?*dz along the constraint [, F(u)dz = 0 (here,
F(s) = [; f(t)dt).
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Chapter 4

Minimax theorems

The purpose of this chapter is that of providing several results concerning the localiza-
tion of functionals’ critical points.
4.1 Deformation lemmas
Definition 4.1.1. Let E be a reflexive Banach space and J € C!(E,R).
e The sublevel of J at the level c € R is the set
J={J<ct:={uecE:Ju) <c=J"((-00,c))
with the subspace topology inherited by E;

e c ¢ R is called a critical value of J if Ju € E s.t.

J(u) =e¢,
{J’(u) _o. (4.1)

e The element u € E for which (4.1)) holds is called a critical point.

The following example clarifies the idea under the theorem we will enunciate at the
end of this section, after proving a finite-dimensional version of it.

Ezample 4.1.2. Let J : R — R be defined by J(z) = 2%, ¢ = 0 is a critical value of J.

In fact, for g = 0, we have
J(0) =0,
J'(0) = 0.

The important remark is the following;:

Jc_{<—ﬁw) if ¢ > 0,

o] if ¢<0.
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The critical value ¢ = 0 acts as a "border-value" in the following sense: as ¢ < 0, J¢ is
an interval, while as ¢ < 0, J¢ = @, that is, the sublevels corresponding to ¢ > 0 are
not homeomorphic to those corresponding to ¢ < 0.

Lemma 4.1.3 (finite-dimensional deformation lemma). Let J € CHY{(R™ R) and c € R
be a critical value for J. If

e Jeg >0 s.t. U ={c—e9 < J <c+eo} CR" is compact;
e IX >0 s.t. Yu € U one has |J'(u)| > A;

then, 3 > 0 s.t. J°T¢ is homeomorphic to J¢¢.

Proof. Let € € (0,e0/2).

1. We exhibit the homeomorphism
Let B={c—¢e¢ < J <c+¢e}. We consider

B dist (z,U")
 dist(x,UC) + dist(z, B)’

f(z)

f is locally Lipschitz and it’s continuous.
We consider the Cauchy problem

(4.2)

{éixa) — 2 f(w(1)) ] (1)),
x(0) = xo.

By the theory of the ODEs, we know that this system has 1! solution n(t,zo) =
x(t) that is continuous with respect to its variable zy. Moreover,

STt 0)) = T (0t 7)) nlts0) = — o5 £, z0)) [ (n(t, z0))? < 2.

dt
~~~
>0

€1[0,1] > 22

Therefore, J(n(t1,x0)) < J(n(ta,x0)) if t1 > to.
We define ®(zg) = n(1,zp). ® is well-defined by the uniqueness of the solution of
(4.2) and it is a homeomorphism by the continuity properties of the solution of

(E2).

2. We prove that ®(J°t¢) C Je¢
Let g € {J < c+¢€}.

o If n(t,z9) € {J < ¢ — ¢} for some ¢t € [0, 1], then J(P(x0)) < J(n(t,zg)) <
¢ — € as we observed above.
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e Seeking a contradiction, if n(t,zp) € {c—e < J <c+e} Vt € [0,1],

1 1
T@(a0)) = Tao) + [ G0t = Ja)—35 [ e ao) | it z0) P it <

<c+e > A2

1
<c+s—25/ f(n(t,xo))dt =c —e.
° lin B
= m

In contradiction with the fact that n(1,u) € {c—e < J <c+e}.

This concludes the proof.
O

For the infinite-dimensional case we need to introduce several notions. The first one
is a compactness condition whose purpose is that of replacing the assumptions:

o ISl = A,
e compactness of the strip,
in the finite-dimensional deformation lemma.

Definition 4.1.4. Let E be a Banach space and J € C}(E,R). We say that J satisfies
the Palais-Smale condition (PS) if all the sequences {uy}r C E s.t.

o |J(ux)| < C Vk € N for some C > 0;
o J'(up) — 0 as k — oo;

admit a converging (in E) subsequence.

Ezample 4.1.5. Let J : R — R be the functional J(xz) = e~*. J does not satisfy (PS).
In fact, the sequence ug = k is s.t.

° \e’k|§1for all k > 0;
o |—eF| =5 0ask— oo

However, {k}; does not admit a converging subsequence.
Ezample 4.1.6. Let Q CC R™ and E = H (). We consider the functional on Hg ()

given by
1
J(u):/ |Vu\2dx+a/ |u]2dm+/ fudx
2 Ja 2 Ja Q

with

o fe LQ(Q);
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e o < A1 (A1 is the principal eigenvalue of Laplace operator).

We show that J satisfies (PS).
Let {ux}x C H}(2) be a sequence s.t.

o Vk >0, |J(u)| < Cy for some C1 > 0;
o |J (ug)] — 0as k — oo.

We show that {uy}r admits a subsequence that converges in H}(€2).
We use the first assumption:

1
Cy > |J(ug)| = ‘Q/Q\Vuk|2d:c+Z/Q|uk|2daz+/gfukda:

1

z/mmwm—“/mmM+
2 Jo 2 Ja
N —

_ 2

1 2 (6]
= [ Vfunddo = 3 lanly =5 [ lude = Jucly 151,
Q Q S—~—
< lukllg 11l

By the definition of Aj,

/ lug|?dz > )\1/ R
Q Q
so that:
Cr 2 5 luelly = 55 [ ol = C Al g = 5 (1= 5+ ) el —const e

= o WPkllH] 2\ Jo EllHi 2 Hj — 9 A\ EllHS EllHE

—_——
>0

Therefore, ||lu|] mp < C for some C'> 0 (otherwise there would not be a constant upper
bound for the left hand side).
By Banach-Alaoglu Theorem there exists a subsequence {uy, }; which converges weakly
in Hy to some function 4 € H.
By Corollary (2.2.14), ug, — @ as j — 00 in L2(9).
Now, we use the second hypothesis on {uy}x: for all v € H}(Q)

J’(ukj)[v] -0

as j — 00.
In particular, for v = uy, — 4, using the fact that the J'(uy) are linear functionals,

0 ¢ (g, ), — 1] = /Qvukjwukj a)dz + (;/Quk(ukj — a)da + /Q f(u, — @)de =

= [V, Vs, = )+ § oy, = )2+ (Fr, = )1

— 0 by the continuity of (-,-) 2
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as j — 00. Therefore,
/ Vuy, V(uy, — u)dr — 0
Q

as j — oo.
Hence,

Jur, — @l = | [Vu, — Valde = | Vg, (Vag, — Va)de — | Va(Vuy, — Va)dz — 0
0 Q Q Q

g

—0 =(ﬁ,uk].—ﬂ)Hé—>0

since U, — U

as j — oo.

Remark 4.1.7. For o = A1, the argument above fails. In fact, choosing f = 0 for sim-
plicity, one can prove that the sequence {uy + ke }j satisfies (PS), but does not admit
any converging subsequence.

The second notion we need, whose purpose is that of replacing the hypothesis that
guarantee the existence and uniqueness of the solution of the system of differential equa-
tions which provides the homeomorphism between the sublevels in the finite-dimensional
deformation lemma, is the following;:

Definition 4.1.8. Let E be a Banach space and J € C1(E, R).
v € F is calles a pseudo-gradient of J in u € E if

o [[ollg <2017 (W),

o J'(w)v] = (J'(w),v) =[] (u)

2

Hop‘

Remark 4.1.9. Pseudo-gradients are not, in general, unique. Moreover, if vy, vy are two
pseudo-gradients of J in u, then

Yu1 + (1 — 9)ve

is another pseudo-gradient of J in u for all ¥ € [0, 1].

Remark 4.1.10. A pseudo-gradient is an element of E, while J'(u) is a bounded linear
functional. If E is a Hilbert space, then E* 2 FE| so that the bounded linear functional
are all represented by elements of E. In particular, there is an identification between
the functional J'(u) and the element v € E given by Riesz representation theorem, i.e.

(v,w)g = J' (u)[w] Yw € E.

Then, if E is a Hilbert space [, with an abuse of language, We say that v is the pseudo-
gradient of J in u.

* Actually, it suffices for E to be a reflexive Banach space.
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Definition 4.1.11. Let E be a Banach space and J € C!(E,R). We denote with
E={ueE:Ju)#0}.
A mapping V : E — E is called a vector field of pseudo-gradients on E if
e V(u) is a pseudo-gradient of J in u for all u € F;

e V is locally Lipschitz.

Lemma 4.1.12 (Paracompactness). Let (Y,d) be a metric space and let A = {Qq }aca
be an open cover of Y. Then, there exists a cover B = {wg}gep that is finer than A
and locally finite.

Moreover, there exists a partition of unity {95 : Y — R}gen, that is a collection of
functions s.t. VB € B,

(a) supp(p) C wg;
(¢c) > pUs=1onY;
(d) Vg is locally Lipschitz.

Lemma 4.1.13. Let E be a Banach space and J € CY(E,R). Then, there exists a
vector field of pseudo-gradients for J on E.

Proof. If u € E, by the definition of E,

HJ’(u)HOp: sup (J'(u),v) > 0.

l[oll p=1

By the definition of sup, 3z, € E s.t. ||z,||p =1 and

2
(') > 2 7], (4.3)
We define 5
Vu == 5 HJ,(U)Hopxu
and show that v, is a pseudo-gradient for J in u:
3
loalle = 5 17/, Il < 2 7@l - (4.4)
=1
Moreover, by the definition of x,,
3
(), 0 = 5 [0, (), ) > @)1, (4.5)
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By the continuity of , and with respect to u, v, is a pseudo-gradient of
v for all v € U C E for an appropriate open neighborhood U = U(u) of u.

{U(u)},cf s an open cover of E, so that there exists a refinement {ws}sep and a
partition of unity subordinate to it, as in Lemma (4.1.12)).

We define V : E — E as the mapping

V(w) =Y ds(wus,, (4.6)

BeB

where vg, is the pseudo-gradient of v in wg.
For all u € E, as {ws}p is locally finite, the series in (4.6) is a finite sum of locally
Lipschitz functions (the ¥4 are locally Lipschitz and the vg,, are bounded), hence locally
Lipschitz.
Moreover, for all u € E, V' (u) is a convex combination of pseudo-gradients, so that it is
a pseudo-gradient for J in v by Remark .
Hence, V is a vector field of pseudo-gradients for J.

O

Lemma 4.1.14. Let E be a Banach space and J € C(E,R) be s.t. J(u) = J(—u)
Yu € E. Then, there ezists a vector field of pseudo-gradients V' for J in E s.t. V(u)
=V (—u).

Proof. Let V be a vector field of pseudo-gradients for J on E. We define W : E —» R
as

It’s easy to see that, if J(u) = J(—u) for all u € E, then J'(u) = —J'(—u) for all u € E.
We show that W is a vector field of pseudo-gradients which satisfies the assertion.

e It is obviously locally Lipschitz and it trivially satisfies W(u) = =W (—u);

o foralluckE,

g+ 1V (wlp _ 210 Wl + 2117 (-u)]

Wi, < Vet < : ® o)

le-

e Forall u € F,

() W () = 207 ). V) — 20 ) v (g = L2V ED 2 0, V)
]. / ]- / !
> S |7 @5, + 5 17w, = 7 W],

U
We see how (PS) replaces the compactness of {c—¢ < J < c¢+¢} in Lemma (4.1.3)).
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Lemma 4.1.15. Let J € CY(E,R) satisfying (PS). Then, for all ¢ € R fized

(a) the set
Ke:={ueE:J(u)=c, J'(u)=0}

18 compact;
(b) if I C R is compact, then J c; K. is compact.

Proof. 1t is clear that (b) = (a) (choose I = {c}), so we prove (b): for, we prove that
all the sequences of elements of | J..; K. admit a converging subsequence in the union.
Let {up}r € Uper Ko, iee. for all k, J(ug) € I and J'(uy) = 0. Since {J(ug)}r € I and
I is bounded,

)| <O Vk:

moreover,
J(up)=0—0 ask — oo.

by (PS), there exists a subsequence {uy,}; € {ur}r € U.c; K that converges in E to
some function @. On the other hand, by continuity, J(@) € I and J'(u) = 0.
This concludes the proof.

0

Lemma 4.1.16 (Deformation lemma). Let J € C*(E,R) satisfying (PS). Then, for all
c € R, V& > 0 and for all the open neighborhoods O(K.) of K. there exist ¢ € (0,&) and
a deformation n € C°([0,1] x E,E) s.t. Vt € [0,1]

(a) (0,u) =u for all u € E;

(b) if J(u) ¢ [c — &,c+ &), then n(t,u) = u;

(c) n(t,-) : E = E is a homeomorphism;

(d) J(n(t,w) < J(u) for all u € E;

(e) n(1,{J <c+e)\O(K.) C{J<c—e};

(f) if Kc =@, thenn(1,{J <c+e}) C{J <c—e};
(9) if J is even, n(t,-) is odd.

This theorem is useful to prove the existence of critical points through the following
procedure:

e one supposes, by contradiction, that a candidate critical value ¢ € R is not a
critical value;

e one uses (f) to prove that a contradictory inequality for J(u) holds for an appro-
priate u.
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Proof. It’s all about providing the deformation n and proving that it satisfies all the
points of the assertion.
Obviously, we can prove (e) using neighborhoods of K. of the form

Ns(K.) = {u € E : dist(u, K.) = inf dist(u,v) < 5} .

’UGKC

1. There exist 3,e9 > 0 s.t. [|J'(u)],, > B for all u € {c—co < J < c+eo}\ Nyyg

il

Seeking a contradiction, we suppose that V3,9 > 0 there exist u € {c—¢g < J <
c+eo}\ Nysg st || ()], < B- Hence, taking any two sequences {8}k, {ex}x €
Ry s.t. Bk, ex (0 as k — oo, we would have H‘]/(uk)Hop < B for an appropriate
sequence {ug}r s.t. {¢ —ex < J <ce+ep)\ Nyg. Then, {uy}p would satisfy:

o |J(ug)| < c+ 1 definitively;
o [|J'(wr)ll,, < Br — 0as k — +ooc.

Hence, it satisfies (PS), so that there exists a subsequence {uy;, }; that converges
to a certain @ € F, with

o c—¢ < J(u) < c+eg for all k. Hence, J(a) = ¢, by continuity and

e || J'(@)],, = 0 by continuity.

That is, u € K.. However, dist(uy,, K.) > §/8 for all j at the same time, so that
the limit of ug, cannot be an element of K.. This is a contradiction.

2. We exhibit 7 as a local solution of a certain Cauchy problem
First, we need to choose an ODE whose solution is . We choose €9 and 3 be as
above. Up to choose g9 even smaller, we can suppose that

_pBe B2 1}

0<€0<min{€,32,2,8

Let € € (0,e09). We define the two sets

A={J>c+eo} U{J <c—ep},
B={c—e<J<c+e}.
A and B are disjoint and closed, by the continuity of J. Now, we define two
cut-offs: f: E —[0,1] and g : E — [0, 1] as follows:

dist(z, Ns/3)

J@) = dist(z, Ns/g) + dist(z, Ng/}4)

T Actually, this means that we recover the boundedness-from-below hypothesis of ||.J "(w)]],, and we
do this using the (PS) condition.
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(f =0 on Nj/g and, therefore, it is # 0 away from K.) and

(2) = dist(z, A)
g = dist(x, A) + dist(z, B)

(9 = 0 on A, so that it takes into account the values for which {zx — ¢y < J <

c+eo}).

We observe that, under the further hypothesis of (g), that is if J is even, A, B and
Njs are obviously symmetric H, so that f and g, in this case, are even functions.
Finally, we define a function whose purpose is that of making the function that
we’re gonna use in the differential equation locally Lipschitz:

1
h(s) = xj0,11(s) + gX(1,+oo)(5)‘

by construction, f, g and h are Lipschitz.
Let V' be a vector field of pseudo-gradients for J in E; := E '\ K. (which can be
chosen odd if J is even). We set
W(z) = f(z)g@)h([V () )V (z).
Then,
o W is defined for all x € E, as f =0 on K_;

e W is locally Lipschitz since all of its factors are;

e Let x € E, then

0 <[W(@)lg < [f@)lgl)][p(V @)V (@)l g = rV @) ) IV (@)lE =

:{MWMEiHW@MSL
1 it |V (2)] 5 > 1

Let u € E. By the classical ODEs theory, there exists 1! local solution n(-,u) :
(t~(u),tT(u)) CR — E of

{fl’g(t,u) = —W(n(t,u)), (4.7)
n(0,u) = u.

3. We show that 7(-,u) is a global solution of (4.7))
Seeking a contradiction, let T (u) < oo for some u € E.
In this case, for all the sequences ty 7 t1(u),

ty

W(n(s,u))ds

HM@—M%M%-‘

tp,

127
S/’WWWWMM%SVM%M
B o

With respect to the origin. That is, z € A iff —2 € A. The same happens for B and Nj.
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Hence, {n(tx,u)}x is Cauchy in E, that is a Banach space. Therefore, there would
exist u € Es.t. ||n(ty,u) — ||y — 0 as k — oo. Since {t}, is arbitrary, we would
get

li t = 1.
it ) =@

Since u € E, we could solve with initial data u getting a solution n2(-, @) :
(t*(u) — 01,t+(u) + 81) — E which would coincide with 1 on the (non-empty)
intersection of their domains. This contradicts the maximality of ¢* (u).
Similarly, one proves that ¢t~ (u) = —oc.

In conclusion, 7 is unique and globally defined. In particular, n(¢,u) is defined on
[0, 1].

4. We show that 7 satisfies (a) — (g)

(a) follows immediately by the definition of the initial data (4.7));

(b) If J(u) ¢ [c — &,c+ £], then g(u) = 0. By continuity, g(u) = 0 in a neigh-
borhood of u. The function 7(t,u) = u is, therefore, a local solution of (4.7))
with W = 0 i.e., it’s a global solution.

(c) m is obviously continuous and it’s a homeomorphism, since its inverse is
continuous as well, in fact:

77(37 ) ° 77(757 ) = 77(3 +1, )

In particular, n(—t, ) is the inverse of (¢, -). This concludes (c).
(d) Let u € E.
We observe that, by the chain rule, it is:

d

G 0n(e0) = (Tt ) ) = (0t 0), =W (e . (49

If ¢ € [0,1] is such that W (n(t,u)) = 0, then

d

T ((t,w)) = 0.

While, if ¢ € [0,1] is such that W (n(t,u)) # 0, recalling the calculation in
(4.8), we have:

d / d /

7‘](77(757 u)) =(J (n(tv u))> %77(75, u) = <J (77(757 u))v _W(n(ta u))> =

dt
= — f(n(t,w)g(n(t, u) h(|V (n(t, w))| g) (J'(n(t,w)), V(n(t,u))) <0
0 > |1 (n(t,w))I2, > B
(4.9)

~—

v

In any case, dn(t,u)/dt < 0.
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(e) Let ue {J <c+e}\ Ns(K,.), we show that n(1,u) € {J < c—e}.
If J(n(t,u)) < c— e for some t € [0, 1], the fact that J(1,u) < ¢ — ¢ follows
directly by (d).
We show that, seeking a contradiction, this is the only possible case: let
J(n(t,u)) € (c—e,c+¢] for all t € [0, 1]. In this case, we would have:

0< JnO,u) —Jntu)<c+e—c+_ e < 2. (4.10)
@ =~
=Ju) <c+e< >c—¢ S €o
<c+eo

We show that n(t,u) ¢ N5/ Vt € [0,1]. In our case, g(n(t,u)) = 1 for all
t € [0,1]. Hence, we have that V¢ € [0, 1],

20 > J(u) — J(n(t, u)) = / & T(n(s, u))ds =
/ F 15 )RV (5,01 ) (7' (05, w0)V (5, ) dis >

e PO =

op

2/0 (s, )RV (s, ) ) |7/ (n(s, )2 ds >

177l op=B

1
2/ fn(s;w)R([[V(n(s,u)llg) HJl(n(s,u))HOp
0

IVllg <201 M)lop

> 2 [ s,V s ) 1V (5,0 s >

E
t

—W(n(s,u))ds
0

So that, for all ¢ € [0, 1],

= 2 (e — ull

(s,u)ds
E

deg 4B5 6
— < — — —
In(t, u) —ullp < 5 <33 ~3°<

0
5
It follows that, Vt € [0,1]
d < dist(u, K.) < dist(u,n(t,u)) + dist(n(t, u), K).

Therefore, Vt € [0, 1],

J

dist(n(t, u), K.) > 6 — dist(u, n(1,u)) > 3
Turning back to the proof by contradiction, if J(n(t,u)) € (¢ —e,c + €] for
all t € [0,1], we proved that V¢ € [0,1] we have dist(n(t,u), K.) > $. Then,
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in this situation, we also have that f(n(¢t,u)) = 1 for all ¢t € [0,1], by the
definition of f itself.
Hence, in [0, 1], by (4.9) we have

d 2

27/t w) < =h(IV (n(t W)l ) |7 (e, w)[,,-

We divide the two cases:

o t €[0,1] is such that ||V (n(t,u))|z > 1, then, by the definition A:

d 1t w)lle, 11 (n(t w)o,
\—— —— > 1 in this case

> 1 by the def.
of pseudo-grad.

1
e
- 4

e If t € [0,1] is such that ||V (n(t,u))| z < 1, then, using the definition of
h once again,

Ca6(t,0) < |7 it )|, < 5%
—_—————

> p?
We conclude that, for all ¢ € [0, 1] there must be

d

& I(tw)) < max{—/fz, —i} - —min{ﬁz, i} BENERTY

By integration:

1
920 < min {52, i} < —/O %J(n(t, W)t = J(u) — J(n(1,u)) < 20,

In contradiction with the choice of gg.
(f) follows immediately by the previous point, with Ns(K.) = &.

(g) follows immediately by the previous points and by the particular choice of
V we can make under the further assumptions.

4.2 A minimax principle

We see how the deformation lemma applies:
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Theorem 4.2.1 (Minimax principle). Let E be a Banach space, J € C*(E,R) satisfying
(PS) and n be the deformation whose existence is stated by Lemma . Let § =
{ACE:VAeS,n(l,A) € S}.

If

—o00 < ¢:= inf sup J(u) < 400,
AeS yea

then c is a critical value of J.

Proof. Seeking a contradiction, if ¢ weren’t a critical value, there would exist € > 0 s.t.
n(1,{J <c+e}) C{J < c—e}. By the definition of ¢, JA, € S such that

sup J(u) < c+e.
u€Ae

In particular, for all u € A., J(u) < ¢+ ¢, so that J(n(1,u))

<c—e¢forall ue A..
As A € S, by the definition of S, we would have n(1, A;) € S.

c< sup J(u)<c—e.
UEW(LAS)

This is a contradiction.

By the previous theorem, we get the following result:

Corollary 4.2.2. Let J € CY(E,R) satisfying (PS). Let J be bounded from below, then
inf,ep J(u) is attended.

Proof. Let & = {{u} : uw € E}. By the minimax principle,

c:= inf sup J(v)= inf J(u
{u}eS yefu} () uel ( )

is finite and it’s a critical value for J (hence, it is attended by J by the definition of
critical value). O

4.3 The mountain pass theorem

In this section, we provide two proofs of the "mountain pass theorem" and one of its
applications.

We're talking about a particular version of the minimax principle, in which we con-
sider the infimum on paths connecting the origin of F to a point that satisfies certain
conditions.

Theorem 4.3.1 (Mountain Pass). Let J € C*(E,R) satisfying (PS). We suppose that:
(1) J(0) = 0;

(ii) there exist p,ac >0 s.t. J]ap, (o) > @;
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(iii) there exists e € '\ B,(0) s.t. J(e) <0.

Then, set
I = {yeC[0,1],E) : 7(0) = 0,7(1) = e},

we have that

c=1inf sup J(u) >«
7€l uey((0,1])

and c is a critical value for J.

As we announced, we provide two proofs of Theorem (4.3.1]). In both of the cases,
we use the deformation lemma and argue by contradiction.

First proof of . 1. We show that ¢ > «
Let v € I'. By the continuity of -, there exists a point w € ([0, 1]) N dB,(0).

Then,
sup  J(u) > J(w) > a.
uey([0,1])
Taking the infimum,

c=1inf sup > a.
7€l uey((0,1])

2. We show that c is a critical value for J
Seeking a contradiction, if ¢ weren’t a critical value for J, using the deformation
lemma with & = /2, there would exists € € (0,«/2) and a deformation 7 s.t.
e n(1,{J <c+e}) C{J<c—e};
o n(l,u) =uif J(u) ¢ (c— a/2,c+ a/2).

By the definition of infimum, there exists 7. € I s.t.

sup J(u) <c+e.
u€:((0,1])

In particular, J(u) < c¢+¢ for all u € ([0, 1]) and, as a consequence, J(u) < c—¢
for all u € n(1,7:([0,1])).
Then,
sup J(u) <c—e.
uen(1,7:([0,1]))

If we proved that n(1,7.(-)) € T', we would get the following contradiction and
the proof would be concluded:

c=inf sup J(u) < sup J(w) <c—e.
7 uer([0,1]) ven(1,72([0,1]))

We show that 1(1,7:(+)) € {v € C°([0,1], E) : v(0) = 0,~(1) = e}.

e 7n(1,7:(-)) = n(1,-)ov. is continuous as a composition of continuous functions.
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e 7(1,7:(0)) = n(1,0). On the other hand, 0 = J(0) ¢ (¢ — /2, c+ «/2) since
¢ > a, so that n(1,0) = 0.

e 7(1,7:(1)) = n(1,e) = e for the same reason as the previous point, as

J(e)<0<c—% = J(e) ¢ <c—%,c+%>.

The second proof is not conceptually different from the previous one:

Second proof of . We define
H = {h: E — E homeomorphism s.t. h(0) = 0, h(e) = e, h(0B,(0)) separates 0 from e}.
We observe that idg € H, so that H # @.

1. We prove that ¢ > «

Let

b=sup inf J(h(u)).

heH u€dB,(0) (i)

We show that b separates « from ¢, that is a« < b < c.
As h(0B,(0)) separates 0 from e, for all h € H and all v € I', there exists
w € h(0B,(0)) N ([0, 1]) by the continuity of each ~.
As w is a particular element of h(0B,(0)),

inf J(h(uw)) < J(w) < sup J(v(t
w€DB,-ho(0) (h(u)) = J( )_te[ol,)l] (rte))

for some  in the definition of w.
The left hand side does not depend on « as well as the right hand side does not
depend on h. Taking the extrema:

su inf  J(h(w)) < inf sup J(v(t)).
hE’EueaBP(O) (h{w)) _vefte[og} ()

/

=b =c

On the other hand, h is a homeomorphism, hence

a < inf J(u) <su inf  J(h(uw)) =0b.
(i7) wEDB,(0) (u) < hegueaBP(O) (h(u))

2. We prove that c is a critical value for J
Seeking a contradiction, if ¢ weren’t a critical value for J, by the deformation
lemma, chosen &€ = /2, we would get a deformation 7 for which all of the assertion

of (4.1.16|) hold.
In particular, if for n the assertions of Lemma (4.1.16]) hold, for —n we have,

n(1,{J>c—¢e}) C{J>c+e}. (4.13)
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By the definition of b, there exists h. € H s.t.

inf  J(h >b—e¢.
ueélzlap(o) (he(u)) 2 b—e

By @.13).

inf  J(n(1,h > .
ol o) (n(1, he(u))) 2 c+e

If we showed that n(1, h.) € H we would have the following contradiction:

c>b=sup inf J(h(u) > inf  J(n(1,h:(u))) > c+e.

heH wEOB,(0) h=n(1,h.) wE€OB,(0)
Hence, it suffices to show that n(1, h.) € H:
e (1, he) =n(l,-) o he. Therefore, n(1, h.) is the composition of two homeo-

morphism and, therefore, it’s a homomorphism itself.

e For the very same reasons as those of the first proof we gave,

1(1,he(0)) = n(1,0) = 0,
(1, he(1)) = n(1,e) =e.

e [t remains to prove the separation property.
0€ B,(0),ee BP(O)C, hence, 1(1, he(0)) € n(1, he(B,(0))), while n(1, he(e)) €
n(1, he(B,(0))). Asn(1, h.) is a homeomorphism, it preserves the connected
components, so that

n(L he(Bo(0)) N (1, he(B,(0) ) = 2.

We see an application of the mountain pass theorem:

Ezample 4.3.2. Let Q CC R™ be open and let E = H}(£2). We consider the problem

{_Au(a:) =g(z,u(z)) VreQ, (4.14)

ulpo = 0,
with
o g€ CQ xR,R):
o |g(z,7)| <1+ co|r|P for p € (1,2* — 1);

e g(xz,r) =o(r) asr — 0;
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e Ju>2and 37 > 0s.t. if |r| > 7,
0 < G(zx,r) = / g(z,t)dt < %g(w,r).
0

Remark 4.3.3. An example for such a function is provided by
g(,r) = rlrP~!

for any p € (1,2* — 1).
As we saw in Example (3.1.2)), the functional associated to the equation of (4.14)),

-1 /Q Va2 — /Q G(z,u(x))da

is well-defined and belongs to C*(HE(€2), R). We check the validity of the assumptions
of Theorem (4.3.1)):

(i) J(0)=0—- [G dex——foogdtdac—O

(ii) we have that for all the ¢ > 0 there exists p. > 0 s.t. if |r| < pg, then
lg(z,r)| <elr|.
Hence,
G(z,7)] < / elt|dt = i,
0 2

On the other hand, for p € (1,2* — 1), 3k = k,_ s.t. for all |r| > pe,

|G, )] < k. [r[PHE
Hence, for all r € R and all € > 0,

Gl r)| < 5r 4 k[P

Hence,
/G(m,u)dw §/ <6|u|2+k:p5/ |u|p+1> dng/ |u|2dx+k‘p€/ Ju[PHde <
0 o \2 0 2 Ja Q
—_——
H — LPH1
by Sobolev
‘o +1
< SC1 ully + k. Gl
which gives
UQG(x—’u)d:El < 501+k; Cy Hqu:l'
gy —0 ||u|ﬁ{é ~ full =0 2 pe Hy
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Butpe (1,2 —1) = p—1 € (0,2* — 2), so that for all the ¢ > 0,

G d
0< o Gla wyda] _ e,
lullgg =0l 2
That is, as Hu||H3 — 0,
2
[ Gtewde] o uliy).

Hence, recalling the definition of J we have that, as ||u]| =0,

1 1
902 gl | [ Glouida| = 5 lully +o (lulfy)

By the definition of limit,
1 2 2
Ve >03p=ple) : lullgy < p == I ()] 2 5 llullzy — e llullpy -

In particular, taking ¢ = i, we have

Integrating in r:
plnjr|+ A <In|G(z,r)] = Alr|* <|G(z,7)|.

Given any @ # 0,

2
Tra) < - aly - /QeAT“]u\“dx S 00

as 7 — 00, since p > 2.
On the other hand, the conclusion of (i) tells us that J is locally positive in some
neighborhood of 0, hence there must exist some e € H{ s.t. J(e) < 0.

The last assumption to verify in order for Theorem (4.3.1)) to be applied is the validity
of (PS). To this end, we take {u}r C H}(Q) s.t. |J(ug)| < C for all k and J'(uy) — 0
as k — oo.
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We show that there exists a subsequence that converges in the norm of H&. Since
J'(ug) — 0, we have that for all the d > 0,

| () [uw] | <[] (wn) ||, Nkl gy < d ] gy
—_————
—0

as long as k is chosen large enough. Then, for some k large enough,

1 1
C+ —lukll g = J (k) — — J' (up) [u]
H I —

= [[Vurll3 = fo 9(x, ur)updz

1 1
= / |V |2da —/ G(z,up)dr — — <||uk||%{1 — / g(a:,uk)ukd:c> =
2 Jo Q 4 o Jo
<1 1>Hu H2 +/ <1 (x, u)ur — G(z,u )) dx
=\5 = 1 - ) - ) .
2 kil 0 ,ug k)Uk k
————

>0

The last integral can be split as follows:

/Q <1zf9(x,uk) - G(x,uk)) dx = /Iuklgv" <1Z“g(x uy) — G, uy, > do+
)

u
lug|>F N K N~——
< tEg(x, up)

for |ug(z)| > T

>0

> / <ukg(:n, ug) — G(z, uk)> dx >
lug|<r \ H
—F
> / —g(x,ux)dx / G(z,ug)dz).
| <7 ( K | <7 )

But g and G are bounded on Q x {r <7}, hence we deduce that:

1 1

1 2
¢+ “ HukHHé > (2 - ,u) ||Uk||H& - Cs. (4.15)

Therefore, there exists C' > 0 s.t. HukHHé < C for all k.

By the Banach-Alaoglu Theorem there exists a subsequence {ug; }; C {ug}x s.t. up, —
in H&. We have to prove that it converges in the norm of HS as well.
As J'(uy) is a linear functional and uy; — %, we have

I (ug; )@ — ug,] = / Vuy, V(uy, — u)dr — / 9(x, ug) (ug, — u)dz. (4.16)
— Q Q

—0asj— oo
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We use Holder inequality with exponents 2*/p and (2*/p)’ (by Sobolev theorem, the
H& norm can be used as an upper bound for all the norms at stake):

/ 9(z, uk;) (ug,; — u)dz
Q

< /(01 + colug; [P) Jug,; — uldz <
Q

<a Hukj - aH1 +e2 Huk]
—_——

g —_———
—)0(1<2) <C _}0(2*/2*_p<2*)

R T

as j — oo. Therefore, by (4.16), as j — oo,
/ Vuy, V(ug, —u)dr — 0.
Q
We conclude that, as j — oo,

||uw, — QHZ& = /Q |V(ukj@)\2dx = /QVuij(ukj - u)da:—/QVuV(ukj —u)dx — 0.

—0 — 0 by weak conv.

Hence, by Theorem (4.3.1)), we have that J has a critical value in

0
c=1inf sup J(u)>—.
7€l uey([o,1)) W=

That is, there exists 4 € H} () s.t.

J (@)[v] = /QVqudx— /Qg(x,u)vdx =0.

That is, @ is a weak solution of (4.14)).

4.4 Brouwer and Leray-Schauder degrees

We define the Brouwer degree for C! mappings as follows: let O CC R”™ be open, b € R®
and ¢ € C1(O,R™) be s.t. rk(J(¢(x))) = n for all x € ~1(b).

By these assumptions, ¢ is a local homeomorphism and, therefore, all the points of
¢©~1(b) are isolated.

Moreover, we suppose that ¢~ (b) does not include points of 0. Under this assump-
tion, there cannot be cluster points of solutions of the equation

p(x) =0

and, therefore, {x € O : p(x) = b} is finite.
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Definition 4.4.1. The Brouwer degree (or topological degree) of ¢ in O related
to b € R" is defined as

dp,0,0) = > sgnldetJ(p(x))].
z€p~1(b)NO
Let p € CY(O,R™), let {px}r C C1(O,R™) be a sequence converging to (.
Definition 4.4.2. We set
d(p,0,b) = lim d(py, 0,b).
k—o0

Proposition 4.4.3. The following properties hold:

(i) if d(p,0,b) # 0, then there exists x € O s.t. p(x) ="b. In particular, if p(x) # b
for all the z € O, then d(p,0,b) = 0.

(i) d(ido,O,b) = xo(b) where xo is the characteristic function on O;

(iii) d(p,O,b) is continuous in its variable @ in the topology of C' and it’s, therefore,
locally comstant;

(v) d(e,0,b) =d(p —b,0,0) and, by (iii), d is continuous in its b variable;
(1}) if O =01UQ0O9, d(ga, 0, b) =d(p, 0O, b) + d(gO, O2,b).

Lemma 4.4.4. The topological degree is homotopy-invariant. That is, if H : [0,1]xO —
R™ is an homotopy and it’s s.t. H(t,x) # b for all x € O and for all t € [0,1], then
d(H(t,-),0,b) is constant in its t variable.

Proof. By the assumptions on H, d(H(t,-),0,b) is well defined.

d(-,0,b) is locally constant, so that for all t € [0, 1] there exists e; > 0s.t. d(H(t,-),0,b)
is constant in (t — &, t + ).

[0,1] is compact and {(t — &4, + €¢) }se[0,1] is an open cover of [0, 1], so that it admits a
finite sub-cover.

On each interval of the sub-cover, H is constant. The assertion follows by the well-
known pasting lemma.

O]

Corollary 4.4.5. d(¢,O,b) depends only on the values of ¢ on 0O. That is, if p,1 €
CO(0,R™) are s.t. Pl = plao, then d(, 0,b) = d(1),0,b).

Proof. The assertion follows by the previous lemma, choosing

H(t, ) = to(z) + (1 —t)p(x),

as the homotopy and observing that V¢ € [0, 1], since p|ao = ¥|s0, it is

H(t,-)|ao = teloo + (1 —t)]ao = wloo # b.
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The definition of the Brouwer degree of ¢ in O is well-posed since, as we saw, the fact
that ¢ : R™ — R™ allows to conclude that {x € O : p(z) = b} is finite and, therefore,
the series that defines d(p, O,b) is actually a finite sum and there are no problem of
convergence.

In the infinite-dimensional case, the definition of topological degree can be recovered as
follows: let E be an inifnite-dimensional vector space. Let

F={F:OCE—Ebest. F= tdp + K with K : O — E compact operator}.

Now, we take any F' € F and b € E s.t. F(z) # b for all x € 00O. By the definition of

F, there exists a compact operator K s.t. F' =ids+ K. As K is compact, there exists
a sequence {K,, : O, = ON E, — E,}, of finite rank operators ﬁ s.t. || — K|, = 0
as n — oo.
For all the n, we define
by, == PEn (b)

the projection of b € ¥ on E,,. Hence, Vn, we can compute
d(ido, + Ky, Op,b,) € IN.
Definition 4.4.6. We define the Leray-Schauder degree of F' € F in b as

deg(F,0,b) = lim d(ido, + Kn, On, bn).

n—o0

deg satisfies all the properties in the assertion of Proposition , while the
homotopy-invariance is no-longer holding in general. However, if H : [0,1] x O — E is
an homotopy in the form:
H(t,z) =2+ K(t,x)

with K(t,-) : O — E compact, then H preserves the Leray-Schauder degree.

Theorem 4.4.7 (Schauder fixed point theorem). Let E' be a Banach space and O C E
be an open, bounded and conver subset s.t. 0 € O. LetT : O — O be a compact
operator. Then, there exists v € O s.t. T(z) = x.

We only prove the case we're interested in, that is the case in which O = Bg(0) for
some IR > 0:

Proof. If there exists some x € 00 s.t. T'(x) = z, we have finished. Hence, we suppose
that T'(x) # z for all z € 00.

Let ¢) € F be the homotopy defined by
ox(r) =2 — XT(x) VAel0,1].

For all A € [0, 1], ¢ has no zeros on dBg(0). In fact,

$That is, each E, is finite-dimensional.
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e if A =1, it is clear as it is the assumption we are assuming;

e if X\ < 1, recalling that 7" : Br(0) — Bgr(0), we have | A\T'(z)|| = A ||T'(z)]| < AR <
R.

By the homotopy-invariance,
deg(¢1, Br(0),0) = deg(¢o, Br(0),0) = deg(1p(0), Br(0),0) =1

(as, obviously, 1(u) =0 < u =0).
In particular, there exists x € Br(0) s.t. © = T(x). O

4.5 A first generalization of the mountain pass theorem

The following generalization of the mountain pass theorem uses the definition of Brouwer
degree:

Theorem 4.5.1 (First generalization of the mountain pass theorem). Let E be a Banach
space s.t.
E=F @ FE

with E1 a finite-dimensional subspace and Eo an infinite-dimensional one.
Let I € CY(E,R) satisfying (PS). If there exist O(0) C Ey and by, by € R s.t.

I|80 < by < by < inf I(u),
u€klo

then there exists a critical value ¢ > bo for I.

Proof. Let
I'={heC%O0,E) st. hlso = idso}
and let
= inf I(h .
¢ = fnf sup (h(u))

1. We prove that h(O)NEy # &
Let P : E — Ej the projection on ;. As Ej has finite dimension, P is continuous.
Obviously, for all u € O,
h(u)= P oh (v) + (idp —P) o h(u).
€C%0,Ey) =0 on 00

Fq has finite dimension, so that we can use the properties of the Brouwer degree
on P o h: the value of d(P o h,O,0) depends only on the values of P o h|g0.
But, if v € 90, then P o h(u) = P(h(u)) = P(u) = u, as O C Ej. Hence,

d(Poh,0,0) = d(ids,0,0) = 1.

Therefore, there exists w € O s.t. P(h(w)) = 0, that is h(w) € E2. Hence, we

can conclude that w € h(O) N Es.
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2. We use w to prove that by < ¢

We have:
sup I'(h(u)) > I(h(w)) > inf I(u) > be.
¥=to) ueFo
Hence,
<i =c.
by < ’llléllf“:lelg I(h(u)) =c

3. We show that c is a critical value
Seeking a contradiction, if ¢ were not a critical value, by the deformation lemma
with & = £(by — b1) > 0, there would exist € € (0,€) and a deformation 7 s.t.

n(1,{I <c+e}) C{I <c—e}
By the definition of ¢, there exists he € I s.t.

sup I(u) <c+e,

u€he(0)
in particular, I(u) < ¢+ ¢ for all u € h.(O) and, therefore,

In(liu) <c—c¢

for all u € h.(O).
If we showed that n(1, h(-)) € T, then we would find the following contradiction:

c=1inf sup I(u) < sup I(u)<c—e.
hel uen(0) uen(1,he (0))

We show that 7(1, h.(:)) € I":

e (1, he(-)) =n(1,-) o he is continuous;
e if u € 00, then,
11 he(u) = n(1,u) =u

heel

where the last equality is a consequence of both the deformation lemma, the
fact that

1
Iw) < bi=(c—&)4+bi—c+e=(c—&) +b—c+(ba—b) =
u€00 2
1
:(c—§)+§(bl+b2)—0§0—5

—_——
< by

—— —
<0asc>by

and that 7 fixes the elements of {¢ — & < I < ¢+ £}°.
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Example 4.5.2. Let Q2 CC R" be open. We consider the problem

{—Au —u= f(z,u) inQ, (4.17)

ulon =0,
where
e f is continuous;
o |f(x,7)| < M for all (z,7) € Q x R.

We show that this problem has a solution. As usual, we set o(—A) to denote the
spectrum of the operator —A.

(a) if A ¢ o(—A) the existence follows by the Schauder fixed point theorem. In fact,
if A is not an eigenvalue of —A, then the mapping —A — A1 is invertible: there
exists (—A — M)~ : L2(Q) — L?(Q) continuous and, by the regularity theory,
we know that the mapping

T: f(z,u) — (—A = A1) f(z,u)

takes values in H?(Q) N H} (), hence it’s a compact mapping of L? into itself by
Rellich-Kondrachov theorem. Moreover,

IT(f (@ u)lly = [[(=A =AD" f(@, 0|, < [[(=A = AD) ]|, 1 (2w, <
< M|Q|Y? = R.

Hence, T : Br(0) — Bg(0) and the existence of the solution we're looking for
follows by Schauder fixed point theorem.

(b) if A = A\, € o(—A), we talk about the resonance problem. We choose n s.t.
Ant1 > Ap. In this case, the non-invertibility of the operator —A — )\, 1 allows us
to use Schauder theorem. In order to use Theorem , we add an hypothesis
on the decay at infinity of an antiderivative of f: let F (z,7) fo x,s)ds, we
suppose that, as |r| — oo we have

o F(z,7) — 400 uniformly in x € Q;

2

7)
o#—)o.

We define the energy I : H}(2) — R as

1 An
= / \Vu]2dac—/ \u|2d:c—/F(:U,u)dx
2 Ja 2 Ja Q

and observe that I is well-defined by the boundedness of f at infinity we're as-

suming to hold, in fact
s
| 156 )ids
0

74

|F(z,r)] < < Mir|,




so that,

< M fufly; <oo

/QF(:L',u)dx

by the Sobolev theorem. We write HE(Q) as a direct sum:
H}(Q)=E, @ Esy

where, if {ex}r is a complete orthonormal system consisting of eigenfunctions
related to the eigenvalues { A} = o(—A),

E, =span(ey,...,e,), Fy= ElL

(n is the same subscript as that of Ap).
Remark 4.5.3. Thanks to our choice of the {eg}r, A\x = B

er is a weak solution of —Au = \u, ie. if [, VerVude = X\ [ epvda for all
v € HE(Q), then choosing v = ej, we get:

1= flexlZ :/Q\Vek\Qd:r:)\k/Q]ek]2dx:)\kHekH§.

We prove that the assumptions of Theorem (4.5.1) are satisfied:

H2 for all k. In fact,

(i) infuep, I(u) > by on Es for some by € R, in fact, if u € FEs, then u =
> ksni1 axex for unique {ax}r C R.

Then,
/|Vu2dx— U, u) H1 = Z a3,
k=n+1

while

[ te =l = e = 3 o2 [ fear= Y %

k=n+1 k= n+1
Then,
I(u) = = /Vu| de — — /u| d:n—/F:ru
= a%——n o _ F(z,u)dr =
2 Me o Ja
k=n+1 k=n+1

1 & A
== 1--= a%—/F(w,u)dmZ
2 Ak Q
k=n+1

1 < An
25 Z aj (1— >—/§2F(x,u)dx2
=n+1

k An+1
=:6>0 < M |uly
(5 5 )
Z 5 lully =M Jull, z5 el — M ull, > 5 5 el = Cllull gy
<RI [lully
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by Poincaré inequality. Hence, for all the u € Fj,
0 2
I(u) 2 5 llully = Cllullgy = b2

The right hand side goes to infinity as ||ul| ;1 so that the lower bound

o —+o0?
holds definitively for all bo > 0. In particular, inf,cpg, I(u) > bs for some
appropriate bs € R.

We have to verify that there exists a neighborhood of 0 in F4 s.t. I, restricted
to that neighborhood, is smaller than b;. We break E; down ad E; =
FEy ® E~, where

Ey = span{ey, eigenfunctions of \,,} and

E~ = span{ey, eigenfunctions of the A\, < A\, }.

Let j <nbes.t. B~ =span{ey,...,e;}. If u € Ey, then u can be written in
a unique way as the sum of its projections on Ey and E~: u = Py(u)+P_(u).
The same computations as above tell us that, if u =), . agey, then

1 — An 1
I(u)=§ oci<1—)\>—/F($7U>d9”:22%<1—) /Fa:udx<
— k Q k=1

=0perk>j S (5<0

< _g IP— ()l /QF(;C,PO(u) + P (u))dz = —3 HPf(U)H?{g +

+ /Q[F(x,Pou) — F(z,Po(u) + P-(u))|dx — /Q F(z,Po(u))dx <

< Jo const [P— (w3 dz = ¢ [P—(w)l| 3

< _gnp,(u)ni[é + [P ()l 2 —/QF(%Po(U))dx-

Hence, if u € Eq, for some constant ¢ > 0, then

I) < 5 1P~y + 1Pl ~ [ Flo. Pofu)de

— —o0 as ”,P*(“)”Hé — 00

We show that [ F'(z, Po(u))dx — +o0 as HPO(U)HHé — 4o00: let {Po(uk)}r C
Ey be s.t. HPO(Uk)HHé — +o00. For all k, we write

Po(ur) = skyk

. P
with sk = [ Po(us)ll iy and v = el € {u € Fo' foll gy = 1} = Sy

Ejy has finite dimension and the sequence {yk}k is bounded, hence it admits
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(iii)

a converging subsequence {yx; }; s.t. yg, — ¥ in H{ and in L™ as well (since
all the norms on Ej are equivalent).

y € ker(—A — A\,1) by continuity, in particular, y € C*>°(€2) and it’s not
identically zero, so that there exist 6 > 0 and B, C Q s.t. |y(x)| > § for
x € B,.

Moreover, for convenience, we can suppose F(|s|) to be an increasing function
of |s|, so that we can estimate:

F(x, 5, |yr; 1) = F(,8,|y| = su;lye; — yl) > F(x, 8,0 — sp,€), Vo € B,

as j is large enough to grant |lyr,; — vl <e= %. Therefore,

/F(a:,Po(uk.))dxz/ F <x,skv5> dx — +o0
Q ’ B, 72

as j — +oo.

We have proved that I is bounded from below in F_ and in Ey. By the
definition of E; as a direct sum, if v € E; and ||uHH& — 00, then at least one
of the two norms Py and P_ must diverge, hence we proved that, if u € F; e
||“”H(} — 00, then I(u) — —oo. For this reason, there exists a neighborhood

O of 0 in F; for which I|so < by < bs.

It remains to prove (PS).

Let {ug}r C HE(Q) be s.t. [I(ug)| < C for all k and I'(ug) — 0 as k — oo.
As usual, we prove that {||u]| H(}}k is bounded in k in order to grant the
existence of a weakly convergence subsequence (by Banach-Alaoglu) and use
the standard argument to show that [, Vuy, V(@ — ug; )dz — 0.

To this end, we show that the norms of all the projections are bounded. Let

P, be the projection of E on Ey. By the assumption, [|I'(ug)|,, P 0. In
—+00

particular, there exists an integer k s.t. |I’(ug)[P2(ug)]| < ||P2(ur)||. Hence,
1P2(wi)ll gy = 1 (wi) [P2(wi)]] =

/Vuk-V(Pg(uk))dx—)\n/ukPQ(uk)dx—/f(x,Pg(uk))Pz(uk)da: .
Q Q Q

(4.18)
Now, we recall that the eigenfunction of —A satisfy
1
/ VerVepdr = pg, / eperdr = Opp—,
Q 0 An
so that, using ux = Y no | @nenp,
| T Paw) = (o Patun)) g = [Potun)ly (119
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and

/Qwﬂ’z(wc) = (ug, Pa(ur))2 = || Pa(ur)]f3 - (4.20)

Therefore, putting (4.18]), (4.19) and (4.20) together, using the boundedness
of f and the Sobolev inequality for ¢ = 1,

P2l gy = P2 Cun) s — A P2 ()3 - /Q |/ (z, Pa(ur)) Pa(ur))|dz >

< C||732(uk)“H01

An
> [PaClyy (1-31) ~ClIPatunll >
—_———

> % definitively

> P (ur) [z — C 1P (i)

N | —

where we used the fact that, by the definition of Ax, Ay = inf,c 1 ||u||?{é / lull3,
1Pa(ur)|* < £ ||7>2(uk)yﬁ[é 1/2<1—=AM/Ap <1ask — +oo.
Therefore, ||7)2(“k)”H3 < C. Similarly, one proves that ”P—(Uk)HHg <C.

As far as ||730(Uk:)||H3 is concerned, using again Po(ux) = > p_;, | akex, we
get

/|V770(uk)|2dx:)\n/ |Po(ug) |2dz.
Q Q

Hence if, by contradiction, HPO(Uk:)HHé — +00 as k — +o00, we would have

1 A
C > [I(u)| = |5 luklFp — S lluwlls = | Fla,up)de
2 o 2 0

_ ';/ (IVPo(ue)* + [VPa(ur)|* + [VP- (ur) ) da+
Q

_ )\QTL/Q (1Po(ur) [? + | Pa(ug)? + |P—(ug)|?) da+

- /Q F (2, Po(ug) + Palug) + P (u)) de

1

An
- ‘2 /Q (IVPa(uw)? + [VP-(ug) ) da = 3 /Q (IPa(ur)[* + [P (up)[*) d +

< CPaun) gy + P— ()2

—/[F (:U,Po(uk)—i—Pg(uk)—l—P,(uk)) —F(x,Po(uk))]dx—/ F(l’,’Po(uk))dl‘ >
Q Q

< CUIP2(wr)ll gy + [1Po(ur)ll 1)
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> ‘é 1P2(ur) 51 = C 1 P2(ur) | gy + C P (ui) |7 = C P (i) | g +

i

— / F(x,Po(ug))dx
Q

> 'c— | Pl otz

where we used the boundedness from below of |Cz? — Cz|. We've already
proved that, if HPO(uk)HHé — 400, the integral [, F'(x, Po(ux))dr — +oo.
This is a contradiction, so that HUkHHg < C. Now, we proceed as usual,
using Banach-Alaoglu theorem and proving that the produced subsequence
converges in H&.

4.6 A second generalization of the mountain pass theorem

Let E be a Banach space and S C F be closed. Let () C E a submanifold with boundary
0Q.

Definition 4.6.1. We say that S and @ are linked if
(a) SNOQ =;
(b) Vh € CUE, E) s.t. hlog = idag, one has h(Q) N S # @.

Example 4.6.2. Let E = Ey ® Fy for a finite-dimensional E;. We define S := Es e
Q = B,(0) C E;. By the definition of direct sum, 0QNS = @. Let h € C°(E, E) be s.t.
hlag = idpg. We consider the projection Py : E — E; and show that h(Q) NS # @.
If we proved that 0 € P1h(Q) we would have finished, as we would have proved that
there exists a point of A(Q) in correspondence of which the projection on Ej is 0, that
is a point of h(Q) which belongs to Es as well.

Let H be the homotopy defined by

H(t,u) = tPih(u) + (1 —t)u te0,1].
We have:

o H(0,u) = u;

o H(1,u) = Pih(u);

e H(t,u) = u for all u € 9B;1(0) and for all ¢t € [0, 1], since on JQ both P; and h
behaves like the identity.

Then,
d(P1oh,Q,0)=d(H(1,-),Q,0) =d(H(0,-),Q,0) = d(idg,Q,0) = 1.

Hence, the equation P1h(u) has at least one solution in Q.

79



Example 4.6.3. Again, let E = E| & F», E; being finite-dimensional. Let e € Fs be s.t.
llellp=1,0<p < Ry and Ry > 0. We set

S:={ue Eyst. ||up=p};
Q:={s-e+wu with0<s <Ry, u € Ey and ||w] 5 < Ra2}.
By the definition of @, 0Q) is given by

0Q={s-e+u€Qst. 0<s<Ry, |wl|p=R}U
U{s-etu €@Qst. s=0ce |lu]lp < Ro}U
U{s-e4+u € @st. s=Ryand |Jui||p < Ra}.

We show that S and @ are linked. Once again, let P; be the projection of E on Ey, i.e.
Pr(u) = ug

Yu € Q.

Observe that S N 0Q = @ follows by the explicit definitions of S and 0Q. Let h €
CU(E,E) be s.t. hlag = idsg. Proving that h(Q) NS # @ is the same as proving
the existence of a u € @ s.t. Pih(u) = 0 and [|h(u)||; = p. In fact, under these
hypothesis, h(u) € S and, obviously, h(u) € h(Q). We define, for t € [0,1], the
mapping H; : R x Ey — R x Ej as follows: if (s,u1) € R x Eq, we set u = u; +e-s and

Hi(s,ur) = (t||h(u) = Pih(uw)| g+ (L —t)s — p,tP1h(u) + (1 — t)uy) .

If s- e+ u; € 9Q, by the definition of the mappings at stake, by the explicit definition
of 0Q) and recalling that ||| ; = 1, we get

Hy(s,u1) = (tHw_Pl h(u)||g — st +s — ijlw—f—(l —thuy) =

~—
=u =Uu =Uu
N—— SN——
=wu =u1
—_——

=u—uy =S8-€

= (s = p,u1) # (0,0)

and, always by u; + s - e € 9Q), using the properties of Brouwer degree,

1= d((87u1)7Q7 (pv 0)) = d((s - pvul)anO) = d(Ht(? )7Qa0) = d(Hl(? )7Qa0) =

unique sol. in Q: s=p, u1 =0

= d(([[P(w) = Prh(u)l| g = p, Pih(w)), Q,0).

That is, there exists © € @ s.t. P1h(a) =0 and ||h(z) — P1h(a)| 5 = ||h(@)| g = p-
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Theorem 4.6.4. Let E be a Banach space and I € C1(E,R) satisfying (PS). Let
r={he CO(E,E) be s.t. h’aQ = ida@}
and let S and @Q be linked subsets of E. If

a = inf I(u) > sup I(u) =: .
uesS udQ

Then, ¢ := infper supyepg) [ (v) > a and it is a critical value for I.

Proof. 1. We prove that ¢ > «

By the definition of linked subsets, for all h € T" there exists w € h(Q)NS. Then,

a=inf I(u) < I(w) <  sup I(u).

ues wes weh(Q) ueh(Q)
Thus, 1. follows taking the infimum.

2. We prove that c is a critical value

Seeking a contradiction, if ¢ weren’t a critical value, set & = 2522 by the de-

2

formation lemma we would get the existence of some ¢ € (0,£) and that of a

deformation 7 s.t.
nIAT<c+e}) C{I<c—eh

By the definition of inf, there exists h. € I s.t.

sup I(u) <c+e.
u€he(Q)

In particular, I(u) < c+¢ Vu € ho(Q), so that I(u) < c—e for all u € n(1, he(Q)).
If we proved that n(1, h.(-)) € I', we would have found a contradiction, as in that

case,
c<  sup I(u)<c—e.
uen(1,he(Q))

But, n(1, he(+)) is obviously continuous (as a composition of continuous functions)

and for all v € 9Q we have

N1 he(u) = n(1,u) = u,
where, the first equality follows by h. € I' nad we used the fact that

a —
2

= C— £

Iu)y<ag=c—(c—ap) <c—(a—ap) <c—

in the last step, and 7(-,u) is the identity on {I < ¢ — £}.
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Ezample 4.6.5. Let Q CC R" ed E = H}(2). We consider the problem

(4.21)

—Au = Au+ g(z,u) on Q,
ulge = 0,

with A > Ay and X # A for all k, where {\y}r = o(—A). In particular, A € (A, Apt1)
for some appropriate integer n > 1. Let G(z,r) = for g(z,s)ds and suppose that g
satisfies the following assumptions:

e ¢ is continuous;

e there exist constants aj,as € (0,+00) s.t. for some p € (1,2* — 1) one has

lg(z,7)| < a1 + az|r|P;

e as r — 0 one has
g(z,r) = o(|r|);

e there exist 4 > 2 and 7 > 0 s.t.

<

G(z,r) < —g(x,r) forallrst. |r| >7

=

e r-g(x,r) >0 for all » € R. In particular, G > 0.

We define the functional related to the equation of (4.21)):

1
I(u) = 2/Q|Vu|2d:n—;/Q|u|2dx—/QG(m,u)dx,

As usual, I € CH(H}(2),R). Let {ex}r be the complete orthonormal system given by
the eigenfunctions of —A. We set

E, =span{ey,...,en}

and By = Ef. Let e € Fy with HeHH& = 1. Let S and @ as in Example 1} for

R1, Ry and p to be fixed in order for the assumptions of Theorem (4.6.4)) to hold. We
saw that 0@ is the union of the following three sets:

Y1 ={veE st HvHHé < Ry};
Yo ={Rie+ v with v € E; and HUHH(% < Ra};
Y3 ={se+v with v € Ey, ||UHH(% =Ryand 0 <s < R;}.

We show that infgg I(u) < 0 and supg I(u) > 0. For, we split the estimate for 0Q on
the ¥ £ =1,2,3.
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1. estimate on X
v € Ey, so that v = >"}_; ager. Repeating the computation in Example (4.5.2)),
we get

1 Aem 1 1 — A
I(v)ziz:a%—QZ)\ o2 /QG(x,U)dac:QZG—/\k)a%S
k= S—

k=1 k=1
G>0=>0
1 2 —
< (1-2)Ya2<o
2 An
k=1
<0 (A>An)

2. estimate for X,
e € 5, hence if v € Fq one has e 1L v. Therefore,

2 1 2
I(Rie+v) = Rl/ |Ve]2d1:+/ |VU|2d$w/ |6|2d$)\/ [v|>+
2 Jo 2 Jo 2 Jo 2 Ja
— —

=1 <o

— / G(z, Rie+v)dx =

1
2/|Vv| dr — — /|v2d +—= /G:che+v)dx<

< 0 per 1.

- / G(z, Rie + v)dz.
Q

However, as we saw in Example (4.3.2)) the growth hypothesis on G
T
G<—yg
i

implies that
G(z,r) > Cq|r|*.

Hence, using the fact that p > 2, so that [|-[|, > const ||-|,,

R? R?
I(Rie +v) < 71 = C1|[Rie+ o), < 71 — Oy ||Rie + 0|5 =
R2 R2
- = ol Bae +vll3 D= =L — CaRl |lelly — (2C5 Ri(e, v)2)"? = Ca [lv]lf

It is clear that, as long as R; is chosen large enough, as > 2, the right hand side
of the inequality is negative. Therefore, we have proved that

I‘Zz(u) <0

if Ry is large enough.
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3. estimate for X3
Again, set v = Y_)_; ager and recall that

We observe that

"1 1 « 1 R?
[oPde =Y Sat = Y ak = oy = 1
k=1 " k=1 n
Hence,
5” 2 1 2 s 2 2
I(s-e+v)= — /Ve| d:r+/]Vv| d:v—/|e] dw—/]v| dx +
2 Ja 2 Ja
s < Ri =1 = R2 >0 21:,7;
R? R3 AR3 R? 1/
— de < =L 2Lt __(Z_1)R:<0
/QG(“ etvdrs St S o, T 2 2</\n ) 2=
N—_——
>0 >0 (A> M)

if Ry is large enough.

Now we show that, for some appropriate p, one has inf ,ecp, I(u) > 0.

lull 1 =
0
As we saw in Example 1) as HUHHé — 0,

| Glauds = o).
Q

Then, if u =3, arey, € Ea,

/|Vu]2d1: /]u| dCL‘/Gl‘ud$>

IIUHH1
> — -2 Z Toc,€+o(||u||Hl)z

k n+1
> 5 (1225 ) iy +o (i)
—_—

>0

as HuHHé — 0.
Therefore, if p is small enough, I(u) > 0.
To show the validity of (PS), let {uy }x C Hi be asequences.t. [I(ug)] < Cyel'(ug) — 0
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as k — 4+oo. Wefix g € (i, %) With the standard argument, for some k large enough,
using the same argument as in (4.15]),

Cr+ llull gy > I(ur) — BT (ug) [ug] =

_ [ (1_ 2. 1_ 2.
= /Q <2 ﬂ) |Vug|“dx /Q)\ <2 B) lug|“dz /QG(x,uk)dx—i—
+ﬁ/ﬂ 9(z, ug)updzr >

for an appropriate d

1 ~
> (5-8) huslly = st + @ =0 [ (GGow) ) do >
~——JO
—_—
=:5>0 >0 202|uk|“762

2 2
> 0 flurlgy — Cllunllzy + Av lluglly — As.

Using the boundedness from below on [0, +-cc) of the function h(x) = Aja# — Cx? — As,
we deduce that
Oy A+ lJurll gy = 6 lluglly — D.

So that ||u] HL 1S bounded and the standard argument can be used to provide a subse-

quence that converges in the norm of H{}.
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Chapter 5

Symmetric functionals: one last
version of the mountain pass
theorem

5.1 Krasnoselskii index

The purpose of this section is that of providing topological results that allow to analyze
cases of functionals having certain regularities and symmetries. The main result of this
section is the first theorem of Borsuk-Ulam, which allows to prove the fact that the so-
called Krasnoselskii index of a symmetric set which is homeomorphic to the boundary
of a bounded neighborhood of 0 € R” is equal to n.

Definition 5.1.1. Let F be a Banach space. We say that a subset A C E \ {0} is
symmetric if
Yue A, —ue€ A.

We denote with
Y(E):={AC E\ {0} : A closed and symmetric},

with
ck (A, B):={feCFA B): foddon A e %(E)}

as k > 0 and with
Oodd(A, B) == {p € C2,4(A, B) : ¢ homeomorphism}.

Definition 5.1.2. We say that A € ¥(F) has genus (or Krasnoselskii index) n > 0
if n is the smallest integer s.t. there exists a function ¢ € C2;(A,R™\ {0}). If such an
integer n does not exist, we say that A has infinite genus.
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To sum up, set v : 3(E) — IN the function that maps A € X(F) to its genus,

0 if A= o;
v(A)=<n if n = min{k € N s.t. there exists ¢ € C%,,(4,R*\ {0})} < +o0;

+o00 otherwise.

We prove some of the genus’ properties: first, we enunciate a topological results:

Theorem 5.1.3 (Tietze). Let (X,7) be a normal topological space[f] Let C C X be
a closed subspace and f : C — A C R be continuous. Then, there exists a continuous
function g : X — A s.t. glo = f.

Lemma 5.1.4. The following properties hold:
(i) let x € E\ {0}, then y({z,—x}) =1;
(ii) if there exists f € C°,(A, B), then v(A) < v(B);
(iii) if A C B, then v(A) < ~(B);
(i) if there exists h € Ouq4(A, B), then v(A) = vy(B);
(v) ¥(AU B) <~(A) +~(B);

(vi) if 7(B) < 400, then v(A\ B) = v(A) = v(B);

(vii) if A € ¥(E) is compact, then y(A) < +oo and there ezists 6o > 0 s.t. y(N5(A)) =
v(A) for all 6 € (0,0p), where we set Ns(A) = {x € E s.t. dist(x, A) < d};

(viii) if A € X(E) is s.t. v(A) > k eV C E is a subspace of E having dimension k,
then ANV*;

(iz) let E, C E has finite dimension n. Let S"~' := {x € E,, with ||z| 5 =1}, then
(S") =n.

Proof. In what follows, the fact that 3(E) does not contains 0 is fundamental.
(i) is trivial;

(i) if v(B) = +oo there’s nothing to prove, otherwise, set v(B) = n, let ¢ : B —
R™\ {0} be continuous and odd. The function po f: A — R™\ {0} is continuous
and odd, so that y(A) < n.

(iii) The inclusion i : A — B is continuous and odd. Hence (#i7) follows by (7).

(iv) follows trivially by the previous points.

*Recall that a topological space is called normal if any couple of its closed disjoint subsets admits
a couple of disjoint open neighborhoods.
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(v)

If v(A), or y(B), is not finite there is nothing to prove. Otherwise, let n = v(A)
and m = v(B). There exist ¢ € C%,(A,R™\ {0}) and ¢ € CO,,(B,R™\ {0}).
by Tietze theorem applied to all the components of the two functions, there exist
two continuous extensions to E of ¢ and 1) taking values in R™\ {0} and R™\ {0}
respectively. With abuse of notations we use the same symbols, ¢ and 1, to denote
the two extensions.

For all x € E we define

and

Then, ¢ and 1; are two odd extensions of ¢ and 1 respectively and they take
values in R™ and R™ respectively.

f=(p, 1;) is defined on F. Its restriction to AU B is odd, continuous and it takes
values in R"*™ \ {0}. Hence, v(AU B) < n + m by (i) and (7).

One has A C AUB C A\ BU B and (vi) follows;
Choose any = € E'\ {0} and 0 < r < [|z|| 5. Since

B, (z) N By(—x) = @,

¥(B,(x) U B,(—x)) = 1 (choose f continuous, real-valued, defined on one of the
two balls and set f(z) = —f(x)).
A is compact and symmetric, hence we can cover A with a finite number of such

balls:

AC

Cs
W
3
)
z
-
Sy
N
Cs
[
)
z
-
Sy
8
z

k=1 k=1

y=1

Then, 7(4) < Y7, 1By, o) U By, (—a)) = m < oo.

Let n = v(A) < oo and ¢ € C2,(A,R™\ {0}).

By Tietze theorem (with the construction of (v)) there exists an odd continuous
extension of ¢ and ¢ to E taking values in R".

In general, by "odd-ing" the extension, we lose the fact that the "odd-ed" of the
Tietze extension takes values in R™ \ {0} as well. However, @|4 = ¢ is nowhere 0
(since it takes values in R™ \ {0}). Therefore, by the continuity of @, there exists
a neighborhood Nj,(A) = {x € F s.t. dist(z, A) < dp} of A s.t. (‘E‘NBO(A) (x) #0
for all z € N5, (A).

For all 6 € (0, dp), defined N5(A) similarly to Ns,(A), one has that @]m # 0 and

it is continuous and odd. Then, 7(Ns(A)) < n. On the other hand, A C Ns(A),
so that y(Ns(A)) > n.
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(viii) Seeking a contradiction, let AN VL = @. Then, the projection P : A — V \ {0}
is a continuous odd mapping. As V is finite-dimentional, it is homeomorphic to
an appropriate subset of R¥. This, however, contradicts the fact that v(4) < k.

O]

Theorem 5.1.5 (Borsulf antipode theorem). Let D CC R™ be a symmetric neighbor-
hood of 0. Let ¢ € C2,(D,R™) be s.t. ¢lap # 0. Then, d(p, D,0) is an odd number.

We prove the assertion only in the case of functions ¢ € C;dd(D,IR”) with just
non-degenerate zeros.

Proof. As ¢ is continuous and odd, ¢(0) = 0 and it is an isolated zero. Hence, there
exists B:(0) C D s.t. 90|?(0)\{0} # 0.

d(, D,0) = d(p, B=(0),0) + d(, D\ B:(0),0) = £1 + » _ sgndet(Jip(x))
reZ
where -
7z =7 (0)n (D\B(0))

is the set of the zeros of ¢ in D\ B.(0).

¢ is odd, hence p(z) = 0 if and only if p(—z) = 0.

On the other hand, if ¢ is odd, all of its partial derivatives are even and, therefore,
J(p(z)) is even.

We conclude that

Z sgndet(Jo(x))

T€Z

is even. This concludes the proof.
O

Corollary 5.1.6 (First theorem of Borsuk-Ulam). Let D CC R™ be an open symmetric
neighborhood of 0 and 1 € C2,(0D, R7) with j < n. Then, 3z € D s.t. p(x) = 0.

Proof. Seeking a contradiction, if Y|ap # 0, we could apply the Borsuk antipode theo-
rem to an odd Tietze extension v € ngd(D, R™). In particular,

d(1, D,0) # 0,

(being odd). )
By the continuity of d(¢, D, -), for all b € B.(0) C R™ with & small enough,

d(4, D, b) # 0.
At the same time, if we approached 0 choosing b € R™ \ R/,

0=d(,D,0) = d(,D,b),

continuity
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where we used the fact that 1/;\31) = tlop # 0 and d depends only on the boundary
values of 1. But this would contradict the fact that d(¢, D,0) # 0. O]

Corollary 5.1.7 (Second theorem of Borsuk-Ulam). Let D CC R"™ be an open sym-
metric neighborhood of 0. Let f € CO(OD,R/) with j < n.
Then, 3z € 0D s.t. f(x) = f(—=x).

Proof. Let ¢(z) = f(x) — f(—x). 1 satisfies the assumptions of the first theorem of
Borsuk-Ulam, the assertion of which, applied to %, is exactly our claim.

O

Using the first theorem of Borsuk-Ulam we prove the following:

Theorem 5.1.8. Let D CC R"™ be an open symmetric neighborhood of 0 € R™. Let
A e E(R").
If there exists h € ©,q4(A,0D), then y(A) = n.

Proof. h € ©u4a(A,0D) C C2 (A, R™\ {0}). Hence, v(A) < n.
Seeking a contradiction, if v(A) = j < n, then there would exist ¢ € C%,,(A,R7 \ {0}).
The function

Yi=gpoh t:0D = R\ {0}

would be odd and continuous.
By the first theorem of Borsuk-Ulam, there would exist € 9D s.t. ¥ (x) = 0. But this
cannot be possible, as ¢ takes values in R7 \ {0}.

O

This theorem has two immediate corollaries, the first of which is a more general

version of (5.1.4 (ix)):

Corollary 5.1.9. Let A € X(E). If there exists h € ©,44(A, S™ 1), then v(A) = n.

Proof. v(A) = v(S™~!) since they’re homeomorphic.
On the other hand, S"~! = 9{x € E, s.t. ||z||z = 1} is the boundary of a bounded
symmetric neighborhood of 0 € E,, for an appropriate finite-dimensional E,, (for this
reason, F, is homeomorphic to R™). By the previous theorem, v(S"~ 1) = n.

O

Corollary 5.1.10. Let E be an inifnite-dimensional Banach space. For alln € N, E
contains a subset having genus n.

Proof. (@) = 0 and, for all n > 0, y(S"~1) = n with S"~! in an appropriate finite-
dimensional subspace of F, say F,. O
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5.2 Ljusternik-Schnirelman theory

Krasnoselskii theory has an important employment in the study of even functionals.
We start enunciating and proving two results concerning the latest, the first of which is
related to the finite-fimensional case, while the second is a simple generalization to the
infinite-dimensional case.

We denote with

Ck(A,B)={f €CF(A,B) : fis an even function on A € X(E)}.
We have:

Theorem 5.2.1. Let I € CL,(R",R). Then, there exist at least n couples of critical
points of I in the form {z,—x}.

Proof. For all k =1,...,n we define the set
I i={Aec (8" ) st. y(A) >k}
For all k, as Sk¥—1 ¢ »(S" 1), I'y # @. Hence, it makes sense to consider

= inf I(u).
ck = inf max(u)

By the definition of I'y, since y(A4) > k = v(A) > k — 1, we have
ryclh,1Cc...clbycIy

and, therefore, by the monotonicity of the infimum,
c1 << ... <cp1 < ¢y

We observe that {x,—x} € T'1, so that (as I is an even functional)

cp = inf maxI(u) = inf max [(u) = min I(u).
AeTl; ueA {—z,z}el’ ue{—z,z} uesSn—1

On the other hand, T',, = {S"'}. In fact, if A C S"! and the inclusion is strict,
then chosen y in S™~!\ A, by the symmetry of A, —y still belongs to S"~!\ A. The
stereographic projection P of S"~!\ {y} on the tangent hyperplane in —y is an odd
homeomorphism (as A is odd and it does not coincide with the entire sphere) of A into

R" 1\ 0 (as P(—y) =0 and —y ¢ A). Hence,
n<v(A) =v(P(4) <n-1
that is a contradiction. Therefore,

¢, = max I(u).
" uesSn—1 ( )
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As usual, we denote with K, the set of the critical points with critical value c:
K.:={ue Sl st I(u) = c and (I|gn-1) (u) = 0}.

We prove that if ¢, = ... = cpqp—1 =: ¢, then y(K.) > p.

Seeking a contradiction, suppose v(K,.) < p. Since K. is compact, there exists a neigh-
borhood of K., say N5j(K.) C R", s.t. v(K.) = v(Ns(K.)). One would have, by the
obvious following inclusions:

K. C Ns(K,)nS" ! C Ns(K.),

that
p> V(Kc) = V(Né(Kc)) > ’Y(Né(Kc) N Snil) > ’Y(Kc)‘

Moreover, I|gn-1 € CH1(S""1 R) as S"! is compact and I is continuous on S™~ 1.
By the finite-dimensional deformation lemma, there exist € > 0 and a homeomorphism
n s.t.
(1, {I|gn-1 < c+e}) C{I|gn-1 < c—¢}
and, since I is even, 7(t, -) can be chosen to be odd.

By the definition of ¢ = ¢j4,—1 there exists A, € (s Hn Fiyp—1 s.t.

sup I|gn-1(u) < c+e
ucAe

and v(A:) > k+p—1.
Now,

V(A \ N5(Ke)) 2 7(A2) = (Ns(Ke)) 2 k+p—1—(p—1) =k
———
<p-1
Hence, A.\Ns(K.) C S" ! and v(A:\Ns(K.)) > k. This tells us that A.\ Ns(K.) € T.
Then, since 7(1,-) is an odd homeomorphism,

7 (n(1, A\ N5(Ke))) = (A \ Ns(Ke)) = k.

Therefore, (1, Az \ Ns(K.)) € I'y. This implies the contradiction:

sup I(u) =c—¢e > inf supI(u) =c =c.
uen(1,A:\Ns(K.)) Aely yeA
We see that the contradiction implies the assertion. In fact, if ¢, = ... = ¢44p—1, then

v(K.) > p > 2, so that K. has to contain at least countable many symmetric couples
(by the symmetry of I) of points (otherwise, there would exist an odd continuous real-
valued function).
If, instead, p = 1, K. contains at least two (symmetric) points, since there exists an
odd function on K..

O

For the infinite-dimensional case,
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Theorem 5.2.2. Let E be an infinite-dimensional Banach space. Let I € CL,(E,R)
satisfying (PS).

Then, I|pp, has infinitely many couples of critical points {u, —u}.

Proof. The proof goes exactly as in the finite-dimensional case, using (PS) to apply the

deformation lemma.

O]

We see several simple consequences of these results:

Ezample 5.2.3. Let E = H}(Q) with Q cC R™.

We consider the equation —Au = Au we already mentioned when we talked about the
eigenvalues of Laplace operator.

By repeating the proof of Theorem for S? = {u € H}(Q) : ||lu|]l, = 1} one proves
that for all £ it is

A = inf sup /\Vu| dx
erkuGACSQ

and the eigenvalue problem admits infinite solutions.

Ezxample 5.2.4. Let  CC R™. We consider the system

~Au = |[ulP"lu on Q,
U‘aQ =0

for some p € (1,2* — 1). By repeating the proof of Theorem ([5.2.2)) with
spl = {u € HY(Q) st [lull,,, = 1}
and, for all kK > 1,
[p:={Aex(SP) st. y(A) > k}.
one can prove that for all k,
¢y = inf  sup / \Vu|?dx
ALk yeacsr+1 JQ

is a collection of critical values for the functional related to the initial system.

In particular, this problem admits infinitely many solutions.

We will see that when p = 2* — 1 and €2 is a star domain, the only solution is u = 0
(both in the weak and in the classical sense).

Theorem 5.2.5 (Clark theorem). Let I € CL (E,R) satisfying (PS) and s.t. 1(0) = 0.
Let
I, ={AeX(E) s.t. v(A) > k}.

If

— inf I 0
cr : Alélrkiléﬁ (u) € (—00,0),
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then cy, 1s a critical value. Moreover, if ¢, = ... = Cryp—1 =: ¢ for some p > 1, then,

set as usual
K.={u€E :I(u)=cand I'(u) =0}

one has
Y(Ke) > p.

Proof. If we show that, under the same hypothesis as above, v(K.) > p, we have
finished. In fact, in this case, K. # &, since there would exist at least a continuous
odd function defined on K., so that ¢ would be a critical value and the assertion would
follow.
Seeking a contradiction, let v(K.) < p. By the deformation lemma, there would
exist € € (0,1) s.t.
n(1,{I <c+e}\ Ns(K.) C{I <c—¢}

with 7(¢,-) odd. Let A. € I'y4,—1 be s.t.

sup I(u) <c+e
u€Ae

and
B := A, \ N§j(K.).

As
Y(B) =2 v(A:) —v(Ns(Ke)) 2 k+p—1—-(p—1) =k

we have B € I'y,. Moreover, since 7(1, -) is an odd homeomorphism, v(n(1, B)) = v(B),
so that n(1, B) € Ty and

c= inf supl(u) < sup I(u)<c—e.
A€l yea uen(1,B)

This is a contradiction. O

Corollary 5.2.6. Let I be as in the Clark theorem. Let K € ¥(E) with v(K) = k. If

sup I(u) <0
ucK

then, all the conclusions of the Clark theorem hold.

Ezxample 5.2.7. Let Q CC R™. We consider the problem

{—Au = Mu+g(u)) on, (5.1)

ulpo =0
with

o g€ (R, R);

95



e g(s) =o(s) as s — 0;
e Js; > 0s.t. 51+ g(s1) =0.

We also define
h(s) =s+g(s) and h(s)= h(s)x[,shsl](s).

We consider the following system:

{—Au = Ah(u) on Q, (5.2)

u|pn = 0.

If u is a solution of (5.2), then u(Q) C [—s1,s1]. In fact, otherwise, there would
exist 2 C Q and @ s.t.

{—Aﬁ = on Q,

and, by the maximum principle for harmonic functions, one would have 4 = s1, that
contradicts the expression that defines h.

In particular, all the solutions u of are also solutions of .

We consider the functional I € C},(H3(2),R), that is the one related to the equation

of 52):
I(u) = ;/Q|Vu|2dm _ )\/Q (/Ou h(s)ds) da.

Obviously, I(0) = 0 and I is bounded from below.

We show that, if A > A, then (and ) has at least k couples of solution, using
Theorem ([5.2.6]).

We define

k k
KT: {’U—Zaiei EH&(Q) : HUH%&QKT —Za?_r2}_
=1 i=1

K, is a k-dimensional sphere, so that y(K,) = k. We show that sup,cx I(u) < 0if r
is small enough: for, let v € K., as K, is finite-dimensional, all the norms on K, are
equivalent, so that there exists a constant C' = C(K,) s.t.

[0l < Cllvllging, = Cr-
Let H(s) = [, h(s)ds. Then, for ||v|| = r small enough,
v v v r
10) = [ hs)ds = [ (D (s = [ s (hdstold) = Frot?).
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Then, as ||v|]| =r — 0, we get

1 A
I(w)==r2 -2
()= 5 2/9

r?2 A 2 2 2 L o = o? 2
== -2 aj [ ejdeto(r?)=Z|r" =AY +]+4o(r") <

9 2 — /Q (") 2 2_; i ( ))\z<)‘k

1= —— =
— /N

1 2

§2(r2;ﬂr2)+0(7"2)_r2(1;;)+0(7"2)<0
—
<0

asr — 0.

If A > Ak, then, once defined ¢ as in the Clark theorem, one has ¢; < 0 and, as [ is
bounded from below, ¢ > —oo. Clark theorem applies and we get infinitely many cou-
ples of critical values for the functional I. That are, infinitely many solutions for A > Ag.

Remark 5.2.8. We observe that as A grows, the number of couples of solutions grows as
well. Indeed, as A crosses and eigenvalue of Laplace operator, two new solutions add.
This phenomenon is called bifurcation.

Ezxample 5.2.9. Let Q CC R™. We consider the problem

—Au = Ag(u) on Q,
ulon =0

with the following assumptions on g:
* g€ Coy(R,R);
o g(s)=o(s) as s = 0;
e ds; >0s.t. g(s) >0if s € (0,s1) and g(s1) = 0.
We show that there exists a collection {py}ren s.t. if A > ug, 3 at least k couples of

solutions. In the previous example, {ug}r = { i }tr-
We define

G(5) = [ ot

The functional I € CL,(H}, R) associated to the equation of (5.3) is given by
1
I(u) = / |Vu|2dx—)\/ G(u)dx.
2 Jao Q
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We consider K, as in the previous example and we show that inf,cf, fQ G(u)dx = ay >
offl

Seeking a contradiction, let the infimum be 0 and consider a minimizing {v;}; in K,. K,
is compact (and finite-dimensional), so that there exists a subsequence {v;;}; C {vi};
s.t.

Vi; — v e K,

as j — oo and
/ G()dz = 0. (5.4)
Q

However, G(s) # 0 if s # 0, so that it must be © = 0 a.e. in order for (5.4) to be
verified. But 0 ¢ K, leading us to a contradiction.
It follows that, for v € K,

2 -2
I(v)zz—)\/QG(U)dx§2—)\ar<0

for some appropriate A > .

5.3 Mountain pass theorem for symmetric functionals

The purpose of this section is that of providing a version of the mountain pass theorem
that can be applied to prove the existence of an unbounded sequence of critical values
of a symmetric functional.

Theorem 5.3.1 (Mountain pass theorem for symmetric functionals). Let I € CL (E,R)
satisfying (PS) and s.t.

(1) 1(0) = 0;
(ii) there exist p,a >0 s.t. I|ap,0) > ;

(i1i) for every finite-dimensional subspace X C E, the set {u € X : I(u) > 0} is
bounded. Or, equivalently, for every finite-dimensional subspace X C E and every
u€ X s.t. ||ul|lp > R for some appropriate R = R(X), I(u) <O0.

Then, there exists an unbounded sequence of critical values for I.

Before proceeding further and prove the two results that will give the proof of
Theorem (5.3.1]), we show an application.

Ezxample 5.3.2. Let 2 CC R™ be open and consider the problem

—Au = g(x,u) on €,
ulon =0

fObserve that, by the definition of g, G(s) is positive for all s € [—s1, s1].
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with the following assumptions on g (observe that, the latest apart, they are the
same hypothesis as the ones of Example (4.3.2)):

e gcCY(QxR,R);
o |g(z,7)| <1+ co|r|P for some p € (1,2* —1);
e g(x,r) =o(r) per r — 0;

e Ju>27>0s.t. Y|r| > 7 we have
0 < G(z,r) = / gz, t)dt < %g(:c,r);
0

o g(z,s) =—g(z,—s).

We already verified the hypothesis (i) and (i7) of (5.5) in Example (4.3.2)), we know

that
/|Vu| dm/Gmu

and we also verified that I satisfies ( PS) It remains to check the hypothesis (5.3.1] (iii)).
By the computation in Example (4 , we already know that

G(z,s) > eA|s|“.
As all the norms on a finite-dimensional vector space are equivalent, for u € X,
lullyy = e(X) [[ully = C(X) [[ully, -

Therefore,

1 1

W< [ IVlde et [ o < 3l - A0 ullyy, <0 (59

2 Jo Q 2 0

up to choose HUHH(} large enough, since p > 2.

Remark 5.3.3. One can try apply Clark theorem to (5.5)), setting

I'y ={K e X(E):v(K) >k}

and

¢ = inf sup [l

K Kely ue]r; ( )
However, one would have ¢, = —oo for all k.

In fact, if we choose K = 0Bgr N E}, for some k-dimensional subspace Ey, C E, it’s easy

to see, by (5.6)), that
¢ < sup I(u) = —oc.
ueK
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The opposite argument would fail as well: if we define ¢, = supgeg, infuex I(u) with
G ={K € X(F) : v(K) < k},

it would be ¢, = 4+00. In fact, if we choose K, := 0B1NE}) to bes.t. K C {ey,..., ej}L
({ex }r being the eigenfunctions of Laplace operator) we would have that if u € K,,, then

/ |Vu|*dz > )\n+1/ |u|?dz — +o00
Q Q

as n — +o00.

Let E be a Banach space and I be a functional that satisfies ([5.3.1] (i)-(iii)).
We define
Ao ={ue E: I(u) >0}

and

' := {h € @Odd(E,E) : h(aBl) - Ao}.
Remark 5.3.4. T* # @. In fact, by the hypothesis (i7), the homeomorphism u — pu
belongs to I'*.
We also define
Iy, = {K € X(F) compacts s.t. y(K Nh(0B1)) > m for all h € I'"}.

Lemma 5.3.5. Let E be a Banach space and I be a functional satisfying the hypothesis
of Theorem . Then:

(¢) T # &;

(b) Tig1 € T

(c) if K €Ty andY € S(E) is s.t. (V) <j <m, then K\Y € Tpj;
(d) if ¢ € Opgq(E,E) is s.t. p~1(Ag) C Ag, then o(T'y,) C Tyy.

Proof. (a) Let X C E have dimension equal to m. By the assumption (7i7) of Theorem
(5.3.1]), for some sufficiently large R, as X N Ag is bounded, we have

K:=XNBr2XnNA,.

We show that K € T',,.
Since for all h € I'*, h(0B;) C Ap we have

K D X Nh(0B)). (5.7)
As h is odd (and h(0) = 0) = h(B;) is a symmetric neighborhood of 0, so that

X Nh(By) is a symmetric neighborhood of 0 € X. (5.8)
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Moreover, as the homeomorphism map boundary points into boundary points, we
have

(X Nh(By)) C X Nh(dB). (5.9)

Putting all together,

m = 5(KNhOB) = 1(XNAOB) > 10X Nh(B) = m.

B
Qo)

That is, K € T',,.
(b) follows immediately by the definitions of the I';,’s.

(c) Let K €T, and Y € 3(F) be s.t. y(Y) < j < m. Then, using the properties of
sets and 7:

7 (KNY nh(9By)) = ((KAR@B)\Y ) = /(K N h(©B1)) = A(Y) = m —

(d) Let K € T'y,, we have to prove that p(K) € T'y,.

Since K € Ty, and ¢ € Ouqq4(E, E) is s.t. ¢ 1(Ag) C Ay, p(K) is compact,
symmetric and does not contain 0.
Using the homeomorphism-invariance property of v, we have:

Y p(K) Nh(OB1)) = (K Nt o h(B1)).
By the assumption, however, ¢! o h € T'*, in fact

o~ (A(0B1)) € ¢~ (Ao) C Ao

Therefore, since K € I'y,, 7(p(K) N h(0B1)) > m.

This concludes the proof.

Now, Theorem (5.3.1)) is a trivial consequence of the following result.

Proposition 5.3.6. Let E be a Banach space and I be a functional satisfying the
hypothesis of Theorem . Let

Cm = inf sup I(u).

A€l m yeA
Then,
(a) 0<a<c <ca<..;
(b) if ¢m = Cmy1 = ... = Cmyp—1 =: ¢, then v(K.) > p. In particular, the ¢, are

critical values for I;

101



(¢) limy,—y 400 Cm = +00.

Proof.  (a) We observed that the function h(u) = pu is a homeomorphism on I'*.

Therefore, if K € Ty,
YK Nh(0B1)) =v(KNdB,) >m = KNOJB, # @.
Hence, chosen any K € I'y,,

Cm = Inf supI(u) > inf I(u)> a.

Finally, the monotonicity of the ¢, follows obviously by the inclusions of the I',.

Seeking a contradiction, let v(K.) < p.
Since K, is compact, we know that it admits an open neighborhood Ns(K.) s.t.

Y(Ke) = v(Ns(K.)) <p— 1.

By the deformation lemma, with &€ = «/2: there would exist ¢ € (0,8) and a
homeomorphism 7 s.t. 7(1,-) € Ouq(FE, E) and

n(1,{I <c+e}\Ns(K.)) C{I <c—e}. (5.10)
By the definition of ¢ as ¢p4p—1, there exists K. € I'yqp—1 s.t.
sup I(u) < c+e. (5.11)
ueK.

Then, K.\ Ns(K.) € ', in fact, by (5.3.5(c)), K\ Ns(Kc) € Tppp1—(p—1) =
j
If we showed that 7(1,-)~!(A4g) C Ag, then using (5.3.5[ (d)), we would have

n(1, K\ Ns(K.)) € T,

(the image n(1,T,,) would still be included in T',,, but we said that all the points
in K.\ Nsj(K_.) belong to I';;). This would give:

c= inf supl(u) < sup I(u).

A€Tm uea uen(1, RN (o))
However, if v € K, \ N5(K.), then v € K., so that (by ) I(v) < c+e. Hence,
ve{l <c+e}\ Ns(K.). Therefore, if n(1,v) = u, I(u) < ¢ — ¢ by (5.10). This
would tell us that

c< sup I(u) <c—e.

u€n(1,K:\Ns(Kc))

This is a contradiction.
Hence, we show that n(1,-)~(4g) C Ao.
As we already observe in the deformation lemma, proving that n is a homeomor-
phism, 5(1,-)"1 = n(—1,").
Then, appealing to the monotonicity of n(-,u), for all u € Ay,

1(77(171‘)71) = I(U(—lau)) > I(U(O’u)) = I(u) > 0.
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(c) Seeking a contradiction, if ¢, would be bounded, we would have two cases, due
to the monotonicity of {¢p, }m, which prevent the {¢;, }m to oscillate:

(i)

(i)

If the ¢,, were definitively constant, we would have:
v(K.) < 400

as K. is compact and, at the same time, v(K.) > p for all p, by the previous
point (definitively ¢, = ¢m41 = ... = myp—1 for all p > 1). This would be
a contradiction.

If ¢, /¢ as m — oo with ¢ # ¢, for all m, we define

K= U K.

Le[c1,]

K would be symmetric (as a union of symmetric sets) and compact (by
(4.1.15)). Hence, there would exist j € IN s.t.

Y(K) =3

and, by the compactness of I, there would exist a neighborhood of IC, say
N5(IC) s.t.
V(Ns(K)) = ~(K) = j.

Using the deformation lemma with & = ¢ — ¢1, we would get a € € (0,£) and
a deformation 7 s.t.

(L {I < c+ e} \ Ny(K) C{I < c—e}.

By the definition of limit, there exists mg s.t. ¢, > ¢ —¢. Moreover, by the
definition of ¢4, there exists K. € I';4; s.t.

sup I(u) < cpo+j+e < c+e.
ueK. N——
<c

By (5.3.5(c) and (d)), n(1, K. \ Ns(K)) € I'syy. This would imply that

c—e<cmy= _inf supl(u) < sup I(u) <c—e.
Kelmg ue K uen(1,K:\N5(K))

This is a contradiction.
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Chapter 6

Loss of compactness

In all the examples we mentioned up to now, we considered differential equations in the

form
—Au — g(xz,u) =0,

where g satisfied the subcritical growth condition in its second variable:
g(z,7) < ¢y + co|r|P
as r — 400, for some p € (1,2* — 1). In particular, we considered the problem
—Au = ululP~! on Q,
ulan =0
forpe (1,2 —1).
The choice p € (1,2* — 1) allowed us to use a consequence of Rellich-Kondrachov
theorem, claiming that the p-norm is WC on H} and proving the validity of (PS).
The purpose of this chapter is that of considering results related to equations in the

critical case p = 2* — 1. In this case, we’ll see that (PS) has to be replaced with a
weaker version of it.

6.1 Pohozaev identity and its applications

Theorem 6.1.1 (Pohozaev). Let g € CO(R,R) and G(s) = [; g(t)dt. Let Q@ cC R
and u € CO(Q) NC%(Q) be a classical solution of

—Au=g(u) on§, (6.1)
U,‘BQ = 0.
Then, if v is the outward pointing unit vector that is normal to 0S), we have
—2 1 du |?
n2 /Q]Vu|2dw—n/QGoud:U—l—2/(maz x - vdx = 0. (P)
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Proof. We multiply (6.1) by x - Vu:
0= (Au+g(u)(z-Vu) =

. 2 [Vaul?
= div[Vu(z - Vu)] — |[Vu|* =z -V 5 +2-VG(u) =
2
-2
= div <Vu(a: -Vu) — 95|V;| +zG(u) | + n 5 |Vul|*> — nG(u).

Integrating:

/Q <div (Vu(:r -Vu) — 33|V2u’2 T xG(U)) + nT_Q\VUP B nG(u)) dr—0.

We use the divergence theorem on the first addendum:

/Qdiv <Vu(:z V) -z + xG(u)) dz = /m V- (Vu(x V) —

However,
/ v-zG(u)dr =0
o0

|[Vul? [Vul?
L T+

xG(u)) da.

as u|pn = 0 and G(0) = 0.

Since ulgn = 0, the derivative of w in the direction that is tangent to 9€2 in any boundary
point is non-zero, that is Vu is orthogonal to the tangent direction, i.e. Vu is parallel
to v. Then,

SE-VUZ’V’2LE'VU:(LE'V)(V'VU):.T'V% (6.2)
v
and, similarly, v - Vu = |v|?0u/0v = Ou/Ov, hence
ou ou ou ou |?
v (Vu(z-Vu)) = (v-Vu) <xuay> =35 <xzxay> =5, ¢
Finally, using with x = Vu
oul®>  |oul?
2 _ . — . R — | —
|[Vu|*=Vu-Vu=(v-v) 5 5
Therefore,
_ IVl -/ uft 1 |ouf
/89 v <Vu(x Vu) —x 5 +2G(u) | do = - v ey 5% |3, dz.

And the assertion follows.
O

This theorem has an immediate application which proves the uniqueness of the
solution of the following boundary problem:
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Theorem 6.1.2. Letn > 3 and 2 C R™ be a smooth star domain with respect to the
origing s.t.
z-v>0

for all x € O0. Let u € HY(Q) be a weak solution of

{—Au = u+ |u)? "2, (6.3)

ula = 0.
Then, if A <0, u=0 a.e..

We only prove the case A < 0. The case A = 0 can be treated using the unique
extension principle.

Proof. Let A # 0 and u € H}(2) be a weak solution of (6.3). By the theory of regularity,
u is also a classical solution of (6.3]), so that we can use PohoZaev identity where, since
glu) = M+ Jul? 2u,

1 2*
? u

“ A
Gw = [ gyt =1l +
0 2
When applied to G, (]ED becomes:

n2/ ) /<>\ | 2*> 1/ du
Vul?de —n —lu|*+ —|u dx + = —

So that, by multiplying all the terms by % and observing that % = 2%, we get

A 1 - 1

2 % 2 2

Vul“de — 2% | = dr + — dr | + ——

/Q\ ul|“dx <2/Q\u| T 2*|u] x) 7 =2 oo |90

We consider again the differential equation of (6.3)), multiply its bot sides by u and

integrate in €2:
/uAud:L“:)\/ |u|2daz+/ lu|? d.
Q Q Q

Using Green’s formulas on the first integral, we get

/\Vu]zdx—)\/ yu2dx+/ luf? dz. (6.5)
Q Q Q
Putting (6.4) and (6.5) together, we get

n 1
A1- 2de + ——
( n—2>/£2’u‘ S o0

and, working around some computation:

—2>\/ |u|2d:r:—|—/ ‘
~Ja o0
>0

>0

2
z - vdr = 0.

2

Ou z-vdr=0. (6.4)

2
z-vdr =0

ou

ov

ou
E (6.6)

2
r-vdx =0.
<~
>0

>0
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This sum can be zero if and only if both its addenda are. In particular, |ul/, = 0, so
that w = 0 in L2, that is u = 0 a.e. in Q. However u has a continuous version that is a
classical solution of (6.3)), so that «w =0 in €.

O]

Ezample 6.1.3. We consider the problem of Example (5.2.4)) with p = 2* — 1 and a star
domain © C R™:

—Au = |u[* "2y on Q,

ulpn = 0.
We saw in Example ([5.2.4), where the subcritical case was treated, that (in the subcrit-

ical case) this problem admits infinitely many solutions whenever 2 CC R"™. But, by
Theorem (6.1.2)), in the case A = 0, this problem admits 1! solution in the critical case.

Remark 6.1.4. Observe that the hypothesis of €} to be a star-domain was crucial to
reach the conclusion in . Without this assumption, in fact, the theorem loses its
validity: for instance we consider the annulus

A:{$€Rn:R0<’J}‘<R1}.
It can be proved that there are radial weak solutions of (6.3) on A. That is, solutions
u € Hyog(A) = {u € H'(A) : u(z) = u(|z])}.

To find them, it’s enough to write —A in polar coordinates, observing that the singular-
ity of —A is irrelevant in the polar coordinates when working on A (as it’s an annulus
around 0) and observing that

Hyqq(A) €C C*(4)
for all @ € [0,1/2) and

H! ,(A) CC LP(A)

rad

for all p € [1, +0o0] (hence, all the inclusions are compact).
Observe that, for this reasons, the associate energy, defined on H} ,(A), satisfies (PS).

6.2 The blow-up phenomenon

In the previous section, we saw how (as in Example ), one switches from having
infinitely many solutions (in the subcritical case) to the uniqueness of solutions (in the
critical case). This is due to the fact that the embedding HJ(Q) < L% (Q) is not
compact.

This is easy to see: consider ¢ € CF(£2) and the dilations

or(@) = N2 p(Az), (A >0) (6.7)
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(observe that supp(py) = %supp(go)).
For all A > 0, we have that

loxllz = ol

so that {pg x>0 is bounded. We show that it cannot admit subsequences that converge
in L%
For all ¢ € [1,2*] and A > 0 one has ¢y € L9(2) with

n( ok —
lealld = [ lealtda = Am(E =1 2.
Q
It follows that, as k — +o00

0 if g € [1,2%) and
et — 40 . Hacll2)an
lolZ ifq =2~

While, for a.e. z € Q, p(x) — 0 as kK — 400 (since supp(py) shrinks around a point
as A — +00).

We deduce that ¢5 — 0 in the norm of L? when ¢ € [1,2*).

When g = 2%, instead, the so-called blow-up phenomenon takes place: supp(yy) shrinks
more and more, while the 2" norm of ¢y, is preserved.

The geometric interpretation is the following: the functions ¢y present a peak around
xg € ) which grows more and more, while the support shrinks around xg.
Analytically, if {4y} would admit a subsequence {(y; }; converging in the norm of L*
to a function g, this would also converge a.e. to 0 by construction, so that g = 0 a.e..
However, ¢g; # 0 in L% . This is a contradiction.

6.3 Brezis-Nirenberg theorem

Let n > 2. We know that, by Sobolev theorem, if Q CC R"
HY(Q) — LYQ)

for all ¢ € [1,2*]. The embedding, still by Sobolev theorem, is continuous: i.e. there
exists C' = C(n,Q,q) s.t.
lully < Cllullga - (6.8)

The family of contants {C' : holds} is a non-empty subset of (0,+00), so that it
admits an infimum S, = SUD |y =1 Hqu, that is
0

[
Sn,q = inf 5 -
weHy ||ul?

We ask whether a function that minimizes the Sobolev constant @ € H& does exist.
More precisely, this function shall have the following property:

_12 12
HUHHDI = Shnyg ||U||q
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It happens that, if ¢ € [1,2*), this occurs, while if such a minimizing function would
exist in the case ¢ = 2*, a contradiction with the case A = 0 of (6.1.2]) would arise.
However, the equation

—Au=[ul* 2u (in R") (6.9)
admits an explicit solution:
n—2
N [n(n—2)] 7
)= """ a2
(142"

called the Talenti function. Actually, for all € > 0 the functions

o In(n—2)?) T
r) = RO (6.10)

still provide solutions of .

Definition 6.3.1. The functions in (6.10) are called Talenti functions.

Observe that, for all € > 0, under the same notation as (6.7)),

1
ur(x) = uy(x) with A= —

e
and
2 2 2%
IVl )2 = Suy = ut]3
from which we derive
2
Va2 vz S

= = = Sn.2*-
2 * n,
[Juz]l3- (Hu;”%i)zm SZ/QQ

This argument fails if 2 # R"™. In fact, in this case, the u} are still solutions of
on €2, but they must be multiplied by a cut-off function in order for them to belong
to HL(Q). On the other hand, it can be seen that these new functions still provide
good approximations of Sy, 2+, but the multiplications by the cut-off prevents them to
actually take the value Sy, 2+.

We will better discuss the computation needed in the previous discussion in the next
result:

Theorem 6.3.2 (Brezis-Nirenberg). Let Q@ CC R"™ withn > 3 and let Ay be the principal
etgenvalue of Laplace operator. Consider the problem

—Au= u+u>"1 onQ,
ulpg =0, (6.11)
u >0 on €.
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(a) if n >4 and X € (0, 1), admits a solution;
(b) if n =3, there exists \* > 0 s.t.

o if A€ (A", A1), admits a solution;

e if A € (0,\%), has no solution.

The proof of Theorem ([6.3.2) relies on two results related to the functional associated
to the equation of (6.11)) in H{}, that is the mapping I € C}(H(Q2),R) defined by

1 1
In(u) = 2/ \Vu|?dx — ;\/ lu?dx — 2*/ lu
Q Q Q

Remark 6.3.3. Iy does not satisfy (PS) as (it can be shown) using the Talenti functions
{uf ) b

If © is bounded, we observed that the Talenti functions, appropriately cut, provide a
good approximation of the best Sobolev constant .Sy, o« with

2 dx.

n/2

N 2 n/2 . 2%
[Vuin], = sni 4o, |uinl,, = Sia + o)

as k — oo. Thanks to this estimates, we get

To(ui ) = 5 (Su3 +0() — - (SHE +0() = 81 +0(1)
as k — oo.

Actually, one can verify that the sequences {uy } for which I (ug) — ¢ with ¢ < %SZ,/QQ*
s.t. I'(ug) — 0 admit converging subsequences. In this sense, the compactness can
be recovered in the critical case modifying (PS) in order for the sequences for which
I(ur) — c as k — oo to be the only ones taken into account. This is exactly what we
do now.

Definition 6.3.4. Let J € C'(E,R) be a functional. We say that J satisfies the
Palais-Smale condition at a level ¢ and we write "J satisfies (PS)." if whenever
{ug}r C E is a sequence s.t. J(ur) — ¢ and J'(ug) — 0 as k — 400, there exists a
subsequence {uy, }; C {ug}x that converges in E.

The following is an enhanced version of Fatou’s lemma, which "measures" the dif-
ference between [, liminf frdx and liminf [, fydz.

Lemma 6.3.5 (Brezis-Lieb). Let g € [1,4+00) and { fi}r C L4(S2) be a bounded sequence
s.t. fr(x) = f(z) a.e. in Q. Then, f € LI(Q) and

102 = im (1LAelle = 115 = £12)
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Proof. We observe that, by Fatou’s Lemma,
/ |f]9dx < liminf/ | fie|%dx < sup || fil|2 .
Q k—+oco Jq k>1
Hence, f € L(Q).
1. We prove that for all s € R and all € > 0, there exists a constant C. s.t.

[|s + 1|7 —[s]7— 1| < ¢els]?+ C..

This inequality, by homogeneity, can be read in the following terms: for all a,b €
R, Ve > 0 there exists C: > 0 s.t.

lla + 0" — |a|” — o] < elal? + Cc[b[". (6.12)

2. We apply the inequality as follows:
we fix e > 0 and let M = supp>q [[fell,, wr = |[fxl? — [fe — fI1? — [f|9] and
v = (ug —elfr — f|9)". Observe that vg(x), ux(z) — 0 for a.e. x € Q because of
the a.e. convergence of fj to f.
We have to prove that

tim [ (Al = 1fe = 710~ | do =0,

\ [t = 1= 19 - 1510)de] < [
Q Q

Now, v, = (ug — €| fx — 1O > ur — el fx — f|%, so that

q
/ udir < / vpda-te / e f17de < & (il + 171,) "+ / opde < £C+ / opdz
Q Q Q Q Q

for some appropriate C' > 0.
We use (6.12)) with a = f, — f and b = f, to get the L' dominating function:

We have:

0 < o = || < elf — fil + Ce|f]7 < Coy |17 € LH(Q).

By the dominated convergence theorem, we have

lim updr < eC?
k—4oc0 Q

Ve > 0, hence

i /Q (fel? = |fi — £19— 1£19) dz = 0

by the squeeze theorem.
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Proposition 6.3.6. I, satisfies (PS). for all c € (0, %SZ/Q%)
Proof. Let {uy}r C H}(Q) be a sequence s.t. I)(ug) — ¢ and I'(ug) — 0 as k — +oo.
1. We prove that the sequence {uy}; is bounded in H}: as k — oo, it is
2
21 (u) = I} () fur] < =757+ 0(1) [k g - (6.13)

Outlining the left hand side of the inequality, we get:

2 X
21 () ~ Ty(ui) ] = [ (Ve =% [ e = 5% [l d
Q Q Q

—/ IVUde:U-l-)\/ \uk\Zd:c—l—/ |uk|2*da::
Q Q Q

2 x
= (1 - 2*> /Q lug|* da.

So that, observing that the first term of the right hand side of (6.13]) is constant,

2 2%
(1 _ 2*> lurllz- < €+ o(1) lugl gy -
=:6>0

Starting from the definition of Iy and using this latest inequality:
2 2 |, 2 2+ 2+
el = 200(u) + A Jluglly 57 lwellze < 200 (ur) + C flugllz- <
——

2
< Clugllz-

< C + o(1) fugl s -

Hence, the {u}x cannot be bounded in Hg.

2. We provide the candidate limit: by the Banach-Alaoglu theorem, there exists
a subsequence {ug, }; that converges weakly to a function u € H}(Q).
By Rellich-Kondrachov theorem, ug; — @ in the norm of L?(Q2) for all ¢ € [1,2%).
With an abuse of notation, we denote with {uy}; the above-mentioned subse-
quence.

3. We prove that up — u as k — oo in H&.
Let ¢ € CX(12). Then,

I (ur) ¢ Z/Qvukvsﬂdfﬂ—/Q|Uk:|2*_2uk90dff—)\/guwd$-
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Taking the limit and using the standard density argument of CF(2) C H{(Q) we
get that, for all v € HJ(Q):

Oz/Vqudx—/ \u|2*_2uvda§—)\/uvdaz. (6.14)
Q Q Q

In particular, for v = u:

/ Val?dz —/ ]2 da — )\/ 12da = 0.
Q Q Q

Then, we get

1 A 1 x
I\(u) = 2/ Val*de - 2/ ja|*da — 2*/ a|* dz =
Q Q Q
1 1 _ 2% 1 _12*
<2 2*) /Q |a|* dx - /Q |a|* dz >0

Having to prove that |ay — UHH(} — 0 as k — oo, we compute [, |V(@ — uy)[*da:

(6.15)

/|Vﬂ—Vuk\2dx—/ \Vuk\zd:r—i—/ \Va|?de — 2 /Vukvad:r =
Q Q Q Q

—_
= [ |Vu|?dz + o(1) (6.16)

as k — oo

:/ \Vuk|2dx—/ |Va|?dz + o(1)
Q Q

where we used the weak convergence of {u}y in H.
Moreover, by Brezis-Lieb lemma, as k — oo,

/ g2 d = / g — a2 da +/ a2 dz + o1). (6.17)
Q Q Q
Using (6.16)), the convergence in L? and (6.17):

1 A 1
nw) = [ Vo3 [ juPae - [
fo 20 T

we use (6.16)) = Jq |@|2dz + o(1) we use ((6.17)

_ % (/Q V(@ — w)2da + /Q !Vﬁ\zd:c> + (6.18)

1 * *
—A/ ||?dx — —~ / luy, — a|* dx -|—/ |a|? dz | +o(1) =
2 QO 2 Q Q

= I)\(ﬂ) + I()(’U,k - ’a) + 0(1).

2dr =
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Now, I} (ux) — 0 as k — co. Hence, as k — oo,

o(1) = Iy(u)[ux — u] — I\(W)[ug —u] =

def. of I'
/ VupV(up — a)dx —/ lur|? 2w (uyp — @)dz — A / ug(up —w)dr  +
Q

= Jo |V (ur — a)]?dz + o(1) = llug, — ally + (@ up —a)2

by the weak conv. = o(1) by L? conv.
/VuV up — U dm—i—/\u!Q w(ug, — u)dz + A /a(uk—a)dx =

Q
— (i — 1) gy = 0(1) — (@, up — 1) 2 = o(1)
by weak conv. by L? conv.

:/ IV (u, —u)|2da:—/ (\ukﬁ**?uk ~ W“QQ) (up — @)dz + o(1) =

/\V up — )| dm—/\uk\z d:c—i—/|uk|2 ukudx+/\u|2 uukdaﬁ-

=2, |%|2" dz + o(1) by L? conv.

—/ |a|* dx + of /|V up — @)|*dx —/ |uk|2*daz+/ a|* dz +o(1).
Q

=|la— uk||§* + o(1) by Brezis-Lieb

Therefore, as k — oo

/ g — a2 d = / IV (g — @)%dz + o(1). (6.19)
Q Q
We use (6.19)) to write the term Ip(ur — ) in (6.18) as follows:
I(ug) = I\(u /\V uy, — u)|*dx — */\V(uk—ﬁ)Ide—i—o(l):
Q

= I\(u) + / V(@ — ug)|?dx + o(1).
n.Jo
Hence, as k — oo

1/ |V(uk - ﬂ)|2dl‘ = IA(uk) — I,\(ﬂ) —I—O(l) <
n.Jo

——
=0by (6.20)
. .
< Ii(ug) +o(1) < c+o(1) < —SM2
——
=c+o0(1)

On the other hand, recalling the definition of S, 9+:

2 112
[y lur — allz

—n2 —112
= [lue —ull3- < [l — @[ -

Sp.ox = inf —
— Uk ||2>k n,2*

7 ueH; ||UH2*
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Therefore, by (6.19)), we have

* 1 *
_ — —112 —112

n,2*
2 g — |7

n,2*

Hence, as k — oo,
lur — @ll g — 0,

or, as k — o0
12 2
lu, = all3 = Sy + o(1).

However, by (6.20), we know that, as k — oo

lu = all3 < ne+o(1) < B < Sy

for an appropriate 5. Hence, the second possibility must be excluded.

And we're done. O

Remark 6.3.7. One may prove that, actually, (6.3.6) holds for ¢ # %5’:/22* for all the
integers k > 1. In this situations, one talks about loss of compactness levels quan-
tization.

Proof of (6.5.4). The idea is that of using an adapted version of the mountain pass
theorem (4.3.1)) using (PS). instead of (PS), an appropriate family of paths I and the

functional ) \ )
I(u) = / |Vu|*dz — / lu?dx — / lu
2 Ja 2 Ja 2" Ja

We observe that
e I,(0) = 0 trivially;

2 dx.

o I €CH(Hs(Q),R);
e similarly as what we did in (4.3.2)), we can prove that there exist a;, p > 0 s.t.

IiloB,(0) = @

1. We show some useful estimates.
We start by turning the Talenti functions

ul(z) = [n(n — 2% <52+€]x2> =gt



into H}(Q) functions.
Actually, Talenti functions do not belong to H}(2). For this reason, we multiply
them by an appropriate cut-off function n € CZF(2) s.t. n[p, ) = 1, defining
Ve > 0,

Ue = NU.
Since uc|gq = 0, for all € > 0, we have u. € H}(Q).
Now, observing that Vi = 0 on B,(0), since 7 is constant there,

[ vulde = [ (9un)Pds = [ e ava? do -

di ue seen as an inner prod.
— [AvaPde 2 [ vy Vadet [ VaPjPde.
Q Q\B,(0) Q\B,(0)

-~

=L =:J = K

We estimate L, J e K as follows (from now on C absorbs all the constants at

stake):
M n—2
1
= CE"_Q/ (22) " Ldr
0) P e“+r

where M = sup,cq || < 0o as Q is bounded.
We observe that, since

M 1 n—2 M rnfl M 1
/ SURT] " ldr < / ———dr = / dr <C
, \e24r , 122 p T3

we have, as € — 0,

K < max \Vn|2/
\B,(0) 0B,

0<K<Ce"?= K=0("?).

Similarily, using Cauchy-Schwarz inequality,
|J| < max nVn|/ |u||Vul|de < Ce™?
Q\B,(0) OB,

that is, as e — 0

J=0("?).
Finally, using the fact that supp(n) C 2, observing that (n? — 1) B,(0) = 0, using
Talenti functions’ properties e computing:

L:/ n%w;ﬁm:/ |vuj;|2dx+/ (0% — )|Vl [2de
" Bn R\B, (0)
—_—

= S = 0(e"2)

n,2*

To sum up, as € — 0,

/ |Vu|?de = 52/22* +0(e"?).
Q
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Moreover, using again Talenti functions’ properties, one has

/Q\ug\Q*dx:/Q\u:]de:Sn/Q +O(eM

ase — 0.
Finally, using the same argument,

/uEde:/ u;|2daz+/(1—n2)|Vu5|2dx:
Q Q Q
— [ juzpds+ [
B,(0) O\B,(0

|u:|2d$ + / (1- 772)]Vu5\2dx =
5(0) Q

:/ uf 2de + O(™2).
B,(0)

We conclude that, called w,, the measure of the unit sphere of R™, as ¢ — 0,

P Cs”‘Q B e
A’U5’2d$:wnA T)TLQ n 1d7’—|—0(€ 2) =

€ T,n—l P T,n—l I
/ (CETEr= dr +/5 @ dr) +0("%) >

i € rn—l P rn—l _—

I
9
™
3
&
T~
(=)

o~

> Ce* " [Tn] +Ce" 2/p S+ 0(e"?) >
n .
= Ce?
O(e"2) if n>5,
> Ce® + 4 Ce?In(e) + O(e?) if n =4 and
Ce + O(e) if n=3.

(6.21)

2. We contruct I'.
For, we have to choose a function e € H{ () acting as an end point for the curves
that will belong to I'.

Let R > 0. We observe that
R2
IR = 1 / Ve

“do — —oco

>0

as R — o0, since it is sum of powers of R, the biggest of which is R?" that is
multiplied by a constant-in-R negative factor.
Hence, there exists R large enough s.t., set e = Ru,, we have

I/\(e) < 0.
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We define
I':= {y€C"[0,R], Hj(R)) s.t. v(0) =0 and y(R) = Ru.} .

We observe that the mapping r — ru. is an element of I" (that, therefore, it is
non-empty). Moreover,

c:=1inf sup Iy(u) < sup In(rue).
7€F uey((0,R)) re(0,R]

. We verify that c < SZ/;* /n.

If it didn’t hold, since I satifies (PS). , the same argument as that in (£.3.1]), that
proves that "c¢" is a critical value for "J", proves that c is a critical value for I}.
At the end, it would remain to distinguish the cases that appear in the claim of
this theorem.

We compute explicitly the sup, observing that it is actually a maximum, as
I\loB, ) > a >0, 1(0) =0, I\(Ru.) < 0 and I, is continuous.

Since I is differentiable, we will have

d
%I)\(rug) =0

in the maximum of 7 € (0, R). We use this observation to search the maximum.
For, by

2 2\ r? x
In(rugs) = 2/9\Vu5|2dx—2/ﬂlu5]2d:z:— o /ﬂ]uSP dx

it’s easy to deduce that

d * *
—I\(rue) = r/ |Vue|*dx — /\r/ |ue|*dx — r? 1/ luc|* da.
dr Q Q Q

Hence, as € — 0,

oo Jo|Vuc?dz — X [, [uc|*dz 527/22* 4 O(e"2) — (&2
r = g _
Jo lue* dz Sty 4 O(em)

Using the Taylor series of (1 +¢;)* ase — 0
F=140e4+0@E"?).

119

=1+ B +0("72).



Then, using the estimates in 1.,

2 AP 2 7 2+
A(Tug) = /\Vu5| doe — — / |ue|“dx — */ lue|* dx =
2 Ja 2" Ja

=3 (1 + 62 + O(s”_Z))Q (S,’}Q% + 0(5”_2)) +

=1+26e2 4+ 0(e"2)

1 2 (/2 Ao 2,
o (1402 4 0(E)” (1 + 0 - ZTAWAM_

=1+2%02 +0(e"2)

1 _ n n— n
=8I 4 (022 + O ) S — (522 + OCe )nﬁ—r/mﬁw

Since, as € — 0,
F=1406e2+0("?),

for € small enough, 7 > 1/2 and we deduce that
A
I (fus) < 52/22* - / luc |2 dzx.
4 Ja

Now, we distinguish the cases, in order to use ((6.21):

o Ifn>05,
n )\ n
I (Fug) < gﬁ—fc < s”.
So that
sup Iy(ru:) < 32/22*

re[0,R]
The assertion follows taking the infimum.
o Ifn=14
I(Fue) < 183~ 52|+ O() < 18T

Hence, for A > 0, ¢ < %52/22* whenever n > 4. Moreover, the request ¢ > 0 forces

us to choose A < \q.

e if n = 3, we need more precise estimates in order to establish the estimate
15'2/2*, so that, using ((6.21]), we could conclude that

_ Los2 A 3/2
zxmg:§%g—1«k+0@» f%;+0@y
In this cases, we need more precise estimates on the behavior of [, lu|?dz.
However, we observe that the dependence of these estimates on A makes it
necessary to consider A large enough to have ¢ < 5’3’/22*

We don’t treat this case in details.
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4. Conclusion In the cases in which the assertion requires the existence of a solu-
tion, as already observed, one proceeds as usual proving that ¢ is a critical value
(through the deformation lemma, etc.).

121



122



Bibliography

1]

2]

13l

4]
15]

[6]

7]

A. Ambrosetti, A. Malchiodi, Nonlinear Analysis and Semilinear Elliptic Prob-
lems, (Cambridge University Press, 2007);

M. Badran, M. Abbatangelo, Calcolo delle Variazioni, (2017-2018, Universita degli
studi di Milano);

L. Evans, Partial Differential Equations. American Mathematical Society, Provi-
dence, R.I., (2010)

O. Kavian, Introductions a la théorie des points critiques, (Springer, Paris, 1991);

J. Mawhin, M. Willem, Critical Point Theory and Hamiltonian Systems, Applied
Mathematical Sciences, (Springer, New York, 1980);

M. Struwe, Variational Methods: Applications to Nonlinear PDE and Hamiltonian
Systems, (Springer, Berlin, 1990);

M. Willem, Minimax Theorems, Progress in Nonlinear Differential Equations and
their Applications, (Birkhduser, Boston, 1996).

123



	Contents
	Preface
	Classical Variational Calculus
	Topics of nonlinear functional analysis
	Derivatives on Banach spaces
	Sobolev spaces
	The space H10()

	Optimization in Banach spaces
	Introduction
	Existence of minima and maxima
	Applications
	Second order elliptic operators
	Constrained optimization

	Minimax theorems
	Deformation lemmas
	A minimax principle
	The mountain pass theorem
	Brouwer and Leray-Schauder degrees
	A first generalization of the mountain pass theorem
	A second generalization of the mountain pass theorem

	Symmetric functionals: one last version of the mountain pass theorem
	Krasnoselskii index
	Ljusternik-Schnirelman theory
	Mountain pass theorem for symmetric functionals

	Loss of compactness
	Pohožaev identity and its applications
	The blow-up phenomenon
	Brezis-Nirenberg theorem

	Bibliography

